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Abstract

This research presents a method for computing electromagnetic field propagation in a rectangular helical
waveguide whose cross-section consists of alternating circular dielectric and hollow layers. The main goal of
this study is to examine the behavior of the output fields in this interesting and challenging case. The helical
geometry is described using a coordinate transformation involving two rotations and a translation,
parameterized by the cylinder radius R and helix angle &,. Traditional analytical methods struggle with
inhomogeneous cross-sections in straight and bent waveguides that include many different layers. We employ a
helical waveguide model, and develop the proposed technique for solving the specific geometry of the cross-
section. The proposed technique will enable a solution of a complex bending problem that cannot be solved by
traditional analytical methods. In this study, we examine the influence on the output fields of this curved
waveguide in three-dimensional space with a specific cross section composed of alternating circular dielectric
and hollow layers. The proposed technique will be most useful for the examination of helical waveguides with a
cross section composed of a large number of circular dielectric layers, particularly for advanced systems with
helical waveguides comprising multiple circular dielectric and hollow layers operating in the microwave
regime.
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I. Introduction

Research interest in the field of curved waveguides and dielectric materials has seen significant growth in the
last years. The propagation constant modes were determined for a hollow circular waveguide in [1]. The
bending losses of an infrared metallic waveguide were studied with mode-coupling analysis in [2]. A general
method was developed in [3] to evaluate the propagation constant in circular hollow-core waveguides. An
effective analysis technique for curved waveguides with a dielectric and a hollow layer was presented in [4]. In
[5], a bent mode in dielectric waveguide was discussed, while an analysis of bending losses in dielectric layers
was proposed in [6]. In [7], an analytic method for dielectric optical slab waveguides was proposed, while in [8]
a curved waveguide by using the finite-difference method was proposed. Ultra-compact and efficient photonic
waveguide bends were proposed in [9], and a hollow waveguide with a graded multilayered dielectric medium
was proposed in [10].

A curved waveguide with direct laser writing in polymer was proposed in [11], and a teraherz circular
dielectric waveguide was presented in [12]. The authors in [13] proposed a model for waveguides with angled
and curved dielectric interfaces. The propagation of fields within a nanomaterial graphene in slab waveguide
was published in [14]. The propagation in slab waveguides was proposed in [15]. Another curved waveguide
with laser beam was proposed in [16], while in [17], the design of a large curved waveguide for the application
of graded photonic crystal was given. A curved GaAs cantilever waveguide for photonic integrated circuits was
proposed in [18]. Field propagation in a helical waveguide was given in [19], and in [20], the computation of
the fields in curved rectangular waveguide was given. Propagation in curved waveguide was proposed in [21].
A direct near-field observation of conversion between waveguide modes and leaky modes in periodic structure
was given in [22]. The development of a waveguide for periodic layers was presented in [23]. Lastly, a periodic
waveguide with arbitrary shaped corrugation was proposed in [24], and in [25], Bloch modes were
characterized in an optical waveguide.

In this research we will examine the influence on the output field of a helical waveguide with a specific
cross section composed of several circular dielectric and hollow layers. We will use the method for curved
waveguides [4] for the specific cross section, as shown in Fig. 1(b). The proposed technique makes an important
contribution to the solution of wave propagation in a helical waveguide with an inhomogeneous cross section
composed of several circular dielectric and hollow layers. The proposed technique is very important, especially
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where the cross section of the helical waveguide composed of a large number of circular dielectric layers. The
whole paper is organized as follows. In the next section we present the helical waveguide with the specific
rectangular cross section. The proposed model for the helical waveguide and the technique for solving the cross
section is given in the third section. The numerical results are given in the fourth section, and the conclusions
are presented in the last section.

II.  Helical Waveguide With The Specific Rectangular Cross Section
The helical transformation of the Cartesian coordinates is achieved by two rotations and one translation, and is
given in the form:

X cos(¢,) —sin(p,) 0\ (1 0 0 rsinf Reos(¢,)
(Y) = <sin(¢6) cos(e,) o) 0 cos(6,) —sin(5,) ( 0 ) + [ Rsin(¢,) |, (1(a,b,c))
YA 0 0 1/ \0 sin(8,) cos(5,) rcosf {sin(5,)

where { is the coordinate along the helix axis, R is the radius of the cylinder, &, is the helix angle, and

¢, = (¢cos(6,))/R. The radius of the cylinder of the helical waveguide is given by R = ({co0s(6,))/(¢c)-
The metric coefficients in the case of the helical waveguide in accordance with Eqs. (1a)-(1c) are:

h, =1, (2a)
h, =1, (2b)

x_ 2 . y?
hy= [(1+ E) cos?(8,) + sin®(8,)(1 + FCOSZ (6,))

x X y: 2 in2
= [144-cos (6,) + 7z €08 (6,) + 72008 (6,)sin?(6y)

= 1+~ cos*(8,). (2¢)

Figure 1(a) shows the helical waveguide and Fig. 1(b) shows the specific rectangular cross section.
The axes and the coordinate along the helix axis ({) are shown in Fig. 1(c). The parameter ¢ is the coordinate
along the helix axis, and R is the cylinder radius. The deployment of the helix is shown in Fig. 1(d), where 5,, 1S
the helix angle, and ¢_ is the peripheral angle, where 0 < ¢, < 2w and ¢, = ({/R)cos(6,).

This research introduces a method to analyze rectangular helical waveguides with a periodic structure
in the cross section, bounded by a dielectric material and metal. The cross section (Fig. 1(b)) shows a periodic
structure of four circular dielectric and hollow layers. Medium 1 consists of a circular hollow layer in the core,
medium 2 consists of a circular dielectric layer, medium 3 consists of a circular hollow layer and medium 4
consists of a circular dielectric layer. The thickness of the two circular dielectric layers shown in Fig. 1(b) are
given by d,=r,-rq, d,=r4-r3, where r, > r3 > r, > r;. The dielectric profile g(x,y) is given according to
€(x,y) = €(1+ g(x,¥)). In this study, we assume that g(x,y) = go, in medium 2 and g(x,y) = go, in
medium 4, where g, # g, .

1 2

III.  The Proposed Model For The Helical Waveguide And The Technique For Solving The
Cross Section

In this research, we will examine the influence on the output field of a helical waveguide with a rectangular

cross section composed of several circular dielectric and hollow layers (Fig. 1(b)). We will use the method

outlined in [4] for the helical waveguide, with the addition of the specific case of the cross section (Fig. 1(b)).
The mode model method is based on Maxwell’s equations for the computation of output fields at each

point along a curved waveguide. The method is based on Laplace and Fourier transforms and their inverse

transforms. The following outlines the mathematics of the four-step solution.

Step 1: Application of the Laplace transform. The process begins by applying the Laplace
transform to the vector wave equations in the {-direction (the axis of propagation). This transform is preferred
because it explicity incorporates the initial conditions (the field profile at the waveguide entrance, {=0) into the
equation. The Laplace transform facilitates the convenient and simple formulation of the field’s input-output
relations. The Laplace formulations are then tranfered to the s-plane.

Step 2: Fourier transform and spatial discretization. Next, a two-dimensional Fourier transform is
performed on the transverse dimensions (X,y). The arbitrary dielectric profile g(x,y) and its derivatives are
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transformed into Fourier coefficients. The product of the dielectric profile and the fields in the spatial domain
becomes a convolution operation in the Fourier domain. This is represented numerically by a cyclic matrix G,
as shown in Appendix B. The continuous transverse wavenumber space is discretized into fundamental
wavenumbers ko, = pi/a and ko, = pi/b, effectively creating a "Fourier plane" where all subsequent
calculations occur. The method yields Fourier coefficients of the transverse dielectric profile and of the input-
output profile. In Laplace-Fourier space, the equations are entirely algebraic. The system is solved to find the
output field vectors (E,, E,, E,) as a function of the input field vectors and the dielectric properties, as explained
in Appendix A.

Step 3: Inverse Laplace transform via Salzer method. To return to the physical {-dimension an
inverse Laplace transform must be performed. The integration is carried out using a direct numerical integration
(Gaussian quadrature) on the s-plane. Instead of finding individual poles or eigenmodes, the Salzer method uses
specific weights (w;) and zeros (p,) of orthogonal polynomials to approximate the integral. This "robust
solution" saves significant computational effort compared to eigenmode decomposition.

The inverse Laplace transform in the s-plane was proposed by Salzer [26,27]. While a standard inverse
Laplace transform is often solved using partial fraction expansion or the Bromwich integral, Salzer’s approach
focuses on "quadrature formulas". This is particularly useful when the function F(s) is too complex for
analytical inversion and requires a computational solution. While the Laplace transform is often used for
transient systems, the inverse Fourier transform is the tool of choice for reconstructing signals from the
frequency domain back into the time domain.

Step 4: Inverse Fourier transform to normal space. Finally, an inverse Fourier transform is applied
to the calculated spatial spectrum. This step translates the coefficients from the Fourier domain back into the
normal spatial domain, the final output results are given in the visual transverse-field profile (amplitude and
phase) at the specific waveguide length L.

In summary, the four steps are: Laplace transform along the propagation axis, 2D Fourier transform
across the transverse plane, algebraic solution in the transform domain, and numerical inversion via the Salzer
quadrature method yielding the transverse electric field distribution at the rectangular helical waveguide output.

The output transverse field profiles are computed by the inverse Laplace and Fourier transforms. We
will use the previously published development of a helical waveguide model [4], and the output components of
the electric field are given finally in Appendix A. The equations describe the transfer relations between the
spatial spectrum components of the output and input waves in the dielectric waveguide, and similarly, the other
components of the magnetic field are obtained.

The resulting system of linear equations in the transform domain is solved using the ZGESV
subroutine from the LAPACK library [28].

We will develop the proposed technique for solving the specific geometry of the cross section of the
helical waveguide (Fig. 1(b)). The proposed technique enables the solution of problems with complex cross
sections, such as the rectangular helical waveguide in Fig. 1, that cannot be solved using traditional analytical
methods.
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Figure 1: (a) The helical waveguide. (b) The cross section. (¢). The axes and the coordinate along the helix axis
{. (d) The deployment of the helix

In accordance with the model of the helical waveguide [4], we note that from the convolution
operation we obtain a matrix form as GE, where g(n, m) (nl, m') = G mem’ and the matrix order is defined
as (2N+1)(2M+1), where N and M determine the size of the cyclic matrix G used to represent the dielectric
profile and the electric fields. In this study we assume N=M, so that the number of modes is (2N + 1)2.

The cyclic matrix G is shown in Appendix B, and consists of Fourier components of the dielectric
profile g, . In addition, the G, and G, matrices are obtained by the derivatives of the Fourier components of

the dielectric profile, in accordance with the method described above. In order to calculate these matrices, the
proposed method maps the physical geometry into a solvable domain before applying inverse transforms to
obtain the final field distribution.
We now outline the precise technique that accommodates the comlex and challenging geometry in Fig.
1(b). We use the following technique to calculate the elements of the matrices for the specific cross section of
the helical waveguide. For one circular dielectric layer and for g(x,y) = g,, we obtain
glnm) =2 1% dx [7 exp[—jllex + kyy)]dy = 2201, + ], +J5 + ), (3a)

where,

X12 Y12
14 =f dxf exp[—j(kxx+kyy)]dy,

X11 Y11

—X11 Y12
J, = f dxf exp [—j(kxx + kyy)]dy,

—X12 Y11
—X11 —V11
I3 = f dxf exp [—j(kxx + kyy)]dy,
—X12 V12
and

X12 —V11
i = f dxf exp [—j(kxx + kyy)]dy,

X11 V12
where k, = (nm)/a, and k,, = (mm)/b.
Thus, we obtain
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gO X12 Y12
gnm) =504 | (expliken) + exp(—jkn)) dx |
2ab (J,
11 Y11

= 20112 cos (k,x)dx [ cos (kyy)dy), (3b).

The dielectric profile is given by e(x,y) = €,(1 + g(x,y), and the derivatives of the dielectric profile
are calculated according to

cos (kyy)dy}

1 de(xy)
9,(xy) = pro—— (4a),
and
1 de(xy)
9,(6¥) ===~ (4b) .
Y
b
Y2 12
X X | X Xi2
-4 11 Y1 a

X Xy | X X

12 12

—b

Figure 2: The described technique corresponds to the image method for each of the four radii (r4, ,, 73, and
r,) of the specific cross section of the helical rectangular waveguide, as shown in Fig. 1(b)

The proposed technique corresponds to the image method for each of the four radii of the specific
cross section (periodic replication). The periodic replication satisfies the metallic boundary conditions of the
waveguide wall using the image method for each of the four layer radii, as shown in Fig. 2. Periodicity and
symmetry properties are chosen to force the boundary conditions at the location of the walls in a real problem,
by extending the waveguide region (0 < x < a, and 0 <y < b) to four fold larger regions (—a < x < a, and
—b <y <b).

Similarly, the geometry shown in Fig. 1(b) is based on the image method, according to the same
principle as described in Fig. 2. The dielectric profile for the specific cross-section (Fig. 1(b)) is calculated for
each of the four radii, where y,, and y, are functions of x. Therefore

gn,m) = aiz J 12[sin(kyylz(x)) — sin(kyyn(x))] cos(k,x)dx
Y Yx11
= 290 122 gin |2 (y12(%) = ¥11 ()] €05 [ (112(x) + 311 () cos (“x ) . 5)

The radius for each of the four circles is given by

1,234 = \/(x1,2,3,4 - a/z)z + (y1,2,3,4 - b/z)z- (6a,b,c.d)

Thus for each of the four radii of the cross section in Fig.1(b), we obtain

1), 50 = b/2 = Jri,z,3,4 = (i34 —a/2)", (Vy),,,, =b/2+ Jri,z,3,4 — (1234 — a/2)*(Tab,e.d)

The dielectric profile for the specific cross section with the two circular dielectric layers in Fig. 1b is

given for each of the four radii by

29 X . mm mm nmw
91'2'3'4(n,m #0) = ﬁfx: sin |- (ylz(x) — yll(x))] cos [; (ylz(x) + yn(x))] cos (: x) dx, (8a)
and
9 X nm

G1534mm=0)= a—fo1112(y12 (x) — yn(x)) cos (: x) dx. (8b)
The dielectric profile for the geometry in Fig. 1(b) is calculated as a superposition of the two circular
dielectric profile layers seen in the media 2 and 4. Therefore, the dielectric profile in media 2 is calculated by
subtracting the dielectric profile in media 1 at radius r; from the dielectric profile in media 2 at radius 7,. In
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addition, the dielectric profile in media 4 is calculated by subtracting the dielectric profile in media 3 at radius
r5 from the dielectric profile in media 4 at radius r,. This can be expressed as
g(n,m) = (g.(n,m) — g:(n,m)) + (ga(n,m) — gs(n, m)). )
Similarly, the elements of the matrices for the derivatives of the dielectric profile are given as follows

2 (M2 mm
g.0vm) = —— | g, unpsin [35 (3,0 = 7, @)

cos [% Y12(%) + y11 (x))] cos (% x) dx, (10a)
and

2 [z . mm
g, (nm) = — f g, Coysin 55 0200 = 7, @)

cos [% 12(x) + y11 (x))] cos (% x) dx, (10b)
where g_(x,y) and gy(x, y) are defined in Egs. (4a) and (4b), respectively.

IV.  Numerical results
In Appendix C, we compare the performance of our proposed model to that of the traditional analytical method
presented in [29]. It is demonstrated that the results of both methods are in good agreement, while our proposed
method converges very rapidly (after only three iterations). Hence, our method is clearly computationally
efficient, and can provide stable results for complex geometries, as will be shown below.

This section demonstrates some examples to examine the effect of the helical waveguides with the
specific cross section (Fig. 1(b)). The cross section composed of several circular dielectric and hollow layers.
Referring to this figure, we examine the output field for TE;, mode. We use the notation for thickness of the
two circular dielectric layers di=r,-ry, d,=r,-r3, where r, > 13> r, > r;. The examples will be
demonstrated for { = 0.15 m and a=b=20 mm.

Figure 3 illustrates the relationship between the physical geometry of the helical waveguide and its
efficiency in transmitting output power. This figure presents a graph of the output power transmission (T) (in
normalized units) versus the inverse of the cylinder radius (1/R). Regarding the effect of the helix angle (6,),
the graph shows multiple curves corresponding to different helix angles (&, =0.0, 0.2, 0.4, 0.6, 0.8, and 1.0),
demonstrating that for any given radius R, the output power transmission is highest when the helix angle is
largest (6,=1). Regarding the effect of cylinder radius (R), for a fixed helix angle, the output power
transmission increases as the radius R of the cylinder increases (i.e. lower values of 1/R). Conversely,
decreasing the radius leads to a drop in output power transmission.

Note that when §,=0, the helical waveguide (in three-dimensional space) becomes a toroidal
waveguide (in a plan), which is a special case.

The primary contribution of Fig. 3 is to provide a visual tool for optimizing the helical waveguide. It
enables us to select the specific combinations of §,, and R to achieve desired output results.

Figure 3 demonstrates for ¢ = 0.15 m, §,, =0.0, 0.2, 0.4, 0.6, 0.8, and 1.0. The other rest data are
a=b=20 mm, €, =8, €,, =4, r;=1.1 mm, r,=2.9 mm, r3=3.3 mm, and r,=4 mm, k, = 167 1/m, A =3.75 cm,
and f =58 1/m.

From the results in Fig. 3, we observe that the output power transmission increases as the cylinder
radius (R) increases, and is maximized when the helix angle is at its largest (8, = 1.0). Therefore, in the
following examples we will take the parameter &, = 1.0, to obtain results with high power transmission.

Figure 4 demonstrates the results of the helical waveguide for TE;, mode for R=26.5 mm, §,, = 1.0,
and €,, = 2, for the radii ry = 1.1 mm, r, =2.86 mm, r3 = 3.3 mm, and r, =5 mm, where €,; =2, 4, 6, 8, and
10, respectively, in Figs. 4(a), (b), (c), (d), and (e). The output field for the results of Figs. 4(a)-(e) for the x-axis
where y=0.5b=10 mm are shown in Fig. 4(f) for €,4 =2, 4, 6, §, and 10.

From the results in Fig. 4 we observe that as the parameter €, is increased from 2 to 10, the amplitude
of the output field decreases, the width at half-height decreases, and the output profile becomes more Gaussian.
Note that for €,1=2 (Fig.4(a)), the half-sine profile of the TE;, mode is more dominant than the output Gaussian
profile. In contrast, for €,,=4, 6, 8, 10, the Gaussian shape is more dominant than the half-sine of the TE;,

mode.
Figure 5 demonstrates the results of the helical waveguide for the same data as given in Fig. 4, but for

the parameter of €,, = 4. In this case, Fig. 5(a) shows that the Gaussian shape is more dominant for the TE;,
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mode, relative to the result shown in Fig. 4(a). In all other graphical results shown in Figs. 5(b)-(e), the
Gaussian profile is more dominant than the graphical results shown in Figs. 4(b)-(e).

The two thicknesses of the two circular dielectric layers shown in Fig. 1(b) are given by d;=r,-r;, and
d,=r,-r3. The examples shown in Figs. 4(a)-(f) and Figs. 5(a)-(f) are for thick dielectric layers, where d;=1.75
mm and d,=1.67 mm.

In contrast, in the results shown in Figs. 6(a)-(f) and 7(a)-(f) we only reduce the two circular dielectric
layers, so that d;=0.36 mm and d,=0.67 mm. Except for the reduction in the thicknesses d; and d,, all the
other parameters in Figs. 6(a)-(f) are the same as in Figs. 4(a)-(f). Also, except for the reduction of the
thicknesses d; and d,, all the other parameters in Figs. 7(a)-(f) are the same as in Figs. 5(a)-(f).

1 g T
‘;&1;
I .
o9 ":\12- -
) B
E o8} .
|
8
g °7r Gp=0.0 —=
~ On=0.2 ==-0--
By = 0. vooewees
0.6 | 8n=0.6 —*
[
S5 =1.0 -9
05 L L L
o 5 10 15 20
1/R (1/m)

Figure 3: The effect of the output power transmission on 1/R in normalized units, where R is the radius of the
cylinder. This example applies for { =0.15 m, §, =0.0, 0.2, 0.4, 0.6, 0.8, and 1.0, a=b=20 mm, €,4 =8, €,, =4,
ry=1.1 mm, r,=2.9 mm, r3=3.3 mm, and r,=4 mm.

Figure 6 demonstrates the results of the helical waveguide for TE;, mode for R=26.5 mm, §, = 1.0,
and €,, = 2, for the radii r; = 2.5 mm, r, = 2.86 mm, r; = 3.3 mm, and r, =4mm, where €,; =2, 4, 6, 8, and
10, respevtively, in Figs. 6(a), (b), (c), (d), and (e). The output results of Figs. 6(a)-(¢) for the x-axis where
y=0.5b=10 mm are shown in Fig. 6(f) for €,; =2, 4, 6, 8, and 10. The rest data are ky = 167 1/m, A =3.75 cm,
and =58 1/m.

Figure 7 demonstrates the results of the helical waveguide for the same data as given in Fig. 6, but for
the parameter of €,, = 4. In this case, Fig. 7(a) shows that the Gaussian shape is more dominant for the TE;,
mode, relative to the result shown in Fig. 6(a). In all other graphical results shown in Figs. 7(b)-(e), the
Gaussian profile is more dominant than in the graphical results shown in Figs. 6(b)-(e).

Note that:

(a). It is evident from Fig. 4 and Fig. 5 that as €., increases, the field amplitude and width at half-
height decrease, and the wave profile transitions from a traditional TE;, half-sine wave into a highly dominant
Gaussian shape. Bending introduces an asymmetric shift in the cross-section.

(b). It appears that Fig. 6 and Fig. 7 exhibit similar evaluation structure as Fig. 4 and Fig. 5, but a
closer look reveals the effects of thinner dielectric layers (d,=0.36 mm, d,=0.67 mm). These figures show that
reducing the thickness changes the dominance of the Gaussian shape vs the half-sine wave, although increasing
€,» to 4 makes the Gaussian profile significantly more pronounced. They also display the distinct asymmetric
peak shift characteristic of curved waveguides.
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Figure 4: The effect of the transverse field at the output of the helical waveguide for TE;, mode for R=26.5
mm, 8, = 1.0, €, = 2, for the radii vy = 1.1 mm, r, = 2.86 mm, r3 = 3.3 mm, and r, = 5 mm, in the cases: (a)

€1=2;() €1 =4;(c) €1 =6;(d) €, =8 and (e) €,1 = 10; (f) the output field for the results (a)-(e) for the x-
axis, where y=0.5b=10 mm
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Figure 5: The effect of the transverse field at the output of the helical waveguide for TE;, mode for R=26.5
mm, &, = 1.0, €., =4, for the radii r; = 1.1 mm, r, = 2.86 mm, r3 = 3.3 mm, and r, = 5 mm, in the cases: (a)
€1=2;(b)€eq=4;(c) €1 =6;(d) €1 =8 and (e) €,1 = 10; (f) the output field for the results (a)-(e) for the x-

axis, where y=0.5b=10 mm
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Figure 6: The effect of the transverse field at the output of the helical waveguide for TE;, mode for R=26.5
mm, 8, = 1.0, €,, = 2, for the radii vy =2.5 mm, r, = 2.86 mm, r3 = 3.3 mm, and r, = 4 mm, in the cases: (a)
€1=2;(b) €1 =4;(c) €41 =6;(d) €4 =8 and (e) €,1 = 10; (f) the output field for the results (a)-(e) for the x-

axis, where y=0.5b=10 mm
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(e) (f)
Figure 7: The effect of the transverse field at the output of the helical waveguide for TE;, mode for R=26.5
mm, 8, = 1.0, €,, =4, for the radii vy =2.5 mm, r, = 2.86 mm, r3 = 3.3 mm, and r, = 4 mm, in the cases: (a)
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€1=2;((b)€eq=4;(c) €1 =6;(d) €1 =8 and (e) €,1 = 10; (f) the output field for the results (a)-(e) for the x-
axis, where y=0.5b=10 mm

For bending problems, we obtain asymmetric behavior in the cross-section, as seen in the graphical
results in Figs. 4(f), 5(f), 6(f), and 7(f). These results are expected, because the output profile of the wave
propagation with respect to the { axis and the relative bending with respect to a straight waveguide causes a
shift of the output profile in the cross section.

V.  Conclusions
This research presents a method for computing electromagnetic field propagation in a helical waveguide whose
rectangular cross-section consists of alternating circular dielectric and hollow layers (Fig. 1(b)). The main goal
of this study was to examine the behavior of the output fields in this interesting and challenging case. The
helical geometry is described using a coordinate transformation involving two rotations and a translation,
parameterized by the cylinder radius R and the helix angle &,,.

The relationship between the physical geometry of the helical waveguide and its efficiency in
transmitting output power is illustrated in Fig. 3 in terms of the output power transmission versus the inverse of
the cylinder radius.

We further observe that for a given radius, the output power transmission is highest when the helix
angle is largest. Regarding the effect of helix angle, the graph shows multiple curves corresponding to different
helix angles (dp =0.0, 0.2, 0.4, 0.6, 0.8, and 1.0). Regarding the effect of cylinder radius (R), for a fixed helix
angle, output power transmission increases as the radius R of the cylinder increases. In this paper, we have
provided a visual tool for optimizing the helical waveguide. It enables us to select the specific combinations of
6, and R to achieve desired output results.

By increasing the dielectric profile €,; from 2 to 10, the amplitude of the field at the exit decreases, the
width at half-height decreases, and the output profile becomes more Gaussian. For €,,=2 (Fig.4(a)), the half-
sine profile of the TE;, mode is more dominant than the output Gaussian shape. In contrast, for €,,=4, 6, 8, 10,
the Gaussian shape is more dominant than the half-sine of the TE;, mode. By changing the parameter €,, from
2 to 4, while keeping the other parameters unchanged, we observe that the Gaussian shape is more dominant
than the results shown in Figs. 4(a)-4(e).

From the results in Fig. 4 we observe that as the parameter €, is increased from 2 to 10, the amplitude
of the output field decreases, the width at half-height decreases, and the output profile becomes more Gaussian.
Note that for €,,=2 (Fig.4(a)), the half-sine profile of the TE;;, mode is more dominant than the output Gaussian
profile. In contrast, for €,,=4, 6, 8, 10, the Gaussian shape is more dominant than the half-sine of the TE;,
mode.

Figure 5 demonstrates the results of the helical waveguide for the same data as given in Fig. 4, but for
the parameter of €,, = 4. In this case, Fig. 5(a) shows that the Gaussian shape is more dominant for the TE;,
mode, relative to the result shown in Fig. 4(a). In all other graphical results shown in Figs. 5(b)-(e), the
Gaussian profile is more dominant than the graphical results shown in Figs. 4(b)-(e).

The two thicknesses of the two circular dielectric layers shown in Fig. 1(b) are given by d,=r,-r;, and
d,=r,-r3. The examples shown in Figs. 4(a)-(f) and Figs. 5(a)-(f) are for thick dielectric layers, where d,=1.75
mm and d,=1.67 mm.

In contrast, in the results shown in Figs. 6(a)-(f) and 7(a)-(f) we only reduce the two circular dielectric
layers, so that d;=0.36 mm and d,=0.67 mm. Except for the reduction in the thicknesses d; and d,, all the
other parameters in Figs. 6(a)-(f) are the same as in Figs. 4(a)-(f). Also, except for the reduction of the
thicknesses d; and d,, all the other parameters in Figs. 7(a)-(f) are the same as in Figs. 5(a)-(f).

For bending problems, we obtain asymmetric behavior in the cross-section, as seen in the graphical
results in Figs. 4(f), 5(f), 6(f), and 7(f). These results are expected, because the output profile of the wave
propagation with respect to the ¢ axis and the relative bending with respect to a straight waveguide causes a
shift of the output profile in the cross section.

The results presented in this paper can be helpul for the development of advanced systems relating to
the helical waveguide contains multiple circular dielectric and hollow layers, for the microwave regime.

Appendix A
The output transverse field profiles are computed by the inverse Laplace and Fourier transforms. The

output components of the electric field according to Re.[4] are given by
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1 1 1 1
E, = {Dx +a,QPM, VM, + Ecosz(ap)nz—l(— > ove, + > a,QOM;QM M, — 2 cosz(6p)1)}

A 1
(ExO R —Cos (6p)Exo +

1
—QW(G,E,, + GyE, ) — Q(l)MgEyo)), (Ala)
_p-1(s _Jkvpa
E, =D, (Ey0 ——2QWMG,E ) (Alb)
IR PN 1
E;=D;™! {EZO +Z(1(1)(c.‘x15,(0 +GyE, ) ——Q(l)(G E,+ G,E,) — cos 2(6,)E, + — cos (Sp)ExO}(Alc)
where E, , Eyo, E¢y are the initial values of the corresponding ﬁelds at { =0, i.e. ExO =E.(xy{=
, ]
0) and Ey, = &Ex(x'y'()k:m
koxkoy a, = ]kOy A = jkOX
42 7 TP 257 3T 25
The elements of the diagonal matrices K, M, N and K are defined as
KO oty = ke = (/@)? = (mr/b)? + 5%1/2538,,:6,,,.,
M o =méb 8

(nm)(n,m ) nn Omm’

N ' =nd_'6

(nm)(n m) nn Omm’
K(l)(n‘m) oy = {[k3 — (nm/a)* — (mm/b)*]/2s}5,6, .
where §,and 6, - are the Kronecker delta functions.
The modified wave-number matrices are defined as

1 R 1
—ﬁcosz(@,)Ezo - a;QWM,E, + 7008 2(8,)D; (B, +

a, =

M, =NG,D,”', M,=MG, M;=G,D,"

kZy 1
D,=K® +QOKk1©® + 222 2 2oW¢ +] = Q<1>1va x + 5 cos 2(8,)jkox PN,
S
0 0 rr© . KoXo 14 1 1 koy 1
D, =K+ QOVK1® + —— » QW6 + 7R <8 2(8,)jkoxPMN +—= Q< 'MG,,

D, = K©® + QUK1© + k;)("

1
QWG + 7or 0 2(8,)jkoxPON.
Equations Al(a)-(c) describe the transfer relations between the spatial spectrum components of the output and

input waves in the dielectric waveguide. Similarly, the other components of the magnetic field can be obtained.
The transverse field profiles are computed by the inverse Laplace and Fourier transforms, as follows

0tjo, i i
Ey(0,y,0) = X X [, 7 Ey (n,m, s)e/ Mo Imlonr+ gy, (A2)

The inverse Laplace transform is performed in this study by a direct numerical integration on the s-
plane by the method of Gaussian Quadrature. The integration path on the right side of the s-plane includes all
the singularities, as proposed by Salzer [26]-[27]

A Fortran code was developed using NAG subroutines (The Numerical Algorithms Group (NAG))

[28].
Appendix B
The cyclic matrix G is given as follows. The Fourier transform is applied on the transverse dimension
glke k) = Flgey)} = [, [, 9 (e y)e 7V dxdy. (B1)
The components are organized in a vectorial notation as follows
_ E__N‘_M -
; E_—N,+M
E=| ' | B2
) E+n,+m ®2)
; E_+N,+M
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The Fourier components of the dielectric profile are calculated in the Fourier space. The convolution
operation

g * E = {211\1{=—N ZZE—M gn—n',m—m, En,,m'} (83)
is written in a matrix form as GE, where
gomm. my=g, . . (B4)

The matrix order is specifically defined as (2N+1)(2M+1), where N and M determine the size of the cyclic
matrix G used to represent the dielectric profile and the electric fields. The number of the modes is equal to
(2N + 1)?, for N=1, 3, 5,7, 9, and E is the electric field.

The convolution operation is expressed by the cyclic matrix G which consists of Fourier components
of the dielectric profile g, . Thus, the cyclic matrix G is given by the form

r900 9-10 9-20 - YG-nm 9-nm
dio Yoo YG-10 - YI-n-vym -  G-N-1)M
920 G0 ™
G=| i G2 ™~ . (B5)
Inm ™ Yoo :
LIy o Joo

Appendix C
Figure 8(a) illustrates the physical slab profile in the cross section of a rectangular straight waveguide,

which is used for comparison. The cross-section consists of three inhomogeneous regions. This profile is based
on a transcendental equation used in the traditional analytical method [29].

Figures 8(a) and 8(b) serve to validate and verify the accuracy of the proposed theoretical model
against the analytical model [29]. The number of the modes is equal to (2N + 1)2, for N=1, 3, 5, 7, 9. Namely,
the number of the modes is equal to 9, 49, 121, 225, and 361, respectively.

The comparison give us good agreement. Our numerical model allows for rapid convergence after only
three iterations even if it cannot be compared to another known model, and this is considered a great advantage.

The parameters in our example are: a= 20 mm, b=10 mm, d=3.3 mm, t=8.35 mm, €, =9, and A =
6.9 cm.

y
b 12 T T T
10 .
- I e
E 8 [29]“)??’5’ "
N //;;fN =5,7,9 “3x
= e N=a R .
€ € I 1/_/ | RN
0 0 - 'e % —
= A Mo
2 F ]
0 1 | 1
0.0 0.005 0.01 0.015 0.02
0 a X
! : 1 d ! L ! x [m]
(a) (b)
Figure 8: (a) Cross section (b) Comparison with the transcendental equation [29]
k,
Jj—sin(vx) 0<x<t
€o
k, sin(vt)
E,={j———————=cos[u(x—a/2)] t<x<t+d
€o cos(u(t — a/2))
k,
j—sin[v(a — x)] t+d<x<a
U €,
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where v = [k2 — k2]Y/? and u = [€,k2 — kZ]V/2.

Figure 8(b) shows that E),(N = 5) already approaches to the result E,, of the analytical solution [29]

with good agreement. Since our model converges in only three iterations, it is clearly computationally efficient
and provides stable results even for complex geometries that cannot be compared to known modes.
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    𝜖  r 2


    r 1


  m m


    r 2


  m m


    r 3


  m m


    r 4


  m m


    𝜖  r 1


    𝜖  r 1


      𝜖  r 1  


    𝜖  r 1


    𝜖  r 1


  m m


  𝜁


    𝛿  p


    𝛿  p


    𝛿  p


    𝜖  r 1


    𝜖  r 1


  T   E 10


    𝜖  r 1


  T   E 10


    𝜖  r 2


    𝜖  r 1


    𝜖  r 1


  T   E 10


    𝜖  r 1


  T   E 10


    𝜖  r 2


  T   E 10


    d 1


    r 2


    r 1


    d 2


    r 4


    r 3


    d 1


  m m


    d 2


  m m


    d 1


  m m


    d 2


  m m


    d 1


    d 2


    d 1


    d 2


  𝜁


    E  x =    {   𝑫  𝒙 +   𝛼 1   𝑸  ( 𝟏 )   𝑴  𝟏   𝑸  ( 𝟏 )   𝑴  𝟐 +  1  R  cos 2 (   𝛿  p )     𝑫  𝜻  − 1 ( −  1 2   𝑸  ( 𝟏 )   𝑮  𝒙 +  1 2   𝛼 2   𝑸  ( 𝟏 )   𝑴  𝟑   𝑸  ( 𝟏 )   𝑴  𝟐 −  1  R  cos 2 (   𝛿  p ) 𝑰 ) }  − 1  


  (     E ^    x 0 −  1  s R  cos 2 (   𝛿  p )   E    𝜁 0 −   𝛼 3   𝑸  ( 𝟏 )   𝑴  𝟏     E ^    y 0 +  1  R  cos 2 (   𝛿  p )     𝑫  𝜻  − 1 (     E ^    𝜁 0 +  1  s R  cos 2 (   𝛿  p )   E    x 0 +  


  (     E ^    x 0 −  1  s R  cos 2 (   𝛿  p )   E    𝜁 0 −   𝛼 3   𝑸  ( 𝟏 )   𝑴  𝟏     E ^    y 0 +  1  R  cos 2 (   𝛿  p )     𝑫  𝜻  − 1 (     E ^    𝜁 0 +  1  s R  cos 2 (   𝛿  p )   E    x 0 +  


   1  2 s   𝑸  ( 𝟏 ) (   𝑮  𝒙   E    x 0 +   𝑮  𝒚   E    y 0 ) −  1 2   𝑸  ( 𝟏 )   𝑴  𝟑     E ^    y 0 ) ) ,


    E  y =     𝑫  𝒚  − 1  (     E ^    y 0 −   j   k  o y  2 s   𝑸  ( 𝟏 ) 𝑴   𝑮  𝒙   E  x ) ,


    E  𝜁 =     𝑫  𝜻  − 1  {     E ^    𝜁 0 +  1  2 s   𝑸  ( 𝟏 ) (   𝑮  𝒙   E    x 0 +   𝑮  𝒚   E    y 0 ) −  1 2   𝑸  ( 𝟏 ) (   𝑮  𝒙   E  x +   𝑮  𝒚   E  y ) −  1  R  cos 2 (   𝛿  p )   E  x +  1  s R  cos 2 (   𝛿  p )   E    x 0 } ,


    E    x 0


    E    y 0


    E  𝜁 0


  𝜁 = 0


    E    x 0 =   E  x ( x , y , 𝜁 = 0 )


      E    x 0 ′   =    ∂  ∂ 𝜁   E  x ( x , y , 𝜁 )  |  𝜁 = 0


    𝛼 1 =     k  o x   k  o y  4   s 2 ,     𝛼 2 =   j   k  o y  2 s ,     𝛼 3 =   j   k  o x  2 s ,     𝑴  𝟏 = 𝑵   𝑮  𝒚     𝑫  𝒚  − 1 ,     𝑴  𝟐 = 𝑴   𝑮  𝒙 ,     𝑴  𝟑 =   𝑮  𝒚     𝑫  𝒚  − 1 .


    𝑲  ( 𝟎 )


  𝑴


  𝑵


    𝑲  ( 𝟏 )


      K  ( 0 )  ( n , m ) (   n ′ ,   m ′ ) =  {  [   k  o 2 − ( n 𝜋 / a  ) 2 − ( m 𝜋 / b  ) 2 +   s 2 ] / 2 s }   𝛿  n   n ′   𝛿  m   m ′ ,


    M  ( n , m ) (   n ′ ,   m ′ ) = m   𝛿  n   n ′   𝛿  m   m ′ ,


    M  ( n , m ) (   n ′ ,   m ′ ) = m   𝛿  n   n ′   𝛿  m   m ′ ,


    N  ( n , m ) (   n ′ ,   m ′ ) = n   𝛿  n   n ′   𝛿  m   m ′ ,


    N  ( n , m ) (   n ′ ,   m ′ ) = n   𝛿  n   n ′   𝛿  m   m ′ ,


      K  ( 1 )  ( n , m ) (   n ′ ,   m ′ ) =  {  [   k  o 2 − ( n 𝜋 / a  ) 2 − ( m 𝜋 / b  ) 2 ] / 2 s }   𝛿  n   n ′   𝛿  m   m ′ .


      K  ( 1 )  ( n , m ) (   n ′ ,   m ′ ) =  {  [   k  o 2 − ( n 𝜋 / a  ) 2 − ( m 𝜋 / b  ) 2 ] / 2 s }   𝛿  n   n ′   𝛿  m   m ′ .


    𝛿  n   n ′


    𝛿  m   m ′


    𝑫  𝒙 ≡   𝑲  ( 𝟎 ) +   𝑸  ( 𝟎 ) 𝑲   𝟏  ( 𝟎 ) +     k  o 2   𝜒 0  2 s   𝑸  ( 𝟏 ) 𝑮 +   j   k  o x  2 s   𝑸  ( 𝟏 ) 𝑵   𝑮  𝒙 +  1  2 s R  cos 2 (   𝛿  p ) j   k  o x   𝑷  ( 𝟏 ) 𝑵 ,


    𝑫  𝒚 ≡   𝑲  ( 𝟎 ) +   𝑸  ( 𝟎 ) 𝑲   𝟏  ( 𝟎 ) +     k  o 2   𝜒 0  2 s   𝑸  ( 𝟏 ) 𝑮 +  1  2 s R  cos 2 (   𝛿  p ) j   k  o x   𝑷  ( 𝟏 ) 𝑵 +   j   k  o y  2 s   𝑸  ( 𝟏 ) 𝑴   𝑮  𝒚 ,


    𝑫  𝒚 ≡   𝑲  ( 𝟎 ) +   𝑸  ( 𝟎 ) 𝑲   𝟏  ( 𝟎 ) +     k  o 2   𝜒 0  2 s   𝑸  ( 𝟏 ) 𝑮 +  1  2 s R  cos 2 (   𝛿  p ) j   k  o x   𝑷  ( 𝟏 ) 𝑵 +   j   k  o y  2 s   𝑸  ( 𝟏 ) 𝑴   𝑮  𝒚 ,


    𝑫  𝜻 ≡   𝑲  ( 𝟎 ) +   𝑸  ( 𝟎 ) 𝑲   𝟏  ( 𝟎 ) +     k  o 2   𝜒 0  2 s   𝑸  ( 𝟏 ) 𝑮 +  1  2 s R  cos 2 (   𝛿  p ) j   k  o x   𝑷  ( 𝟏 ) 𝑵 .


    𝑫  𝜻 ≡   𝑲  ( 𝟎 ) +   𝑸  ( 𝟎 ) 𝑲   𝟏  ( 𝟎 ) +     k  o 2   𝜒 0  2 s   𝑸  ( 𝟏 ) 𝑮 +  1  2 s R  cos 2 (   𝛿  p ) j   k  o x   𝑷  ( 𝟏 ) 𝑵 .


    E  y ( x , y , 𝜁 ) =   ∑  n ​    ∑  m ​    ∫  𝜎 −   j ∞  𝜎 +   j ∞    E  y ( n , m , s )   e  j n   k  o x x + j m   k  o y y + s 𝜁 d s .


  s


  s


  𝑮


    g ‾ (   k  x ,   k  y ) = ℱ { g ( x , y ) } =   ∫  x ​    ∫  y ​  g ( x , y )   e  − j   k  x x − j   k  y y d x d y .


  𝑬 =  [        E ‾  − N , − M   ; ⋮   ;     E ‾  − N , + M   ; ⋮   ;     E ‾  + n , + m   ⋮   ;     E ‾  + N , + M   ; ] .


    g ‾ ∗   E ‾ =  {   ∑    n ′ = − N  N    ∑    m ′ = − M  M    g  n −   n ′ , m −   m ′   E    n ′ ,   m ′ }


  𝑮 E ,


    g ‾ ( n , m ) (   n ′ ,   m ′ ) =   g  n −   n ′ , m −   m ′ .


  ( 2 N + 1  ) 2


  E


  𝑮


      g ‾  n m


  𝑮


  𝑮 =  [      g 00    g  − 10    g  − 20  …    g  − n m  …    g  − N M     g 10    g 00    g  − 10  …    g  − ( n − 1 ) m  …    g  − ( N − 1 ) M     g 20    g 10  ⋱  ⋱    ⋱   ⋮    g 20  ⋱  ⋱    ⋱     g  n m  ⋱  ⋱  ⋱    g 00   ⋮   ⋮           g  N M  …  …  …  …  …    g 00 ] .


  ( 2 N + 1  ) 2


    𝜖  r


  𝜆 = 6 . 9


    E  y =  {    j     k  z    𝜖 0 sin ( 𝜈 x )  0 < x < t   j     k  z    𝜖 0   sin ( 𝜈 t )  cos ( 𝜇 ( t − a / 2 ) ) cos  [ 𝜇 ( x − a / 2 ) ]  t < x < t + d   j     k  z    𝜖 0 sin  [ 𝜈 ( a − x ) ]  t + d < x < a


  𝜈 ≡ [   k  o 2 −   k  z 2  ]  1 / 2


  𝜇 ≡ [   𝜖  r   k  o 2 −   k  z 2  ]  1 / 2


    E  y ( N = 5 )


    E  y

