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Abstract: In this paper, the modified F-expansion method with the aid of symbolic computational system 

Mathematica is implemented to obtain many exact travelling wave solutions for a special form of generalized 

nonlinear pseudo-parabolic Benjamin-Bona-Mohany-Burgers (BBMB) equation. The obtained solutions are 

expressed by the hyperbolic functions and the trigonometric functions. This method presents a wider 

applicability for handling nonlinear pseudo-parabolic partial differential equations arising from the 

mathematical physics.   
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I. Introduction 
In recent years, nonlinear partial differential equations (NLPDEs) have been used to model many 

physical phenomena in various fields of science and engineering. Thus, it is important to investigate the exact 

solutions of NLPDEs. To find the exact solutions of NLPDEs many methods have been developed such as 

variational iteration method [1], homotopy perturbation method [2], tanh function method [3],  'G
G

expansion method [4], exp-function method [5] and many others. In the recent past, a straight-forward and 

concise method was proposed to construct travelling wave solutions of NLPDEs, called F-expansion method 

[6,7,8]. This method was later further extended in different manners. 

In this paper, we used a modified F-expansion method [9,10] to obtain exact travelling wave solutions of the 
generalized BBMBequation [11], 

   0t x x x x xtx
u u u g u u             (1) 

where  ,u x t  represents the velocity of fluid in the horizontal direction x .  is the positive constant. R 

and  g u  is a
2C -smooth nonlinear function. With the dissipative term 

x xu  eq. (1) arises in the phenomena 

for both the bore propagation and the water waves. Eq.(1) with 0, 1    and   xx
g u uu  converted 

into Benjamin-Bona-Mohany (BBM) equation proposed by Peregrine [12] and Benjamin, Bona and Mohany 

[13]. Eq.(1) has been handled by many authors using different mathematical techniques such as El-wakil et al. 

[11] used the exp-function method to obtain the generalized solitary and periodic solutions for eq.(1) by 

considering  
2

2

u
g u  . In [14] Al-khaled et al. obtained approximate solutions of eq.(1) by using adomain 

decomposition method. Fakhari et al. [15] implemented the homotopy analysis method to eq.(1) with 

0, 1   and  
2

2

u
g u  . Tari and Ganji [16] applied variational iteration method andhomotopy 

perturbation method to derive approximate explicit solutions of eq.(1).Gözükizil and Akҫağilsolved eq.(1) by 

using tanh method [17].  

 

The aim of this work is to obtain new exact solitary-like and periodic solutions of generalized BBMB 

equation with   xg u uu  and  
2

2

u
g u  and also to describe the efficiency of the method to handle the 

nonlinear pseudo- parabolic type partial differential equations.  

 

The outline of this paper is as follows: In section 2, we give the basic idea of the modified F-expansion 

method. In section 3, we apply this method to generalized BBMB equation. In section 4, some conclusions are 

given.  
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II. Basic idea of modified F-expansion method 
Consider a given nonlinear partial differential equation with two independent variables ,x t  and 

dependent variable u . 

 , , , , , ,... 0t x xt x x t tP u u u u u u          (2) 

where, P  is a polynomial in u  and its various partial derivatives. 

The main points for solving eq.(2) are as follows: 

[1]. Assume the travelling wave solutions of eq.(2) in the form 

    ,u x t u  where  h x wt          (3) 

where 0h   and w  are constants to be determined. Substituting eq.(3) into eq.(2), eq.(2) becomes an ordinary 

differential equation (ODE) 

 ' '', , ,... 0P u u u           (4) 

where prime denotes the derivative with respect to  . 

[2]. Suppose that the solution of eq.(4) can be expressed in the finite series form 

    
N

i

i

i N

u a F 


  where 0Na         (5) 

where  ,..., 1,0,1,...,ia i N N    are all constants to be determined and  F   satisfies following Riccati 

equation 

     ' 2F A BF CF            (6) 

where , ,A B C  are constants and N  is a positive integer which can be determined by balancing the orders of 

nonlinear term with the higher order derivative term in eq.(4). Also 

(i) when ( / )N p q  is fraction, let 
/( ) ( )p qu v   

(ii) when N  is negative integer, let ( ) ( )Nu v   

By using (i) and (ii), we change eq.(4) into another ODE for  v  , whose balancing number will be a 

positive integer. 

[3]. Substituting eq.(5) together with eq.(6) into eq.(4) then the left-hand side of the eq.(4) can be converted into 

finite series in ( ),( ,..., 1,0,1,..., )pF p N N    . Equating each coefficient of  pF   to zero gives a 

system of algebraic equations for , ,ia h w . 

[4]. Solve the system of algebraic equations with the aid of computer symbolic system like Mathematica or 

Maple, we can obtain the constants , ,ia h w . Substituting these results into eq.(5), we can obtain the general 

form of travelling wave solutions to eq.(4). 

[5]. From the general form of travelling wave solutions of eq.(6) listed in appendix, we can give series of 

soliton-like solutions and trigonometric function solutions of eq.(2). 

 

III. Application to generalized BBMB equation 

Case 1.Consider   xg u uu in eq.(1), we get 

2 0t x x x x x x x xtu u u u uu u              (7) 

We assume that eq.(7) has travelling wave solution in the form 

   ,u x t u  where  h x wt          (8) 

where 0,h w  are constants. Substituting eq.(8) into eq.(7), we get following ordinary differential equation, 

   
'

' '' ' 2 ''' 0w u hu h uu h wu            (9) 

where prime denotes differentiation with respect to  . Integrating eq. (9) and considering integration constant is 

zero. We have 

   ' ' 2 '' 0w u hu h uu h wu           (10) 
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Now, balancing the orders of 
'u u and 

' 'u in eq.(10), we get, 1N  . So we can write solution of eq.(7) 

in the following form, 

   ,u x t u  where      1

0 1 1u a a F a F  

      (11) 

where
0 1 1, ,a a a

 are constants to be determined later. Substituting eq.(11) into eq.(10) and using eq.(6), the left 

hand side of eq.(10) can be converted into a finite series in  pF  ,  3, 2, 1,0,1,2,3p     , equating 

each coefficient of  pF   to zero, we find the system of algebraic equations for 0 1 1, , , ,a a a h w . 

 

 

 

 

 

3 2 2 2

1 1

2 2 2

0 1 1 1 1

1 2 2 2 2

0 1 1 1 1 1 1 1

0 2 2

0 1 0 1 0 1 1 1 1 0

1 2

0 1 1 1

: 2 0

: 3 0

: 2 0

: 0

:

F Aha A h a w

F Aha a Bha ABh a w Aha

F Bha a Cha a w B h a w ACh a w Bha a

F Cha a Aha a a w BCh a w ABh a w Cha Aha a

F Bha a Aha a w



 

  

   





 



   



      

  

  

    

       

        

 

 

 

2 2 2

1 1 1 1

2 2 2

0 1 1 1 1

3 2 2 2

1 1

2 0

: 3 0

: 2 0

B h a w ACh a w Bha a

F Cha a Bha BCh a w Cha

F Cha C h a w

 

 












     
   

  

(12) 

Solving the above algebraic equations with the aid of Mathematica, we obtain following values of 

0 1 1, , ,a a a w  

When 0A  , we have 

0 1 1, 0, 2 ,a Bh a a Ch w               (13) 

When 0B  , we have 

 0 1 1, 0, 2 ,a a a Ch w              (14) 

where h is left as a free parameter. 

Substituting values of 0 1 1, , ,a a a w  into eq.(11) and using appendix, we can obtain many soliton-like 

solutions and trigonometric function solutions of eq.(7). 

(1) Select 0, 1, 1A B C     and  
1 1

tanh
2 2 2

F



 

   
 

 from appendix and using eq.(13), we have, 

 
 

1 , tanh
2

h x t
u x t h


 

 
   

 
      (15) 

(2) Select 0, 1, 1A B C     and  
1 1

coth
2 2 2

F



 

   
 

 from appendix and using eq.(13), we have, 

 
 

2 , coth
2

h x t
u x t h


 

 
   

 
      (16) 

(3) Select
1 1

, 0,
2 2

A B C    and          coth csc , tanh secF h i h       from appendix 

and using eq.(14), we have, 

      3 , coth cscu x t h h x t h h x t                 (17) 

      4 , tanh secu x t h h x t i h h x t                 (18) 

(4) Select 1, 0, 1A B C     and      tanh ,cothF    from appendix and using eq.(14), we have, 

    5 , 2 tanhu x t h h x t            (19) 
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    6 , 2 cothu x t h h x t            (20) 

(5) Select
1 1

, 0,
2 2

A B C    and          sec tan ,csc cotF         from appendix and 

using eq.(14), we have, 

        7 , sec tanu x t h h x t h x t            (21) 

        8 , csc cotu x t h h x t h x t            (22) 

(6) Select
1 1

, 0,
2 2

A B C      and          sec tan ,csc cotF         from appendix and 

using eq.(14), we have, 

        9 , sec tanu x t h h x t h x t            (23) 

        10 , csc cotu x t h h x t h x t            (24) 

(7) Select 1, 0, 1A B C    and    tanF    from appendix and using eq.(14), we have, 

    11 , 2 tanu x t h h x t             (25) 

(8) Select 1, 0, 1A B C      and    cotF    from appendix and using eq.(14), we have, 

   12 , 2 cotu x t h h x t             (26) 

Case 2. Taking  
2

2

u
g u   in eq.(1), we get 

0t x x x x x xtu u u uu u            (27) 

We assume that eq.(27) has travelling wave solution in the form 

   ,u x t u  where  h x wt         (28) 

where 0,h w  are constants. Substituting eq.(28) into eq.(27), we get ordinary differential equation, 

 
2

' 2 '' 0
2

u
w u hu h wu            (29) 

Balancing the orders of 
2u and 

' 'u  in eq.(29), we get 2N  . So we may choose, 

         2 1 1 2

0 2 1 1 2u a a F a F a F a F     

         (30) 

where 0 2 1 1 2, , , ,a a a a a   are constants to be determined later. Substituting eq.(30) into eq.(29) and using eq.(6), 

the left hand side of eq.(29) can be converted into a finite series in  pF  , 

 4, 3, 2, 1,0,1,2,3,4p      , equating each coefficient of  pF   to zero, we find the system of 

algebraic equations for 2 1 0 1 2, , , , , ,a a a a a h w  . 
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4 2 22

2

3 2 2 2

2 1 2 2 1

2
2 2 2 21

0 2 2 2 1 2 2

2

1 2

1 2 2 2

1 0 1 2 1 1 2 1 2 1

: 6 0
2

: 2 10 2 0

: 2 4 8
2

3 0

: 2 6

2

a
F A h a w

F a a Aha ABh a w A h a w

a
F a a a w Bha Aha B h a w ACh a w

ABh a w a

F a a a a a a w Cha Bha BCh a w B h a w

A



 

  



   

 




    

 
     

 



       

 

   

     

  

      



 

 

 

2

1

2
0 2 2 2 20

0 2 2 1 1 0 1 1 2 2

2 2

1 1

1 2 2 2

2 1 1 0 1 1 2 1 2 1

2

1

2 2 2 2

2 2 0 1 2 2 1 2

0

: 2 2
2

0

: 2 6

2 0

1
: 2 4 8

2

Ch a w

a
F a a a a a a w Cha Aha A h a w C h a w

BCh a w ABh a w

F a a a a a a w Aha Bha ABh a w B h a w

ACh a w

F a a a a a w Bha Cha B h a w ACh

   

   

   



   







       

  

      

 

      

 

 

2

2

2

1

3 2 2 2

2 1 2 2 1

4 2 2 2

2 2

3 0

: 2 10 2 0

1
: 6 0

2

a w

BCh a w

F a a Cha BCh a w C h a w

F a C h a w

 





























 

   



     (31)

 

Solving above algebraic equations with the help of Mathematica, we obtain values of 0 2 1 1 2, , , , , ,a a a a a h w  . 

Consider 0A  , we get  
2

0 2 1 1 2

2 2

12
0, 0, 0, 0, , ,

5 5

5 25 24

12

C h
a a a a a w

B Bh

h
B

 

  



        

 


   (32) 

2

0 2 1 1 2

2 2

2 10 12
, 0, 0, 0, , ,

5 5 5

5 25 24

12

Bh C h
a a a a a w

Bh B Bh

h
B

   

  



 


       

  


 (33) 

Taking 0B  , we have 

 2 3 2

0 2 1 1 2

2 2

2 2

1 12 12 6
, 0, 0, , ,

510 5

5 24 25
,

2410

5 24 25

24

i ACh Ch iC h
a a a a a

A Ch A

i A C AC AC
w i h

ACA Ch

i A C AC AC
or h

AC

  


  



  



 


      

   
  

 
  (34)

 

Substituting above values of ( 0, 2, 1,1,2), ,ia i h w   in eq.(30) and using appendix, we obtained exact 

travelling wave of solutions of eq.(27). 
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(1) Choose 0, 1, 1A B C     and  
1 1

tanh
2 2 2

F



 

   
 

 from appendix and using eq.(32), we get, 

 
2

1

3
, 1 tanh

5 2 5

h h
u x t x t

h

    
      

   
     (35) 

Using eq.(33) we have, 

 
2

2

2 10 3
, 1 tanh

5 5 2 5

h h h
u x t x t

h h

       
      

   
   (36) 

(2) Choose 0, 1, 1A B C     and  
1 1

coth
2 2 2

F



 

   
 

 from appendix and using eq.(32), we get, 

 
2

3

3
, 1 coth

5 2 5

h h
u x t x t

h

    
     

   
     (37) 

Using eq.(33) we get 

 
2

4

2 10 3
, 1 coth

5 5 2 5

h h h
u x t x t

h h

        
      

   
   (38) 

(3) Choose 
1 1

, 0,
2 2

A B C     and          coth csc , tanh secF h i h        from 

appendix and using eq.(34), we get, 

 

 5

2

1 6
, 3 5 coth csc

5 5 5 5

3
coth csc

5 5 5

h
u x t h h x t h h x t

h h h

h
h x t h h x t

h h

   
 

  

         
               

         

       
          

       

(39) 

 6

2

1 6
, 3 5 tanh sec

5 5 5 5

3
tanh sec

5 5 5

h
u x t h h x t i h h x t

h h h

h
h x t i h h x t

h h

   
 

  

         
               

         

       
          

       

(40) 

(4) Choose 1, 0, 1A B C     and      tanh ,cothF     from appendix and using eq.(34), we 

get, 

  
 2

2

7

1 12 12 6
, tanh tanh

10 5 10 5 10

h h h
u x t h x t h x t

h h h

    


       
           

      
(41) 

  
 2

2

8

1 12 12 6
, coth coth

10 5 10 5 10

h h h
u x t h x t h x t

h h h

    


       
           

      
(42) 

(5) Choose 
1 1

, 0,
2 2

A B C    and          sec tan ,csc cotF         from appendix and 

using eq.(34), we get, 

 

 
 2

9

2

1 3 6
, sec tan

5 5 5 5

3
sec tan

5 5 5

i h h
u x t h x i t h x i t

h h h

h
i h x i t h x i t

h h

   


  

        
            

       

       
          

       

 (43) 
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 2

10

2

1 3 6
, csc cot

5 5 5 5

3
csc cot

5 5 5

i h h
u x t h x i t h x i t

h h h

h
i h x i t h x i t

h h

   


  

        
            

       

       
          

       

(44) 

(6) Choose 
1 1

, 0,
2 2

A B C      and          sec tan ,csc cotF         from appendix 

and using eq.(34), we get, 

 

 
 2

11

2

1 3 6
, sec tan

5 5 5 5

3
sec tan

5 5 5

i h h
u x t h x i t h x i t

h h h

h
i h x i t h x i t

h h

   


  

        
             

       

       
          

       

(45) 

 

 
 2

12

2

1 3 6
, csc cot

5 5 5 5

3
csc cot

5 5 5

i h h
u x t h x i t h x i t

h h h

h
i h x i t h x i t

h h

   


  

        
             

       

       
          

       

(46) 

(7) Choose 1, 0, 1A B C    and    tanF    from appendix and using eq.(34), we get, 

 
 2

13

2

1 12 12
, tan

10 5 10

6
tan

5 10

i h h
u x t h x i t

h h

h
i h x i t

h

  


 

   
     

  

  
   

  

       (47) 

(8) Choose 1, 0, 1A B C      and    cotF    from appendix and using eq.(34), we get, 

 
 2

14

2

1 12 12
, cot

10 5 10

6
cot

5 10

i h h
u x t h x i t

h h

h
i h x i t

h

  


 

   
      

  

  
   

  

   (48) 

 

IV. Conclusion 
The modified F-expansion method issuccessfully used to obtain travelling wave solutions for nonlinear 

pseudo-parabolic BBMB equations. Using this method we obtained some hyperbolic functions and 

trigonometric function solutions which are not seen before. Also obtained solutions satisfy BBMB equations. 

On the other hand, we have seen that the modified F-expansion method is easy to apply and reliable to solve the 

pseudo-parabolic partial differential equations. 

Appendix: Relations between values of ( , ,A B C ) and corresponding  F   in Riccati equation 

     ' 2F A B F C F      

A  B  C   F   

0  1  1  

1 1
tanh

2 2 2
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0  1  1  

1 1
coth

2 2 2

 
  

 
 

1

2
 0  

1

2
  

       coth csc , tanh sech i h    

 

1  0  1   tanh  ,  coth   

1

2
 0  

1

2
    sec tan  ,    csc cot   

1

2
  0  

1

2
     sec tan  ,    csc cot   

 1 1  0   1 1   tan  ,  cot   
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