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Abstract: This paper is on the development of a new scheme for the solution of initial value problems in
ordinary differential equations. We present some basic concepts and fundamental theories which are very vital
to the development of the scheme. The new scheme is of order seven and its derivation is based on the
representation of the theoretical solution by perturbed polynomial function of degree four. This scheme is
suitable for problems associated with the systems of ordinary differential equations having oscillatory or
exponential solution.
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l. Introduction

In the years past, a large number of methods suitable for solving ordinary differential equations have
been proposed. A major impetus to developing numerical procedures was the invention of the calculus by
Newton and Leibnitz as this led to accurate mathematical models for physical reality, such as Sciences,
Engineering, Medicine and Business. These mathematical models cannot be usually solved explicitly and
numerical method to obtain approximate solutions is needed. Another important aspect of the development of
numerical methods was the creation of logarithms by Napier (1614) and others, giving a much simpler manner
of carrying out the arithmetic operations of multiplication, division and exponentiation. Up to the late 1800’s it
appears that most mathematicians were quite broad in their interest. Generally, the efficiency of any of these
methods depends on the stability and accuracy properties. The accuracy properties of different methods are
usually compared by considering the order of convergence as well as the truncation error coefficient of the
various methods. The sources of motivation for this work are those of [1] who proposed a numerical integration
scheme of order four and [3] considered that of order five suited for the solution of initial value problem in

ordinary differential equation of the form F(X) = a, +a,X+a,x* +b(reale”**) having exponential

solution, where a,,8,,8, and b are real undetermined coefficients, p and z are complex parameters and

[6] introduced a new scheme of order six which is an improvement over [3]. There are many numerical
integrating schemes to generate the numerical solutions developed by several authors such as [2], [4], [5] and [7]
just to mention few. In this paper we shall consider the initial value problem of the form

y' = f(X,y),y(a) =7and develop an algorithm of order seven which can effectively solve initial value
problem in ordinary differential equation.

1. Some Basic Concepts
We shall consider the following basic concepts which are very vital to the development of the new
scheme.
2.1 Stability
A numerical method is said to be stable if the difference between the numerical solution and the exact

solution can be made as small as possible, that is if there exists two positive numbers €, and K such that the
following holds.

lya =y < Kleo| (1)

2.2 Consistency [1]

A numerical scheme with an increment function @(X,, Y, h) is said to be consistent with the initial value
problem under consideration, if
#(X,,y,h) = f(xy) @

2.3 Convergence
A numerical method is said to be convergent if for all initial value problem satisfying the hypothesis of
Lipschitz condition given by
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[F(y) - Fooy)|<Ly-y’ 3)

Where the Lipschitz condition is denoted by L .The necessary and sufficient conditions for convergence are the
stability and consistency.

2.4 Round off Error
This can be defined as the error due to computing device. They arise because it is possible to represent all
real numbers exactly on a finite-state machine. It can be represented mathematically as

Rn+l = Yna ~ Pna (4)

Where Y, ., is the approximate solution and P, is the computer output. The magnitude depends in the storage

and the arithmetic operation adopted. In such cases, double precision are employed to guarantee an adequate
approximation.

I11.  Development of a New Scheme of Order Seven
This section presents the derivation of the new scheme of order seven for the solution of initial value
problems in ordinary differential equations.

3.1 The Basic Interpolant

Let us assume that the theoretical solution y(X) to the IVP problem
y' = f(X,y),y(@) =ncan be represented locally in the interval (X,,X,,),t=>0by the polynomial
interpolating function. [1]
F(X)=a, +a,x+a,x* +a,x* +a,x* +b(reale”*) (5)
Where a,,8,,8,,85,8, and b are real undetermined coefficients, p and g are complex parameters.
If we put

p=p+ip, (6)
And p=ic = iZ=-1in (5), we obtain the following interpolating function
F(X) =a, +a,x+a,x* +a,x* +a,x* +be”™ cos(p,x + &) @
If we move further to define the functions R(X)and @(X) as follows
R(x) = e

8
0(x) = p,x+o
From (7) and (8), we obtain
F(X)=a, +a,Xx+a,x* +a,x* +a,x* +bR(x) cos(¢k) 9)

We shall assume that Y, is the numerical solution to the theoretical solution y(X,)and f, = f(X,,Y,) . We
define mesh point as follows:

X, =a+th,

t=0123,..

We then move forward to impose the following constraints on the interpolating function (9).

a. That the interpolating function must coincide with the theoretical solution at X = X, and X = X, . In order
words, we required that

(10)

F(x,)=a, +ax +a,xt +a,x% +a,x" +bR(x,) cos(é,) (11)
ie. F(x,)=y(x)and
F(X..)=a, +aX,, +a,x’u1 +a,x°u +a,x"u1 +bR(X,,) cos(éX,.,) (12)

ie. F(X) = Y(Xu).

b. We also require that the first, second, third, fourth and fifth derivatives with respect to X of the interpolating
function respectively coincide with the differential equation as well as its first, second, third, fourth and fifth
derivatives with respect to X, . In the other words, we require that:
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F'(Xt) = ft

F2(x,)=f

Fi(x)=f’ (13)
Fi(x,)=f’

Fo(x,)=f'

This implies that

Fi(x,)=f =a, +2a,x, +3a,x’+4a,x’ +bR(x,)[p, cos(tk, ) — p, sin(éx,)] (14)
f =a, +2a,x, +3a,x’ +4a,x’ +bR[p, cosd, —p,siné,] (14a)
F?(x,)=f'=2a, +6a,x, +12a,x,’ +bR(x)[(p," — p,’)cos(k,) —2p,p,sin(6k,)]  (15)
f'=2a, +6a,x, +12a,x. +bR [(p,” — p,’)c0sb, —2p,p,sin6,] (15a)
F3(x) = f,° =6a, +24a,x, +bR(x)[(0o’ —3p.0,")c0s(t )+ (p,” —3p,°p,)sin(ex,)] (16)
f? =6a, +24a,x, +bR(x)[(p, —3p.0,")c0sb, +(p,” —3p,° p,)sinb,] (16a)
Fi(x)=f’=24a, + -
bR(X)[(0," + p," —6p,"p,") cOS(EK) + (4py0,” —4p,” p,) sin(6x,)]

f° =24a, +bR[(p, + p," —6p,p,>)c0sO, +(4p.p,° —4p  p,)sin6,] (17a)
Fo(x) = f.* =bR(X)[(, +50.0," —10p,°p,") cos(6k) + (L0p," p,” —5p," p,)sin(ék,)] (18)
f* =bR [(p,’ +50,0," —10p,>p,?)c0s8, +10p,° p,° —5p,’p,)sin6,] (18a)

Note that F*(x,) = f,,F?(x.) = f ', F3(x) = 2 F*(x) =, F°(x) = f,*, where f,""denotes
the ith derivative of (X, y)with respect to X by setting R, = R(X,)and &, = 6(X,) . We obtain directly from
(8) and (10) that

Ria = Rteplh

Opy =6, + p,h

From (18a) we have

(19)

f 4
= : : o D (20)
Rl(p" +5p.0, =10p,"p,")c0s 6, + (10p," p,” —5p; p,)sing,]
From (17a)

f’ =24a, +bR [(p," + p," —6p,"p,") 0O, + (4p10," —4p," p,)siNG,], then

24a, = £ bR (0" +p," =60, p,")C0S6, + (4pp," —4p,” p,)sin 6]

1 { o Wp" +p," —6p p,)C080 +4(pip,” — py py)sin O] 1, }

% 24 05+5004—100302 0+100203—5040 ing,
[( 1 172 1 2 )COS t ( 1 2 1 Z)Sln t]
From (16a)

f? =6a, +24a,x, +bR(x)[(p,’ —3p.0,°)c0sb, +(p,” —3p,° p,)sinb,], where
X, = (a-+th)
= 1 {f : _|: f’ - [(p14 + p24 — 6/012:02) cos g, + 4(,01p23 - p13p2)5in A ft4 :|(a +th)
t t .
[(p° +5mp0," —10p,’p,") 036, +(10p,"p," ~5p," p,)siN 4]
_{ [(o+* p," —6p"p,") 03 6, + ()" =3p, py)sin 611, } }
[(p” +5p.0," =10p,p, ) c0s 6, + (10p," p,” =5, p,)sin 4]

(21)

(22)
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From (15a)

f'=2a, +6a,x, +12a,x° +bR [(p, — p,’)cosb6, —2p,p,sin6,]
2a, = f'—6a,x, +12a,x, +bR [(p,° - p,>)c0s6, —2p,p,5iN 0]
Then,

- é{ftl { ( { oo e ep) -oplpast +aipip -plp)sndlN ](a+th)_
2 [(p,” +5p,0, —10p,"p, ) c0s B, +(0p," p,” =5p, p,)sinb,]
[, -3p,"p,")c0s 6, +(p," ~3p," p,)sin 6,1f, }(a )

[(0,° +5p,0," —10,013,022) cos 6, +(1Op12p23 ~5p,"p,)sin 6,]

_ ft3 3 [(5,014 +,0244— 6:012/;2) 205 0, +4(,01,0232— P;pz)sin 6.1 ft4 }(a+th)2 3
[(o” +5p.1p, —10p,"p,") C0s 6, +(10p," p,” =5py p,)sin 6] (23)
[ [(p12 —pzz)cosﬁt —2,01 P2 sin et]ft4 } }
[(pls +5p1p24 _10:013:022)(303 0, + (10/)12:023 —5p14p2)8in 6]
From (14a)
f =a, +2a,x, +3a,x’ +4a,x’ +bR[p, cosd, — p,siné,]
a, = f, —2a,x, +3a,x,° +4a,x’ +bR[p,cos6, — p,sinb,]
Therefore,
. ={ft p { ( _{ 2oL 0y 260 )05, +4pypy — pi pr)sinG1 }(a L th)
[(p,” +5p.0, —10p," p,")c0s6, +(10p," p,” =5p, p,)sinG,]
_ [(,013 _3:012:022)(:05 6 + (,023 —3p12p2)5in A ft4 }(a_l_th)z
[(,015 "’5:011024 —10p13p22)COS 0+ (10/712:023 —5p14p2)Sin 6]
_E|: 2 _{ 3 [(,014 +,024 —6p12p2)COS 0, +4(,01,023 —p13p2)5in 6] ft4 }(a+th) _
2| t [(,015 "’5:011024 —10p13p22)COS 0+ (10/712:023 —5p14p2)Sin 6] (24)
|: [(,013 —3p1p22)COS b + (,023 —3p12p2)5in 6] ft4 }(a+th)2 _f? }
[(,015 * 5,01/)24 _10p13p22)005 0, + (10/)12/323 —5p14p2)5in 6] t
_{ 1{ [(,014 +p24 _6p12p2)C059t "‘4(:01/723 _plgpz)Sin A ft4 }(a+th)3
6 [(pls + 5/01/?24 _10p13p22)005 o+ (:|-0p12/323 —5p14,02)5in 6]
N [p, cosé, - p,sind,]f* }
[(p15 +5,01,024 —10p13p22)COS o+ (10/012:023 —5p14p2)Sin 6]
If we subtract (11) from (12) and apply (18), we obtain the following relations
M ay +a, (X — %)+, (%P1 — x%) + 2, (Ce —x ) +a, (X — 1) 5
+bR [e”" (cos 6, cos p,h —sin 6, sin p,h)]—cos 6,
Where,
(Xt —x%) =2ah + (1+ 2t)h® (26)
(x*t1 —x%) =3a’h+ah®(3+6t) + h®(3t* +3t +1) @7
(x*1 —x*) =4a’h+6a’h?(L+ 2t) + 4ah®(3t® + 3t +1) + h* (4t° + 6t* + 4t +1) (28)

To obtain the new scheme, putting the values of (20), (21), (22), (23), (26), (27) and (28) in (25), we have
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Yoa = Yo =
- {ft L { [ { o'+ o) 269 ) 050+ Alpipy” — pi'pr)sin B }(ch) -
[(p,” +5p1p, —10p,"p,")C0s 6, +(10p," p,” =5p; p,)sing,]
[(:013 - 3/712:022)005 0, + (:023 —3,012/)2)8"1 6] ft4 }(a T th)?
[(,015 + 5/)1,024 _10/)13/722)003 0, + (101012/723 —5p14p2)3in 6.1
_1{ £2 _{ f3_ [(p14 +/724 - 6/712/72)C056t +4(/)1p23 _p13p2)5in ‘gt]ft4 }(a+th) -
2| [(,015 + 5:01:024 _10/)13:022)003 0, + (10p12p23 —5p14p2)8in 6]
{ [(pl3 —3p1p22)COS 0 + (,023 —3p12p2)5in gt]ftA }(a+th)2 _? }h
[(p15 + 5/)1/?24 _10/713:022)005 0, + (10/712:023 —5p14p2)3in 6] t
_{ 1{ [(/714 +p24 —6p12p2)COS b, +4(p1p23 _p13p2)5in Ht]ftA }(a+th)3
6 [(p15 + 5:01/)24 _10:013/722)005 0+ (]-0:0121323 - 5p14p2)5in 6]

[y cos6, - p,sing] f14

T 4 3 2 2 3 4 . }h
[(o,” +5p1p, —=10p;"p,")C0s 6, + (10p," p,” =5p; p,)sinb,]

+1{f1_{ f 2_{ s Lp'+p,' =6p}p,)c0s6, +4(pp,° = ppy)sin G 11, }(aﬂh)_
2" L [(o,” +5p.0," —10p,°p,")c0s 6, + (10p," p,* —5p,° p,)sin 4]
[(p," —3p " p,")c0s6, +(p,” —3p,"p,)sin 411" }(a th)
[(,015 "‘5/31,024 —10p13p22)COS o, + (10/712,023 —5p14p2)8in 6,1
e [(ff +p;‘4— 6pf§2>§oset +4(p1p£2— p;pz)sin a]f_:‘ }(aﬂh)z B
[(p.” +5pp, —10p," p,")c0s 6, + (10p," p,” —=5p; p,)sin 6]

2 2 . 4

— -2 f

|: - [Epl p§ )Soset pl p2 Szm a;t] t - : :|(2ah+(1+2t)h2) }
[(p” +5pp, —10p,"p,")C0s 6, + (10" p,” —5p, p,)sing]

a -1 {ftz { 5 [(5/)14 +pz44— 6/)12/22)(;08 6, +4(p1pz32— p;pz)Sin 6] fﬁ‘ }(a th)-
6 [(p," +5p10," =10p,"p,")c0s 6, +(10p,"p,” —=5p; p,)sing,]
{ [(p, +" Pzz _6:012:022)003 0, + (,023 —3p12p2)sin A ft4 } }(3a2h +ah?(3+6t)+
[(p° +5p.0, —10p,"p,")c0s 6, + (10p," p,” =5p," p,)sin 6]
h3(3t? +3t +1))
i|: £3_ [(pl4 + p24 ~ 6p12p2) Cos 6, + 4(p1,023 - pfpz)sin 6] ft4 }(4a3h n
24 ' [(p +5pp," —10p,° 0,7 c0s 6, + (100, p,° ~5p," p,)sinG,]
6a’h?(1+2t) + 4ah®(3t* + 3t +1) + h* (4t + 6t + 4t +1))
[e”" (cos 6, cos p,h —sin 6, sin p,h)] —cos b, f,*

Rt [(pl5 + 5:01:024 —10/)13,022) cos gt + (10/)12,023 - 5p14p2)8in 0’[]
Equation (29) is the new scheme of order seven.

(29)
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V. Conclusion

This paper considers the development of a new numerical scheme for the solution of initial value
problem in ordinary differential equations.After a successful derivation of the algorithm, it is obvious that the
scheme will be useful in solving initial value problem most especially problems having oscillatory or
exponential solutions.

Comparing the scheme with the existing standard schemes especially that of (Ibijola 1997) which is of
order Five, (Ogunrinde 2010) which is of order Six, in that ours is of order seven which shows that it is of
higher order.Owing to time and computer time allocation, we have not considered the analysis of stability
property of this scheme in great details.
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