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Abstract:   
The residual effect of topographic modeling (RTM) was calculated for the continental region of the Rio Grande 

do Sul state, using 3,510 points from a 5'x5' spherical arc grid, based on the ETOPO1 global relief model, in 

association with lateral density models UNB_TopoDens (global) and Harkness (average global density: 2670 

kg/m³). The mathematical model employed was Newton’s equation for a point mass.For each of the 3,510 RTM 

points, a neighborhood of points within a 210 km radius was considered. The RTM values calculated for the two 

different density models exceeded 2 mm, emphasizing the importance of RTM consideration in high-precision 

altimetric studies. 
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I. Introduction 
The classical Stokes' theory for geoid determination assumes the exclusion of topographic masses and 

their isostatic equilibrium above the boundary surface. In addition to the topo-isostatic gravity reduction, the 

indirect effect of topographic masses on the gravitational potential must be considered for an accurate geoid 

determination (Heiskanen & Moritz, 1967). Molodenskii’s theory (Molodenskii et al., 1962), although originally 

free of any topographic mass reductions, incorporates terrain reduction as a correction term in the first-order 

solution of the so-called Molodenskii series. In local and regional gravitational field modeling, the Residual 

Terrain Model (RTM) is often applied within the remove-compute-restore (RCR) technique for gravity field data 

modeling and processing. 

During the restoration phase of topographic mass effects, numerical values may be influenced by 

uncertainties or the lack of knowledge regarding lateral density variations (Sjoberg, 2004; Vanicek et al., 2004; 

Odalović et al., 2018; Wang et al., 2021). In gravimetric reductions, the terrain correction (𝐶𝑇) represents the 

gravitational effect of topographic masses above the boundary surface. However, it is often inadequately 

considered or completely omitted, due to the limitations of Bouguer reduction in determining gravity values on 

the geoid, based on measurement results from the Earth's physical surface (Heiskanen & Moritz, 1967; Tenzer et 

al., 2010). Figure 1 illustrates the Earth's physical surface where geodetic surveys are conducted. The geoid 

represents an equipotential surface of the gravity field, used as a reference for orthometric heights (H). The 

Bouguer plateau partially removes topographic masses above the geoid, leaving residual topographic masses 

(𝐶𝑅𝑇𝑀), which account for the remaining effects in topographic modeling (RTM). 

 

 
Figure 1 – Elements of Gravitational Potential (Adapted from Heiskanen and Moritz, 1967). 
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 From Figure 2, the gravitational potential 𝜈(𝑟, 𝜑, 𝜆) of a regular prism with homogeneous mass (m), 

gravitational constant (𝐺), and density (𝜌) can be determined using Newton’s integral (Nagy et al., 2000). The 

gravitational potentials (𝜈𝑖) between points 𝑃0 and Qi are computed using Equation 9, in its first approximation 

(point mass formulation). The summation of gravitational potentials at the considered points (Equation 10) results 

in the RTM effect of points 𝑄𝑖  on 𝑃0 (Moritz, 1980). 

 

 
Figure 2 – RTM Elements Considering the Application of Newton’s Integral (adapted from Heck and 

Seitz, 2007). 

 

𝑃0(𝑟0, 𝜑0, 𝜆0) =  𝑃0(ℎ0, 𝜑0, 𝜆0)                                                                                                                                   (1) 

𝑄𝑖(𝑟, 𝜑, 𝜆) =  𝑄𝑖(ℎ, 𝜑, 𝜆)                                                                                                                                             (2) 

𝑟1, geocentric spherical distance to the boundary surface; 

𝑟2, geocentric spherical distance to the Earth’s physical surface; 

∆𝑟 = 𝑟2 − 𝑟1 ≃ Δℎ = ℎ2 − ℎ1                                                                                                                                     (3) 

∆𝜑 = 𝜑2 − 𝜑1                                                                                                                                                              (4) 

∆𝜆 = 𝜆2 − 𝜆1                                                                                                                                                                (5) 

𝛿𝜆 = 𝜆 − 𝜆0                                                                                                                                                                   (6) 

𝜓0, geocentric angle between directions of 𝑃0 and 𝑄𝑖; 

𝑐𝑜𝑠𝜓0 = 𝑠𝑒𝑛𝜑. 𝑠𝑒𝑛𝜑0 + 𝑐𝑜𝑠𝜑. 𝑐𝑜𝑠𝜑0. cos δ𝜆                                                                                                             (7) 

𝑙0, Euclidian distance between points 𝑃0 and 𝑄𝑖; 

𝑙0 = √𝑟2 + 𝑟0
2 − 2. 𝑟. 𝑟0. 𝑐𝑜𝑠𝜓0                                                                                                                                    (8) 

𝜈(𝑟, 𝜑, 𝜆), gravitational potential calculated using Newton’s integral;  

𝐺, gravitational constant; 

𝜌, density; 

𝛾, normal gravity 

𝜈(𝑟, 𝜑, 𝜆) = 𝐺. 𝜌. Δ𝑟. Δ𝜑. Δ𝜆. . [(𝑟0
2. 𝑐𝑜𝑠𝜑0)/𝑙0]                                                                                                           (9) 

𝐶𝑅𝑇𝑀 = ∑(𝜈(𝑟, 𝜑, 𝜆)/𝛾)                                                                                                                                                       (10) 

 

In August 2008, the National Geophysical Data Center (NGDC), a division of the National Oceanic and 

Atmospheric Administration (NOAA), developed the Global Relief Model (ETOPO1) as an improvement over 

ETOPO2v2. The ETOPO1 dataset provides two versions: 'Ice Surface', representing the surface of Antarctic and 

Greenland ice sheets, and 'Bedrock', which depicts the base of these ice layers. Both versions of ETOPO1 were 

generated using a combination of global and regional digital datasets, which were adjusted to common horizontal 

and vertical datums, then evaluated and edited as necessary. The ETOPO1 model is vertically referenced to mean 

sea level and horizontally referenced to the World Geodetic System 1984 (WGS84). The grid resolution of 

ETOPO1 is 1'×1' (NOAA, 2009). The Figure 3 presents the ETOPO1 relief model for the state of Rio Grande do 

Sul. 
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Figure 3 – Relief of Rio Grande do Sul (orthometric heights, H) from ETOPO1 (m). 

 

According to Hinze (2003), one of the most widely recognized parameters in geosciences is the mean 

density (𝜌𝑚) of continental crustal surface rocks, estimated at 2670 kg/m³ (2.67 g/cm³). This value originates from 

William Harkness' (1891) compilation, which synthesized various studies from different authors conducted 

between 1811 and 1882 to determine the global average density of surface rocks. 

The 2670 kg/m³ density assumption is typically based on the composition of crystalline continental 

surface rocks, particularly granite, whose density varies from 2500 to 2800 kg/m³, with an approximate mean of 

2670 kg/m³. 

According to Sheng et al. (2019), the University of New Brunswick (UNB_TopoDens) density model is 

designed to globally represent laterally varying topographic density with two key objectives: 

- Enabling a more rigorous compensation of topographic effects on a global scale. 

- Providing a first-estimate dataset for countries/regions lacking a well-documented and defined density 

distribution. 

An additional benefit of developing a global laterally varying topographic density model is its ability to 

validate whether 2670 kg/m³—the mean density of granite—is a reasonable assumption for global mean 

topographic density. While this value has been almost universally adopted, this approach now offers a means to 

assess its representativeness as the global mean topographic density. Figure 4 illustrates the behavior of the 

UNB_TopoDens model in the state of Rio Grande do Sul. 

The main objective of this study is the modeling and representation of RTM values in the state of Rio 

Grande do Sul, using Newton’s formula (applied to a point mass) in association with the global lateral density 

model (UNB_TopoDens) and the global relief model ETOPO1. The RTM behavior for Rio Grande do Sul was 

also computed under the same conditions using the average density value (Harkness). Finally, this study presents 

the differences in RTM values calculated, considering both applied density models. 

 

 
Figure 4 – UNB_TopoDens density model for Rio Grande do Sul (kg/m³). 
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II. Material And Methods 
The methodology developed for calculating RTM(H) values and their representation for the state of Rio 

Grande do Sul is shown in Figure 5. This flowchart highlights the main applied workflow steps. 

 

 
Figure 5 – Methodology for RTM(H) calculation and representation in Rio Grande do Sul. 

 

III. Result 
Considering the proposed methodology (Figure 5), the first stage involved selecting and organizing data 

from the global models used: ETOPO1 (Figure 3) and UNB_TopoDens (Figure 4). Once all mentioned data were 

gathered and structured, the subsequent steps focused on processing RTM values for the state of Rio Grande do 

Sul, using the global lateral density model (UNB_TopoDens) and the average density model (Harkness) with a 

5'×5' spherical arc resolution, totaling 3,510 points within the continental territory. 

The RTM(H) values were determined through Matlab routines developed by the author, with final editing 

carried out using Microsoft Office and Golden Software Surfer. For each of the 3,510 points (𝑃0), the 

corresponding RTM values were calculated, considering all points (𝑄𝑖) within a 210 km radius, centered on 𝑃0. 

Figures 6 and 7 present the results of the proposed methodology applied to RTM(H)  calculation and 

representation in Rio Grande do Sul, corresponding to the UNB_TopoDens lateral density model and the classic 

average density model (Harkness), respectively. Figure 8 illustrates the differences in RTM(H)  behavior when 

considering both applied density models. 

Regarding the numerical RTM(H) values in Rio Grande do Sul, an independent variation exceeding 2 

mm, regardless of the density model used, was observed. This highlights the importance of this study in relation 

to high-precision altimetric surveys and the determination of the altimetric reference surface. The numerical 

differences between the RTM(H)  values calculated using the two models (global and average) ranged between 

−0.00003 and 0.00014 m. 

 

 
Figure 6 – RTM(H) in Rio Grande do Sul associated with the UNB_TopoDens Model (m). 
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Figure 7 – RTM(H) in Rio Grande do Sul associated with the Harkness Model (m). 

 

 
Figure 8 – Differences Between RTM(H) values associated with the UNB_TopoDens and Harkness 

Models (m). 

 

IV. Discussion 
Figure 9 illustrates the correlations among the main elements involved in this study. A strong correlation 

is observed between altitude and calculated RTM(H) values, justified by the study’s scope, which focuses on 

remaining topographic masses above the geoid, as well as the mathematical model applied (Newton’s equation). 

Similarly, a high correlation is noted between RTM(H) values calculated using both global and average 

density models, indicating their statistical equivalence within this study. However, although the correlation 

between RTM(H) differences and global density value is high, it represents only a statistical property, as the 

average density remains a constant value. 

 
 H 𝜌𝑈𝑁𝐵 𝑅𝑇𝑀𝑈𝑁𝐵 𝑅𝑇𝑀𝑚 𝑅𝑇𝑀𝑈𝑁𝐵−𝑚 

H 1     

𝜌𝑈𝑁𝐵 0.199 1    

𝑅𝑇𝑀𝑈𝑁𝐵 0.853 0.398 1   

𝑅𝑇𝑀𝑚 0.870 0.327 0.996 1  

𝑅𝑇𝑀𝑈𝑁𝐵−𝑚 -0.015 0.852 0.246 0.159 1 

Figure 9 – Correlation matrix. 
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Table 1 presents the statistical summary of the elements analyzed in the 3,510 stations (5'x5' spherical 

arc grid), distributed in the dry part of the state of Rio Grande do Sul (in flooded regions, a density of 1000 kg/m³ 

was assumed). The average orthometric altitude from ETOPO1 resulted in 288.576 m. The average density, 

considering the UNB_TopoDens model, was 2508.4 kg/m³ (approximately 6% lower than the average value of 

2670 kg/m³). The calculated RTM amplitudes exceed 2 mm (2.2 mm), and 0.00018 mm when considering the 

differences between the RTM(H) from the global model and the average RTM(H) from Harkness model. 

 
Descriptor h (m) 𝜌𝑈𝑁𝐵(kg/m³) 𝑅𝑇𝑀𝑈𝑁𝐵(m) 𝑅𝑇𝑀𝑚(m) 𝑅𝑇𝑀𝑈𝑁𝐵−𝑚(m) 

Mean 288.576 2508.4 0.00088 0.00092 -0.00004 

Standard error 4.215 4.5 0.00001 0.00001 0.00000 

Median 203.005 2526.0 0.00070 0.00074 -0.00004 

Standard deviation 249.692 267.4 0.00043 0.00042 0.00004 

Amplitude 1247.030 780.0 0.00205 0.00204 0.00018 

Minimum 0.000 2074.0 0.00006 0.00006 -0.00014 

Maximum 1247.030 2854.0 0.00211 0.00210 0.00004 

Count (n) 3510 3510 3510 3510 3510 

Table 1 – Statistical summary of the results. 

 

 Figures 10 and 11 show the frequency distribution histograms, containing classes with an interval of 

0.0001 m, for the calculated RTM(H). It is observed that for both the global density model and the average model, 

about 65% of the class elements have RTM(H) values ranging between 0.000 and 0.001 m, while the remaining 

35% vary between 0.001 and 0.0021 m (as shown in Figures 6 and 7), highlighting their importance for precision 

altimetry. In Figure 12, the frequency distribution histogram is presented, containing classes with an interval of 

0.00001 m, for the differences between the calculated RTM(H) (global and mean). The variation amplitude 

reached 0.00018 m, indicating that the two density models used for the Rio Grande do Sul region can be considered 

equivalent for non-scientific applications (see Figure 8). 

 

 
Figure 10 – Frequency histogram 𝑹𝑻𝑴(𝑯)𝑼𝑵𝑩. 

 

 
Figure 11 – Frequency histogram 𝑹𝑻𝑴(𝑯)𝒎. 
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Figure 12 – Frequency histogram of RTM(H) differences 𝑹𝑻𝑴𝑼𝑵𝑩−𝒎. 

 

V. Conclusion 

The present study was fully successful in its implementation and results. The proposed methodology 

proved to be efficient, and the data used were sufficient for the purpose of this work. Future improvements to the 

mathematical model, such as the use of harmonic corrections, positional data, and high-resolution density data, 

should be studied and applied. Also important will be accuracy evaluations of the various data groups and the 

application of adjustment models. 
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