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Abstract: We study ruled surfaces with lightlike ruling in Minkowski 3-space which are said to be null-scrolls. 

Even that the result is a consequence of some well-known results involving the Gauss map, we give another 

approach to classify all null-scrolls under the condition where is the Laplace operator with respect 

to the first fundamental form and the set of 3 real matrices. 
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I. Introduction 

 Let be an isometric immersion of a surface in Euclidean 3-space. Denotes by  and , 

respectively, the Gauss map and the Laplacian operator of the surface with respect to the induced metric 

from that of . Takahashi [1] proved that minimal surfaces and spheres are the only surfaces in satisfying 

the condition 

 (1.1) 

where the set of 3 real matrices. Garay [2] extended it to the hypersurfaces, that is, he studied the 

hypersurfaces in . On the other hand, Baikoussis and Blair [3] studied ruled surfaces such that their Gauss 

maps satisfy 

 (1.2) 

 They showed that the only ones are planes and circular cylinders. Also, for the Lorentz version S. M. 

Choi ([4]) showed that the only ruled surfaces with non-null base curve in a 3-dimensional Minkowski space 

satisfying the condition (1.2) are locally the Euclidean plane, the Minkowski plane, the Lorentz hyperbolic 

cylinder, the Lorentz circular cylinderand the hyperbolic cylinder. Furthermore, L. J. Alias, A. Ferrandez, P. 

 Lucas and M. A. Merono [5] proved that the only ruled surfaces in with null rulings satisfying 

thecondition (1.2) are B-scrolls over null curves. 

 In this paper, we introduced Lorentzian surfaces with lightlike rulings in a Minkowski3-space 

which are said to be null scrolls. Then, by using the Laplacian operator with respect to non-degenerate first 

fundamental form, we showed that all Lorentzian surfaces with the mean curvatures and the Gaussian 

curvatures satisfying  can be classified into three kinds, two of which have no counterparts in the 3-

dimensional Euclidean space. The important point to note here is the technique we have used. 

 

II. Preliminaries 

 The Minkowski 3-space  is the real vector space  endowed with the standard flat Lorentzian 

metric given by 

 
where  is a rectangular coordinate system in . Since  is an indefinite metric, recall that a 

vector x in is spacelike, lightlike (null) or timelike if x,x  x, x  or  

x,x respectively. Then, for x  the p norm is defined by then the vector x is 

called a spacelike unit vector if and a timelikeunit vector if Similarly, an arbitrary 

curve  in can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors are 
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spacelike, timelikeor null (lightlike), respectively. Here and what follows the derivative with respect to is 

denoted by a dash over functional symbol. 

Definition 2.1.([6]). A surface in a Minkowski 3-space is called a Lorentzian (timelike) surface if the induced 

metric on the surface is a Lorentz metric, i.e., the normal on the surface is a spacelike vector. 

Lemma 2.1. In the Minkowski 3-space , the following properties are satisfied [6, 7]: 

(i) Two timelike vectors are never orthogonal. 

(ii) Two null vectors are orthogonal if and only if they are linearly dependent. 
(iii) A timelike vector is never orthogonal to a null (lightlike) vector. 

A basis of is called a (proper) null frame if it satisfies the following conditions [6-8]: 

 
(2.1)  

 
It is easy show that: 

 (2.2) 

 Let  be a null curve in ; that is, a smooth curve whose tangent 

vectors  for every are null. Then is a null vector field along . Moreover, there 

exists a null vector field along  satisfying . If we put ; then we can 

obtain a (proper) null frame field along . In this case the pair  is said to be a 

(proper) framed null curve. A framed null curve  satisfies the following, so called the Frenet equations 

[8]: 

 

(2.3) 

 The function is called an i-th curvature of the framed null curve. It follows 

from the fundamental theorem of ordinary differential equations that a framed null curve  is uniquely 

determined by the functions and the initial condition. 

 

2.1. Null Scrolls in  

 Let be a null curve with frame field . A ruled surface is a 

surface swept out by a straight line moving along a curve . The various positions of the generating line  are 

called the rulings of the surface. Such a surface, thus has a parametrization in ruled form as follows: 

 (2.4) 

is called a null scroll and denoted by . The curve  is called the directrix of and is a vector 

attached to the straight line generating the ruled surface. If the tangent plane is constant along each ruling, then 

the ruled surface is called a developable surface. 

 The remaining ruled surfaces are called skew surfaces. One can see that  is a Lorentzian surface. 

Especially when  and  is constant,  is called a B-scroll [7]. 

 For the components of the induced Lorentzian metric on from that of  we denote by 

 (resp. ) the inverse matrix (resp. the determinant) of the matrix . Then, the Laplacian  on is 

given by [6]: 

 

(2.5) 

The Gaussian and mean curvatures of the Lorentzian surface  in , respectively, are  

 
and 
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where are the components of second fundamental form [6]. 

 

III. Main results 
 Now we shall give a detailed discussion on null curves on an arbitrary Lorentzian surface in . They 

are defined by the equation 

 
 When this equation defines two directions, which arrange themselves to the 

net of null curves. Since the distance of any two points on such curves is zero, they can to be considered as null 

geodesics. Then 

 
and 

 
Hence, we have 

 
If , then  yields: 

 
for some functions  and . For , we have . This 

shows that  has a fixed direction and all the -curves on  are null lines. This indicates that  is a null 

scroll. 

Theorem 3.1 In Minkowski 3-space, locally, all the Lorentzian surfaces parameterized as surfaces with two 

families of null geodesics are null scrolls if and only if  

Let 

 (3.1) 

be a ruled surface with lightlike ruling in . This means that 

and is open interval. The tangent space to  at an 

arbitrary point is spanned by 

 (3.2) 

Therefore, the matrix  of the induced metric on  reads as follows: 

 
 From this we see that . When  

the surface  is non-degenerate and Lorentzian. When  the surface  is degenerate. In this 

case, we can indeed determine  as a function of  in such away that the curve  is tangent to . 

Then, the tangent vector of this curve must in this case have the direction of the : 

 (3.3) 

for some function . Then vectors and  are coplanar, since 

, we find 

 
(3.4) 

except for the case that , when we have a Lorentzian cylinder. Substitution of this value of in Eq. 

(3.1) gives us the edge of regression of . This curve, having null tangent, is a null curve. When it shrinks to a 

point, the surface is a Lorentzian cone. 
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Theorem 3.2 In Minkowski 3-space, locally, all the ruled surfaces with lightlike rulings for which 

are null developables, that is, they are Lorentzian planes, Lorentzian cylinders, Lorentzian 

cones, or Lorentzian tangential surfaces. 

 Assume now that we have chosen  be the ruled surface whose directrix  and rulings  both 

are null and (  is non-degenerate) Therefore, from the Frenet equations (2.3) we have: 

 
(3.5) 

Hence, the elements of the first fundamental form are given by 

 (3.6) 

 Therefore, the induced metric is Lorentzian metric and  is a Lorentzian surface. The Gauss map can 

be directly obtained from  getting 

 (3.7) 

It is not difficult to see that shape operator, in the usual frame  wirtes down as: 

 
(3.8) 

 Thus, the null -scroll ruled surface  has non-diagonalizable shape operator with minimal polynomial 

where  is the principal curvature along the ruling.It has mean and Gaussian curvatures 

and  respectively. The mean curvature  and the Gaussian curvature  are functions of the 

arc length parameter and satisfies that everywhere. For the B-scroll, the Gauss curvature and the 

mean curvature  are constant. It turned out that, apart from the umbilical cases, there also exist null scrolls 

with which are called generalized umbilical surfaces by Magid [6], and null scrolls 

with . Obviously, these two types of null scrolls have no counterparts in Euclidean space. 

 Now, it seems natural to pose the following question: Are there other Lorentzian sur-faces, a part from 

null scrolls satisfying in 3-dimensional Minkowski space ?. 

The answer is affirmative and can be stated as follows: 

Theorem 3.3 Let be a null scroll whose directrix  and rulings  both are null with the 

parametrization (3.1) in Minkowski 3-space . The surface  can not be a B-scroll if and only if the 

conditions (1.1) and (1.2) are satisfied. 

Proof. We only have to prove that  is constant and . Firstly, the matrix  reads as follows: 

 
(3.9) 

Thus, using (2.5) we show that the Laplacian  of  can be expressed as: 

 
(3.10) 

Then a simple calculation shows that: 

 (3.11) 

On the other hand, we have from (1.1) and (3.1) 

 (3.12) 

Thus, combining (3.11) and (3.12), we obtain 

 (3.13) 

 

 (3.14) 

Differentiating (3.14) with respect to  and using (2.3), we find 

 (3.15) 

Secondly, we suppose that the Gauss map  satisfies the condition (1.2). Then we have 

 
(3.16) 

It follows from (2.3) and (3.7) that 
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 (3.17) 

On the other hand, from (1.2) and (3.7) we have 

 (3.18) 

Thus, combining (3.17) and (3.18) with (3.13), we obtain 

 (3.19) 

Differentiating (3.19) with respect to  and using (2.3), we find 

 
from which together with (3.13), and (3.15), we have 

 (3.20) 

 Since  and  are linearly independent, we can easily find is constant and , and the proof is 

complete. 

 By the definition of , the base curve intersects the rulings transversely, then we have to write the 

equation 

 (3.21) 

where  is a differentiable function on . If  are the coordinates of , then equations (3.1) and 

(3.21), yield 

 (3.22) 

From Eqs. (3.8) and (3.22) it can easily seen that: 

1) When  i.e.,  and  is a (non-B-scroll) piece of Lorentzian sphere with 

radius  (resp. Lorentzian plane) when  (resp. when ), 

2) When  and  i.e.,  and  is a B-scroll,  

3) When  and  i.e., ,  is a null scroll. 

Thus, as a result the following Theorem can be given: 

Theorem 3.4 In Minkowski 3-space, locally, all the null scrolls surfaces satisfying can be classified 

into the following three cases: 

i) A Lorentzian plane or sphere. 

ii) A B-scroll, 

iii) A null scroll with minimal polynomial of shape operator  

The results in the study is confirmed by following examples: 

Example 1. Let  be a null curve and a null vector field 

 
Then, a parametrization of a ruled surface  is given by 

 
It is easy to show that 

 
Therefore, the surface is a null-scroll (see Fig. 1). 

Example 2. Let  be a null curve and a null vector field  

 
Then, a parametrization of a ruled surface  is given by 

 
The curvature functions are: 
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Then  is a non-B-scroll surface (see Fig. 2). 

  

Fig. 1. Null-scroll surface. Fig. 2. Non B-scroll surface. 
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