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Abstract: A set of exact solutions of the relativistic Schroedinger equation for central potential (r) = (— % + %

), where a and b are parameters of the given potential are to be obtained by using a suitable ansatz. For each
solution, a separate relation interrelating the parameters of the potential and the orbital angular momentum
quantum no. [ . The eigenfunctions obtained here are normalizable. The fractional power potential is relevant in
connection with quark model of hadrons and some other branches of physics like particle and nuclear physics.
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I.  Introduction

One of the important issues of quantum mechanics is to solve the relativistic Schroedinger equation for
the potentials of physical interest. Unfortunately, however, only for a few potentials, the Schroedinger equation
is found to be exactly solvable. But in recent years, a lot of attention has been paid towards obtaining exact
solution of the Schroedinger equation for the potentials of physical importance [1-7,10,11]. Today, it is although
possible to solve the relativistic Schroedinger equation for given potential to a desired degree of accuracy with
the help of modern computers. An exact solutions, however, have an aesthetic appeal. Further, the exact
solutions can serve as benchmark to test the accuracy of various nonperturbative methods.

In the present paper, we obtain a set, consisting no. of solutions which consists eigenvalues and

corresponding eigenfunctions of the schroedinger equation for the central potential V(r) = (— -+ ) by using

suitable ansatz in the form of a series in r. This solutions hold good when for each solution, a separate relations,
interrelating the parameters of the potential and the orbital angular momentum quantum no. [ is satisfied. In such
exact solutions, eigenfunction(s) are so normalizable. Such central potential is much more useful in study of
interquark potential of the hadron physics and may be useful in others areas of physics [8, 9].

Il. Schroedinger equation and exact solution
For exact solution of the relativistic Schroedinger equation, the central potential is

Vir) = (—§+%) (D)

Where a and b are parameters of potential.

Consider a relativistic Schroedinger equation (for convenience, take # = 1 = ¢) and is given by
(=V2+m®>¥ = [E = V(")]*¥Y . (2)

Here V2= Laplacian operator in spherical polar co-ordinates (r, 9 ¢>)

V2_16<26)+ 1 6(596)+ 1 9?2
~ 7232\ or) Tz sinore " 5e r2 Sin 6 9 ®?

m = mass of particle

T 2m )
h = Planck s constant
E = total energy of particle
and ¥ = Normalised wave function
The radial part of the Schroedinger equation for the given potential is
a by 1d/. dy l1+1)
[{E—(—;+W)} —mg+r—25(r2dr> " ]R()—O e (3)
Using an ansatz, to solve second order differential equation (3), take

R(r) = exp{ ar + BV} Z anrz R )

where a, f and v are constants to be chosen suitably later.
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Using equation (4) in equation (3)and on equating coefficient of rg_ *¥ on both sides, then we have

Ava, + By 101 +Chin0y, =0 N )
where AY, = B2+ 2Ea+ (n +2v + 2)a + b? e .. (60)
3
BY = —2ab + (n +ov E)ﬁ e (6])
n n
v_ (M n _ 2
anan—(2+v)(2+v+1) I[l+1)+a SR (19

and we have take a? = m3 — E? and aff = Eb, then we should choose

a=- ’m(z) - E?2 N ¢

So that R(r) is finite for r - «
Now, if a, is the first nonvanishing coefficient in the equation (4), we should have
1

Cl=0=>v=v, =%i{<l+%>2—az}i,({<l+%>2—a2}20> ...... (8)

In which only v = v, is physically acceptable.
Again if a, is the last non vanishing coefficient in the equation (4),
We should have a, ., ay., = 0, then the reccurrence relation (5) gives
2 2
a5 =0 = |(b? + 2a Bp) fm3 — (E2)°} + b2 (B})’]

2 3
= (p +v + 2% {m} - (E})°} )
Also for a nontrivial solution, the coefficients Ay, By and C) in the equation (4) must satisfy the
determinant relation

BY ¢} .. . 0
| AY BY Y 0 |
...... S
0. . A, By
Now from equation(10), different exact solution can be generated by putting p = 0,1,2 ... .... etc.

Thus,we have two cases:
Case-1: For p=0, In this case equation (9) gives
[(EHD? + 2ELa + b)) mE — (ED?Y? =4 (vy + 1D {md — (EH?P ... (11)
Equation (11) gives energy eigenvalue and is given by
1

l a2 2
EO =my {1 + m} (12)
Using equation (11) and (12) , we find the interrelation between the parameters a and b and is given by
a’b? 2a3m, 2
2+ +
{ e + D2 (v, + a2 + (v, + 1)2}

2
_ { mal } e (13)
(e + 1?2 ((vy +1)2 +m?

Equation (13) gives the interrelation between the parameters a and b of central potential and orbital angular
momentum quantum no. L.
The complete eigenfunction in this case is given by
1

Woum(r,0,0) = exp {- =20 2y 4 iz, 0).......(14)

Here Y (6, ®) = spherical harmonics

Equation(14) provides the quantum nature of hadrons.
Case Il: For p=1, In this case, equation (9) gives

[(ED)?b? + (2Efa + b*){m§ — (ED*}] = 2v, + 3)*{m§ — (ED)*}*..(15)

The condition, on the other hand, gives
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N B
2 fm — (82
=(V++%) m2 — (E1y? OO ¢ 1)

(On using equations 6a, 6b, 6¢ and 7)
Now, equation (15) and (16) can be used to find the energy eigenvalue and an interrelation between the
parameters a and b of the central potential and the orbital angular momentum quantum no. I. The complete
eigenfunctions, for p=1 is given by

l 1 1
¥y m(r, 0, @) = exp [{— /m% - (E{)Z}r - {\/mZ‘ZE—l—?El)Z}ﬁ] rV+ (ao + alri) Y0, D) ....... (17)
o~ 1

The constants a, and a, are related as

{m? — (EH?}a, — 2 {ab ImZ — (EDZ + (v, + Z) (Ell)b} a; =0 ..(18)

Here m, = rest mass of particle.
Continuing this way, we can generate a set of exact solutions for higher values of p.

b? (v+ +

I11. Results and Discussion
The explicit expressions of energy eigenvalue and eigenfunction are obtained for each solution. These
solutions are valid when for, in general, each solutions has an interrelation between the parameters of the
potential and the orbital angular momentum quantum number | is satisfied. These solution, besides having an
aesthetic appeal, can be used as benchmark to test the accuracy and reliability of non perturbative methods,
which some times yield wrong result, of solving the Schroedinger equations. The central potential considered in
this problem may be relevant in study of quark model of hadrons [8, 9].
The central irregular singular potentials V (r) for which lim,_,, 72V (r) — o are mathematically more
difficult to treat. A set consisting of eigenvalues and the corresponding eigenfunctions of exact solution of the
Schroedinger equation is obtained for the fractional central potential.

V. Conclusions
The exact bound state solutions of relativistic Schroedinger equation for central potential V(r) =

(—%4—\7—?) by using a suitable ansatz have been obtained. The exact solutions consists eigenvalues and

corresponding eigenfunctions with an interrelation between parameters a and b of potential and the orbital
angular momentum quantum number . The eigenfunction which are obtained in closed form, are also square
integrable. Such solution of relativistic Schroedinger equation plays most important role in nuclear and particle
physics and especially in quarkonium physics (study of quark model of hadrons).
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