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Paley Wiener Theorem 
 

A.ParveenBanu 

 
Abstract: In this work we study how to apply PALEY WIENER theorem to the Fourier transforms of functions 

with compact support.  

 

I. Introduction 
One of the classical theorems of Paley and wiener characterizes the entire functions of exponential type, whose 

restriction to the real axis is in 
2L as being exactly the Fourier transformation of 

2L -functions with compact 

support. We shall give two analogues of this (in several variables), one for 

   everywhereataldifferentiisffRC /
with compact support, one for distributions with compact 

support 

Note: 

           In the following two theorems,Support of rB= rxRx n  /
.
 

 

Theorem: 

        If  nR  has its support in rB and if        

nR

nizt Cztdmetzf )(  (1)  then
f

 is 

entire, and there are constants N  such that     zimrN

N ezzf


 1  (2)       

 2,1,0,  NCz n
. Conversely, if f  is an entire function in 

nC which satisfies(2) for some N then 

there exists   nRDu   , with support in rB, such that (1) holds.  

Proof 

rB= rxRx n  /  

If  rBt then rt   ,  consider  
rzimtytyizt eeee  .

 

let K= support of rB . 

Claim:    RLet itz  
 

Since  nRD ,  is differentiable    is continuous complex function 

                                                                   is measurable 

Also 
itze

continuous complex function 

Hence   itzet   is complex measurable function 

consider      

R

zimr

R

itz tdmettdmet )()(  

        =   )(tdmte
R

zimr

                                (3) 

since  is continuous and support of  is compact,   is continuous function defined on a compact set 

Hence   is bounded, there exists a real number M such that   tMt   

(3) becomes    
R

zimr

R

tdmMedmtitzet )(  

                                                      
)(kmeM

zimr
  

                



Paley Wiener Theorem 

www.iosrjournals.org                                                      17 | Page 

Hence    RLet itz  
, therefore for every Cz ,    

 )(tdmetzf itz
exists on C . 

Now to prove f is an entire function, for that it is enough to prove that f is analytic, for proving f  

is analytic , we have to use morera’s theorem(statement: If  f is continuous and   0


dzzf , then f is 

analytic.)  

so first we have to prove that f is continuous  

if zzn  , then     


 )()()()( tdmettdmetzfzf izt

R

tiz

n
n

 

                                                         =  



k

izttiz
tdmeet n )()( since,outsideK, 0)(  t

 

                                                      

)()( tdmeet
k

izttizn




 

                                                     

)(tdmeeM
k

izttizn




                                               (4) 

consider
izttiz

ee n 
 izttiz

ee n 
  

                                     
tyty

ee n   

                                    
ytyt

ee n   

                                    
  ytyt

ee 
1

      [since yyyyyy nnn  1,1, ] 

                                    
 1

tyt
ee  

                                   
 rzimr

ee  1 =  zg  (say) 

now consider      
R k

ryr
xdmeexdmxg )(1)(  

                                                  =  
k

ryr
xdmee )(1  

                                                  =   )(1 kmee ryr
 which is finite 

also  rzimr
ee 1 is continuous, therefore measurable 

hence    RLzg   

also since  
naseezz izttiz

n
n  

                               
   

nasee izttizn 0  

hence by dominated convergent theorem , 0)( 


tdmee
k

izttizn  

therefore (4) becomes    zfzf n  )(tdmeeM
k

izttizn




 

                                                             
 nas0

      naszfzf n  

hence f is continuous  

Claim:  






0dzzf  
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let  sz  bsa   ,    dsdz   

consider            

b

a

b

a R

it ds
dt

etdsf 


 

2
 

since       istRDt n  differentiable 

                                  is continuous 

                                  is measurable 
ite

is continuous, therefore measurable 

hence   itet  is measurable 

consider       






 d

dt
eMsd

dt
ets

b

a k

imr
b

a k

it

22
    

 

                                                                  

  


 d
km

eMs
zimr

b

a 2

)(
  which is finite 

Conversely assume that f is an entire function and     zimgrN

N ezzf


 1 . 

Define          Rtxdmexft itx

                                                          (5)
 

Claim:      RLxfx
N




1  

Since  xf  is analytic, f  is continuous. 

Therefore f  is measurable. 

consider    



2

111
2 dx

exxxdmxfx
ximgrN

N

N

R

N 






   

                                                             = 



2

1 )0(2 dx
ex r

N






  

                                                             =   dxxN









2

1
2


 

                                                             

dxxN









2

1
2


     [since 

   22 1

1

1

1

xx 



] 

                                                           
  

   RLxfx
N




1 . 

Claim:  RC  

Let  
  

st

eexf
xf

n

isxxit

n

n




  

 
  

st

eexf
LimxfLim

n

isxxit

n
n

n

n







 

                      =  
 

st

ee
Limxf

n

isxxit

n

n






 

                     =  
  

st

e
Limexf

n

xsti

n

isx
n








1
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                       =  
 

n

xih

n

isx

h

e
Limexf

n 1


                 where sth nn   

   























n

n

n

n

isx

n
n h

xih
xih

LimixexfxfLim


!2

)(
1

2

 

    ixexfxfLim isx

n
n




        (6) 

   
 

st

ee
xfxf

n

isxxit

n

n




 is measurable. 

Consider    
 

st

ee
xfxf

n

isxxit

n

n




  

                            

 
  

st

e
exf

n

xsti
isx

n







1

 

                            

 
 

n

xih
isx

h

e
exf

n 1


 

                            

 
n

x
h

ix
h

i

x
h

i
isx

h

ee

eexf

nn

n 

















22

2  

                           

 
n

n

h

x
h

xf 2
sin



 

                         

 
2

2
.

2
sin

x

x
h

x
h

xf

n

n



 

                        

 

2

2
sin

2 n

n

xh

x
h

x
xf

 

                        

  ]12
sin

[sin
2


n

n

h

x
h

ce
x

xf

 

   
2

x
xfxglet 

 

Claim: 
 RLg 
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       xdm
x

xfxdmxg
R







2  

                          

   xdm
x

ex
ximgrN

N







2
1

 

                          

   xdm
x

x
N

N 







2
1

 

Choose N=2      
   xdm

x
x








2
1

2

2

 

                         
  


221

1
22

dxx

x



 


 

                          

therefore    RL
x

xf 
2

. 

by  dominated convergent theorem, 

  
  






R

isx

R n

isxxit

n
xdmixexfxdm

st

eexf
Lim

n

)()(

 

   
 




R

isx

n

n

n
xdmixexf

st

st
Lim )(

 

                       

   

R

isx xdmixexft )(

 

 t exists 

 is differential at everywhere 

 RC  

Claim:       deif iit


  is independent of  for arbitrary t . 

Let  be a rectangular path in   i plane with one edge on the real axis, one on the line 1  whose 

vertical edges move off to infinity  

Since 
  iiteandf 

 are analytic 

therefore
  iitef 

 is analytic and  be the closed path , 

therefore by cauchy’s theorem    



  0  deif iit
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1

1

1
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1

2
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1

0


















  ideifdeifideifdef
iitiitiitit

        

(7) 
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 20 as (8) 

Similarly    
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  ideif
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        as 1  

Taking 1 in  (7)
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 ideifLimdeifLimdefLim

iitiitit
by(8)   

 

Taking 2  

     
01

1  










  deifdef
iitit

 

     
01

1  


R

iit

R

it deifdef  
(9) 

  From (9) , (5) becomes           Rtdxeiyxft iyxit

 
Given 0,  tRt n

 

Choose 0 


where
t

t
y  

Then 
t

t
tyt

  

If  0t  then 


t
t

t
tyt 
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If  0t  then 


t
t

t
tyt 

 

Therefore  tyt 
 

]0[sin   cey
 

Now consider         iyxitiyxit eiyxfeiyxf  
 

                                                         
    tyiyximgrN

N eeiyx 
 1  

                                                         
  tyyrN

N eeiyx 
 1                  [since xiyx  ] 

                                                        
  ytyrN

N eex


 1  

                                                        
  ytyrN

N eex


 1  

                                                        
    ytrN

N ex


 1  

                                                        
   


trN

N ex


 1  

Now  consider      



R

iyxit dmxeiyxft  

     



R

iyxit dmxeiyxft
 

           

 



R

Ntr

N dmxxe 1


  

           

 



R

Ntr

N dmxxe 1



 

Where N is chosen so large, choose N=2 

   



R

tr
dmxxet

2

2 1
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tr

dxx
e 22 1
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Now to prove support of   in  rB 

If rt   

Then      



R

Nrt

N dmxxet !



 

As    0 t
 

  0 t if rt   

  0 t if rt   

Therefore support of   in rB 

Apply inversion theorem to (A) we get,      zrealfortdmetxf
R

itx )(
  

This completes the proof. 
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II. Conclusion: 
I have tried a brief note on PaleyWiener in C. This is a very useful result as it enables one pass to the Fourier 

transform of a function in the Hardy space and perform calculations in the easily understood space. 
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