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Abstract: We prove a unique common fixed-point theorem for two pair of weakly compatible maps in a
complete metric space, which generalizes the result of Brian Fisher by a weaker condition such as weakly
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l. Introduction

The concept of the commutativity has generalized in several ways. For this Sessa, S. [8] has introduced
the concept of weakly commuting and Jungck, G. [4] initiated the concept of compatibility. It can be easily
verified that when the two mappings are commuting then they are compatible but not conversely.In1998, Jungck
and Rhoades [5] introduced the notion of weakly compatible and showed that compatible maps are weakly
compatible but Not conversely. Brain Fisher [2] proved an important Common Fixed Point theorem.

The study of common fixed point of mapping satisfying contractive type conditions has been a very
active field of research activity during the last three decades. Jungck [4] introduced more generalized
commuting mappings, called compatible mappings, which are more general than commuting and weakly
commuting mapping.

The main purpose of this paper is to present fixed point results for two pair of maps satisfying a new
contractive condition by using the concept of weakly compatible maps in a complete metric space. We recall the
definitions of complete metric space, the notion of convergence and other results that will be needed in the
sequel.

Definition 2.1 Let f and g be two self-maps on a set X. If fx = gx, for some x in X then x is called coincidence
point of fand g.

Definition 2.2 Let f and g be two self-maps defined on a set, then f and g are said to be weakly compatible if
they commute at coincidence points. That is, if fu = gu for some u € X, then fgu = gfu.

Definition 2.3 Let f and g be weakly compatible self mapping of a set X. if f and g have a unique point of
coincidence, that is w = fx = gx, then w is the unique common fixed point of f and g.

Definition 2.4 A function @: [0, o) — [0, ) is said to be a contractive modulus if @: [0,0) -
[0,00) and @(t) < tfort>0

Definition 2.5 A real valued function @ defined on X < R is said to be upper semi continuous. If
lim,,_,, sup®@(t,) < @(t), for every sequence {t,} € X with t, = t as n - «.It is clear that every continuous
function is upper semi continuous but converse may not true.

Il.  Main Result

Theorem 3.1 Suppose S, P, T and Q are four self maps of a metric space (X, d) satisfying the following
conditions,
(1) S (X) € Q(X) and T(X) € P(X).
(2) Pairs (S, P) and (T, Q) are commuting.
(3) One of S, P, T and Q is continuous.
(4) d(Sx, Ty) < ¢ (A (X, ¥)).
where A(x, )= max{d(Px, Qy),d(Px, Sx), d(Qy, Ty), d(Px, Ty), d(Qy, Sx)}
Forallx,yeXand0<c<1.
Further if
(5) Xiscomplete.

Then S, P T and Q have a unique common fixed point zEX. Also z is the unique common fixed point
of (S, P) and of (T, Q).
Proof: Suppose x, is an arbitrary point of X and define the sequence {y,} is X such that

Yn= an = an+1
Yne1= Txn+1: Pxn+2
By (ii) we have,
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d(yna yn+l):d(sxnv Txn+1)
=cC 0" (xnv xn+1))

Where
)‘ (x‘ru xn+1) =max {d(PXn, an+1)l d(Pxn! an)1 d (an+1! Txn+1)!
d (Pxn! Txn+1)l d(an+11 an)}
=max {d (Tx,_1, Sxy), d (Tx,_1, Sxy,), d (Sx,,, Txp11),
d (Txn—ll Txn+1)! d(sxn! an)}
:max{(d(yn—lv yn)v d(yn—l: yn)x d(ynv yn+1)v d(yn—lv Vn+1 )' d()’nl yn)}
=max {(d(yn—lxyn)v d(ynv yn+1)1 d(yn—lv Yn )' d(yn' Yn+1)' 0}
<max {(d(yn—lvyn)x d(yn: yn+1)}
Since c is a contractive modulus, A(x;,, X541) =0V, Yne1) IS NOt possible.
Thus
d()’n’ yn+1) < C(d(yn—ll yn)) (1)
Since ¢ an upper semi continuous, contractive modulus equation (1) implies that the sequence d(y,41, Yr) IS
monotonic decreasing and continuous.
Hence there exists a real number, say r> 0
Such that 7lli_r)'{llod(ynﬂ,yn) =r
Therefore as n—oo equation (1) implies that r < c(r)
Which is possible only if r =0 because c is a contractve modulus.
Thus limn—mo d(yn+11 yn) =0
Now we show that { y,,} is a Cauchy sequence
Let if possible we assume that { y,,} is not a Cauchy sequence.
Then there exists an € >0 and subsequence {n;} and {m;} such that

m; < n;<m;,, and
Adm;» Yn;) Z € and d(Vmyy Yy -1) <€... (2)
Sothate < d(m; »Vn; ) SAOmy Yni-1) + AWny—1 Yn) <€+ Ony—15 Vn;)
Therefore lim; ., d(Vin;, ¥n;) = &
Now d(ymi—l' yni—l) < d(Ymi—l: yml-) + d(Ymir Yni) + d(yniryni—l)
By taking limit as i—oo we get lim;_,, d(Ym; -1, ¥n;-1) = €
Now by (ii) and (2)
g < d(ymi, yni) = d(Sxmi,Txni) <c4 (xmi, xni))
i.e.,e<c (A(ymi, yni))...S
X=Xm Y = Xn;
A(xml. ,xnl.) = max{ d(mei, ani)(mei’ Sxmi), d(ani,Txni ),
d(mei, Txy, ), d(ani ,Sxmi)}
= max{ d(Txml._l ) Sxn, _1), d(Txml._l ,Sxml.), d(ani —1, Ty, ),
d(Txmi—l » Txp, ); d(ani -1 ymi)}
=max{ d(ymi—l » Yy —1): d(ymi—l JYmi): d(yni -1 ’yni)'
d()’mi—l :yni ): d()’m‘—l :ymi)}
By taking limit as i— oo, we get
Lim;_o A, Yn;) = max{g, 0,0, ¢, €}
Thus we have, Lim;_, A(Xp,, Xp,) = €

Therefore from (3) €< o (¢)
This is a contradiction because 0 < ¢ and ¢ is contractive modulus.
Thus {y,} is a Cauchy sequence in X.
Since X is complete, there exists a point z in X such that
Lim, .y, = 2z
Thus Lim,,_,,, Sx, =Lim,,_,,Q x,,,; = z and Lim,,_,,, Tx,,,; = Lim,_, Px,,, =z
i.e., Lim,_ Sx, =Lim,_,Q x,,; = Lim,_,Tx,+; = Lim,_, Px,4, =2
since T(X) € P(X). There exists a pointu € X
such that z = Pu
Then by (ii), we have
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d(Su, z) <d(Su, Txp 1)+ d( Txppq1, 2)
<C (A (U, Xpiq))+ d(Txp41, 2)

Where )\’ (U, Xn+1)):maX{ d(Pu, an+1); d(Pu, Su), d(an+1' Txn+1),

d(Puv Txn+1)r d(an+1! Su)}

=max{d(z, Sx,,), d(z, Su), d(Sx,,, Tx4+1),d(z, Txp11), d(Sx,, Su)}
Taking the limitas n - o
MU, x,4+1)= max{d(z,z),d(z,Su),d(z,z),d(z, z),d(z, Su)}
=d(z, Su)

Thusasn — o«
d(Su, z) <c (d(Su, 2)) + d(z, z) = c (d(Su, 2))

If Su# z then d(Su,z) > 0 and hence as c is contractive modulus
c(d(Su, z))<d(Su, 2).
Therefore d(Su,z)<d(Su,z),Which is a contradiction.
Thus Su=z. So Pu=Su=z
So u is a coincidence point of P and S
Since the pair of map S and P are weakly compatible, SPu=PSu.
Sz=Pz
Again Since S(X)<SQ(X), there exist a point v€X
Then by (ii) ,we have
d(z, Tv) =d(Su, Tv)<c (A (U, Vv))
where
Au, v)=max {d(Pu, Qu), d(Pu, Su), d(Qv, Tv), d(Pu, Tv), d( Qv, Su)}
=max {d (z, 2), d(z, ), d(z, Tv), d(z,Tv), d(z, 2)}
=max{ 0, 0, d(z, Tv), d(z, Tv), 0}
=d(z, Tv)

Thusd (z, Tv) <c(d(z, Tv))

If Tv+ zand d (z, Tv) > 0 and hence as c is contractive modulus ¢ (d(z, Tv)) <d(z, Tv)
Therefore d(z, Tv) < d(z, Tv)which is a contradiction .Therefore Tv = Qv = z, so v is a coincidence point of Q
and T. Since the pair of maps Q and T are weakly compatible, QTv=TQuv, i. e., Qz =Tz.
Now we show that z is a fixed point of S

By (ii) we have
d(Sz, z2)=d(Sz, Tv)
<c Mz, V))
where
Mz, v)=max{d(Pz, Qv), d(Pz, Sz), d(Qv, Tv), d(Pz, Tv), d(Qv, Sz)}
=max{d(Sz, z), d(Sz, Sz), d(z, z), d(Sz, ), d(z, Sz)}
=d(Sz, 2)
Thus d(Sz, z) < ¢ (d(Sz, 2))
If Sz # z then d (Sz, z) > 0 and hence as c is contractive modulus ¢ (d(Sz, z)) < d(Sz, 2)
Therefore d (Sz, z) < d (Sz, z). Which is a contradiction.
Therefore Sz =z
Hence Sz=Pz=1z
Now, we show that z is a fixed point of T
By (ii), we have
d(z, Tz) =d(Sz, T2)
<c (A (z,2))
Where

Mz, z) = max{d(Pz, Qz), d(Pz, Sz), d(Qz, Tz), d(Pz, Tz), d(Qz, Sz)}
=max{d (z, Tz), d(z, z), d(Tz, Tz), d(z, Tz), d(Tz, 2)}
=d (Tz 2)

Thus d (z, Tz) <c (d(z, Tz))

If z # Tz then d (z, Tz) > 0 and hence as ¢ is contractive modulus

c(d(z, T2)) <d(z, T2)

Therefore d (z, Tz) < d(z, Tz). Which is a contradiction.

Hence z = Tz.

Therefore Tz=Qz=z.
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Therefore Sz=Pz=Tz=Qz=zi.e., zisacommon fixed pointof P, Q, Sand T.
Uniqueness: For uniqueness of z let if possible, we assume that z and w, (z #w)
Are common fixed point of P, Q, Sand T.
By (ii), we have

d (z, w) =d(Sz, Tw)

<c Mz, W))

Where
(z, w) = max {d (Pz, Qw), d (Pz, Sz), d (Qw, Tw), d (Pz, Tw), d (Qw, Sz)}

=max {d (z, w), d (z, 2), d (w, w), d (z, w), d (w, 2)}
=d(z, w)
Thus d(z, w)< ¢ (d(z, w))
Since z # w then d(z, w) > 0 and hence as ¢ is contractive modulus c¢(d(z, w)) < d(z, w).
Therefore d(z, w) < d(z, w), which is a contradiction.
Therefore z = w.
Thus z is the unique common fixed point of P, Q, Sand T.
Hence the theorem.
Corollary 3.2 Let (X, d) be a complete metric space. Suppose that the mapping P, S and
T are self-maps of X satisfying the following conditions:
1. T(X) € P(X) and S(X)< P(X);
2.d(Sx, Ty)< c (Mx, y))
Where ¢ is an upper semi continuous, contractive modulus and
Mx, y) = max{d(Px, Py), d(Px, Sx), d(Py, Ty), d(Px, Ty), d(Py, SX)}
3. The pair (S, P) and (T, P) are weakly compatible.
Then P, Sand T have a unique common fixed point.
proof: By taking P =Q in theorem 3.1 we get the proof.

Corollary 3.3 Let (X, d) be a complete metric space. Suppose that the mappings P and S are self-maps of X
satisfying the following conditions:

(1) S(X) € P(X):

(2) d(Sx, Sy)<c(r (x,Y))

Where ¢ is an upper semi continuous, contractive modulus and

MX, y)= max{d(Px, Py), d(Px, Sx), d(Py, Sy), d(Px, Sy), d(Py, Sx)

(3) the pair (S,P) is weakly compatible

Then P and S have a unique common fixed point.

Proof: By taking P=Q and S=T in theorem 3.1 we get the proof.
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