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Abstract A numerical study has been carried out on the momentum and heat tranafacteristics ofan
incompressiblenagnetohydrodynamic boundalgyer slip flow over a flatplate withboth viscous and ohmic
dissipations. Momentum boundary layer ediien takes care of thmagnetic field while the ohmic and viscous
dissipations are accounted for hlge thermalboundary layer equation. The governing equations constitute
highly nonlinear momentum and thermal boundary layeguations.Both are convertedinto similarity
equationsbefore beingsolved bythe RungeKutta-Fehlberg technique with shootinghe results aranalyzed

for both isothermal and neisothermal boundary conditions feariouscombinationof flow and heatransfer
parameters Some of tb important findings showhat in the absence of both the magnetic and velocity slip
parameters, the flow profiles arelentical to those of Bhattacharyya et al. [1[The combined effect of
increasing both the magnetic and the slip velocity parameterdfisaymtly affects the velocity and the shear
stress profiles. An increase ofslip parameter results in @ecrease irskin friction, whereas a increase in
Eckart number enhances viscous dissipation armbm@sequential temperaturése especially at the lhmdary.
Sometimes this may escalateattevel where a Dirichlet temperature specification is exceeBadhermore

the temperature gradient is highly sensitive to prescribed values of Prandtl nhumber and heat generation
parameter.

Keywords Magnetohydrdynamicfluid, boundary layer flow, viscous and ohmic dissipations, nonlinear, slips
velocity parameter, magnetic parameter

[.  Introduction

Magnetohydrodynamic flow is a key aspeaaft computational fluid dynamics. It influencesany
industrial and flow processes such as crude oil purification, glasanufacturing, generator pumps, metal
bearing in contact with fluids, plasma studies ,geothermal energy textisaand MHD power generatorEhis
is mainly becausehe interaction between an electrically conihgtfluid and a magnetic field significantly
affects the flow field and impacts on the shape of thendary layer. Some of thearly studies in thigield
include those of Pavlov [2], Anderson[3], N#]. MHD flow over a semi infinite flat plate for an
incompressible electrically conducting fluidan be found in Alimet al. [5], EI-Amin. [6], Mahapatra and
Gupta [7]. Ibrahimand Makinde [8] looked at MHD stagnation point flow and heat transfer of Casson nanofluid
past a stretching sheet with slip araheective boundary conditio.heir results indicate that the skin friction
coefficient increased with an increase in Casson parameter and decreased with an increase in velocity ratio
parameterHayat et al. [9], Hayat et al. [1@arried out similar stlies for flow of an electrically conducting
fluid over a vertical platéut did not consider nanofluids. Relatstdidies were also carried out tshak et al.

[11], Watanabe and Pop [1Hang and Zan{lL2] rigorously derived closed form closédrm exactsolutions of
MHD viscous flows over a shrinking sheet . This work was further extended to include flows over exponential
stretching sheet as well as slip effects. (Khan and Sanjayjjd8&ndadeem et a[14]).

For most of the investigations mentionedoae, the conventional r&lip boundary condition is
assumed. However this condition is not always admissible. AndersoAli5]16] studied the effects of slip
boundary condition on Newtonian fluids past a stretching sheet. A similar study involeingofer a
permeable wall was carried out by Beavers and JosephAbdk etal. [18] studied the slip effects and heat
transfer characteristics for a viscous fluid over an oscillatory stretching surface. Extensive work involving slip
effects and tempature dependent viscosity for the diffusion of chemically reactive species on a vertical
permeable stretching sheet is reported in Bhattacharyya1[l9

Of more relevance to the work presented herein are thoskbelf et al[22] who looked into
momentumand heat transfer characteristics of an incompressible electrically conducting viscoelastic boundary
layer flow over a linear stretching sheet taking into account the effects of transverse magnetic and electric fields
as well as ohmic dissipationAnd Bhattacharyyat al. [23] who looked intopartial slip effects for boundary
layer mixed convective flow adjacent to a vertical permeable stretching sheet in a porous medium. From their
work, they came to the conclusion that enhancement of buoyancy ait ourgection parameter, increases the
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velocity and decreases the temperature. On the other hand an increase in the slip parameter resulted in an
increase in boundary layer thicknesehe present work focuses oa detailechumeical investigation oflow

and heat transfer characteristics of an MHD flow in an electrically conducting fluid considering the effects of
slip, Prandtl and Eckert numbers, as well as beatration/absorption and viscous dissipation efféighly

non linear momentum and heatrtsfer equations are solved numerically adopting Ru€gés-Fehlberg

method with shootingRelated issues concerning the effects of ignoring viscous thermal dissipation and ohmic
heating were also considered. It was observed that relatively high valilres Btkert numbergenerates more

heatdue to viscous thermal dissipation. This creates a noticeable influence on the temperatée dietbsult

viscous dissip&n should be accounted for inatestic heat transfecomputations especially thosevolving
convective hat transfer.

Il. Mathematical Formulation

We consider a steady twtimensional flow of an incompressible laminar boundary layer flow over a
semiinfinite flat plate with magnetohydrodynamic effect. It is assumed that the magneticsfigfidiniform
strength and applied transversely in the flow directigvith regards to the magnetic Reynold number
assumption, the induced magnetic field is neglected as well as the electric field due to the polarization of
charges. In addition the fluid properties are constants because of the Boussbmsuhry layer
approximations. Theartesian coordiate system is chosen so that0O, coincides with the leading edge . The
plate is parallel to the-a&xis and infinitely long downstream with theayis normal to it.

In order to fully address thpurposes of the work reportérerein, we consider two boundary layer
equations namely whetée flow and energy equations are influenced by the magnetohydrodynamic (MHD),
slip and dissipation effects and wkenoneof these are put into consideration. For the latter, the governing
equations are written in the usual notation as:

LU ) @)
X M
2
VLRV VI o iE(U u} (2)
pX M r
2
& uT i 6, °T & u b
rc — +v— AK— T _ prd 3
BV T AT T ©

The boundary conditions with partial slip for the velocity are given as:
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Here uand v are the velocity components in the x and y directions, T is the rityidrédurek is the thermal
conductivity of the fluid, Q is the heat source or siBks the magnetic field in the y direction and is given by

v
B(x) = ( 3)/( )9 2) U,,T., r , S are the velocity and temperature at infinitie fluid density and the
constant electrical conductivity respectivel§f] is the coefficient of fluid viscosity(:p is the specific capacity

at constant temperature of the fluidY,;, = }{(Rex)l/2 is the velocity slip factor withY , being the initial
velocity slip factor. Re, :(Unx/u) is the Il ocal RLES/(n//b I)/isl the fluid kimamatia ,

viscosity and T, is the wall temperatureWe now introduce similarity variablesepresented by the stream

function y (X, y) as

u= g/ yuv  =)4 M. This automatically satisfies the continuity equation and the momentum equation
becomes:
2 3 [} ~
Wby wow, LB, (7)
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with boundary conditions represented by
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We introduce the following dimensionless variabler the heat and flow equations
T-T,
= , = UuVX f h 9
q( T S () (9)

where the similarity variable is defined As= (y/ X) (Rex )1/2 . The governing differential equations together
with their accompanying boundary conditions are then reduced tdinmmnsional forms as follows:
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In the abence ofheat dissipation/absorpti@ifect theheat equatiotakes the following form:
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Introducing a dimensionless temperature difference defined as
T

w

q( bzﬁ

d’qg dg_ ..
7 tOsPrf = 2P( ) (15

, equation (14pecomes

where Pr= m:p/k is the Prandtl numbe®ther parameters of interest considered in the work reported herein

include the heat transfer at %hd((%)l inctamsforméde d f r o n
y=0

variables this is represented af = -k('l\',v L )J dw (O) , where \/a/V is the characteristic length.

Both the constant and the temperature gradient at the platgi (0) (Nusselt numberare each respectively
proportional to thefree stream velocity far away from the surface of the flat pkgeyell as therate of heat
transfer Another parameter of interest is the skiiction coefficient f (O) Overall we hag boundary
value problems consisting of seceatierhighly nonlinear simultaneousdinary differential equations, whose

coefficients contain the function§, ', g and c . In order to solve thee equations numericatly deploy a

numerical sooting technique with fifth order Rung@utta-Fehlberg(RKF) integration schemdt is important
to choose appropriate representative value for infinity. To implement this, we assume an initial guess value

h, and solve the piidem with particular set of parameters to obtain the dependent variables. The solution

process is repeated iteratively for another large valug,ofintil two successive values of a given dependent

variable differ only by an insigficant value.This guarantees that all nhumerical solutions approached the
asymptotic values correctlfhe second and very important step is to select appropriate initial approximations
for the dependent variables. Then the system these initial acomglitbgether with system of first order ordinary
differential equations are solved with the RKF integration scheme until the criterion for convergence is

ol

achievedFor this work thestep size and the converge criteria are chosen to 194 .and10°.

M. ResultsAnd Discussion
A comprehensive numerical calculation is executed for various phydieahulation of the flow
equationand heat equations and the various impacts of thedimensional parameters on the solution profiles
In the absence of magnetic fiedahd slip at the boundary (M=0=8), the velocity and shear stress profitds
Fig. 1were found to be identicalith those of Bhattacharyya et al. [1Fig.2 and Fig. 3how the contrasig
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influencesof the velocity slip pameteron the velocity and shear stress profifes a fixed value of the
magnetic parameter . It i®bserved that increasing values of the slip velocity parameterscahsevelocity
profiles to increase monotonicalyhile causing the reverse effect e shear stress profiles. This isnparily
because fothe slip condition at the plate, the fluid in contact with tregylhas no longer a zero value. This is
reflected in the magnitudes of the velocity profikssthe velocity slip parameter increaskhis effectcontrass
with the shear stress profievhich decrease with increase inl8 this case, more fluidlide past the platand
the shear stress decreases as the slip parameter increaisesctivity is more pronounced in regions very elos
to the plate, but tends toedrease significantlyaway from the plate.A close look at regions near the

boundary of the Fig. 3 alf =0 shows that the skin friction coefficienf ' (0) decreases as the valufsthe

slip velocity increasesNext we study the effect of various values of magnetic parameter on the velocity and
shear stress profiles for a fixed value of the slip velocity parameter. Rigd4ig 5 demonstratthe variatios

in the velocityand shear stresdields for severalvalues of the magnetic parameter M fath slip and no slip
cases. There is an increase in magnitude for both aeaskkncreasesThe magnetic force enhances fluid
motion in the boundary layer especially for tlegions close to the plateAs long as the computed velocity

does not exceed that of the free stream, the change in velocity always remains ébhjtiveu) > 0. This

enhances the positivity of the momentum equation (equatidie@usehte coefficients of this term are also
positive and increase with increasing values of the magnetic fidfits observation is in agreement with that

of Bhattacharyya et al. [1].

Fig. 6 shows the influence of Prandtl number variation for a fixed safiecckart number (Ec=0.5), heat
generation parameter (B=0.1), magnetic and slip parameters (M=0.5 , S=1.0). The thickness of the thermal
boundary layer decreases as the Prandtl number increltsissleads to a decrease in theagnitude of
temperature mfiles. An increase in Prandtl number tesults in a decrease in thermal diffusivity and the fluid
energy transfer ability.It also implies an increase in the fluid viscosity which results in a decrease in the flow
velocity.

Fig.7 illustrates thetemperatte flux for the above set of omditions. It confirms the previous
observationfor the temperature field In order to dramatize these effectsflax boundary codition was
imposed on the lend of the plate. Fig. 8 showsan easily observable differea in the temperature profiles
and further illustrates that a decrease in the thickness of the thermal boundamngsalitsrinan increase in
Prandtl number values. For Fig, @ high temperaturergdient at the wall reflects the effect ahe flux

boundary condition specified & = 0. It undergoes a uniform drdpr all the profiles irrespective of Prandtl

number specification untif7 © 1. After this, it decoupls to displaydifferent flux values corregsonding to

specifiedvalues of Prandtl numbers.

The Eckert number or the viscous, t her mal di ssi
kinetic energy to the boundary layer enthalpy differeanue is very useful in heat transfer analysisid-flows
with relatively high values of Eckart number (Ec) usugliyerate a lot of heat. Fig.d&hows the temperature
profiles obtained with variations of Eor different values of heat and flow parametePs=07, heat generation
parameter B=0.And Ec= 0.2, 0.5, 1.0, J.5A rise in viscous dissipation results in an increase in energy and a
consequential rise ifluid temperature. It can be observed that the highest temperature occurs close to the plate
and asymptotically advances to zero todgathe free stream area. This is primarily due to the fact that viscous
dissipation is felt very close to the wakburther increase in the values of Eckart number results in high
gradients of the temperature field at the boundary. Fig. 10 b showtethpératures of this portion of the
boundary layer are of such a magnitude that they overshoot the specified boundary temperature due to viscous
thermal dissipation. This phenomenon is further enhanced by increasing the Prandtl number.

The effects of vaous dimensionless parameters on the dimensionless local Nusselt nunf}l(eﬁ)) are

investigated and presented graphically. Fig. 11 is a pIetqbf( /)7 against the dimensionless space coordinate
h  for different values of Prandtl numbérPr= [10,15,20,30) andthe following values of dimensionless
guantities : Ec=[0.5], S =[0}5 heat generaion/absorption=P.5], and magnetic parameter M=[ 0.5] . It is
observed that- q (O) increases with a decrease in Prandtl nuniberder words the rate of heat transfer at

the surface increases with decreasing values of Prandtl nufiiteenegative values of the rate of heat transfer
indicate thaheat is transferred frothe plate to the fluid.

Fig. 12 shows the effect oEckart number Ec on the heat transfer rate. Pr is kept at a value of 0.5
together with all the dimensionless variables mentioned abdwe & given the valuesf [10, 15,20, 30]As
mentioned eandir, an increase in Ec results in an increase in temperature distribution. This agrees with the fact
that energy is stored in the fluid region as a result of dissipation arising from viscosity and elastic deformation.
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Next, we consider the effects ofdt generation anabsorption parameter &n the heat transfer rate. In this
context, we keep all the other dimensionless quantities constant at 0.5 and assign vfl0es 1.0, -2, -

5.0] to B Fig. 13 displays the values of the local Nusselinbers for the different values of Ec numbers. The
highest heat transfer rate is recorded for the highest magnitude of the heat generation parameter. We mention
in passing that the negative signs in the values of the heat generation parameter timelidaection of heat

flow from the plate to the fluid for the given value of Eckart nunbesitive values of Bire given to reverse

the direction of heat generation for the same of values of dimensionless parameters githenpirevious
example. Hea absorption takes place in this case and corresponding values of Nusselt numbers are given in
Fig. 14. The magnitude and direction of the heat transfer rate agree with the physics.

V. Conclusions

Magnetohydrodynamic boundary layer slip flow and heaistex over a flat plate with heat generation
or absorption and viscous dissipation has been studied. The highly nonlinear governing equations were
transformed into selfimilar form and numerically solved with a shooting technique of a feandbr Runge
Kutta-Fehlberg integration scheme. Numericagultsobtained herein showetiat anincrease in the velocity
slip parameter results in a decrease in the skin friction and an increase in the fluid vaktiky.velocity slip
parameter increases, allmg more fluid to slide through the plate, the magnitude of the velocity profiles
close to the plate increas&&rious values of the magnetic parameter broadpatut anincrease in the velocity
field along the plate and decrease in the boundary laybickness. An increase Prandtinumber results in a
decrease in both the momentum and thermal boundary |&etthe other hand, an increase in Eckert number
enhances the thermal boundary layeertain value®f Eckart numberesult intemperateesso high that they
overshoot the specified boundary condition as a result of viscous thermal dissiipatieasing the Newtonian
heating parameter facilitates an increase in the rate of heat transfer.
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Flux Profiles, Eckart Number = 0.5
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