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Abstract: This paper deals with the study of CR-submanifolds of a nearly trans-hyperbolic Sasakian manifold
with a quarter symmetric non-metric connection. We study parallel distribution relating to & —vertical CR-

submanifolds of a nearly trans-hyperbolic Sasakian manifold with quarter symmetric non-metric connection.
Further, we obtain the parallel distributions on CR-submanifolds.
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I.  Introduction

In 1978, Aurel Bejancu introduced the notion of CR-submanifold of Kaehler manifold [1, 2]. On the
other hand CR-submanifold have been studied by kobayashi [3]. J. A. Oubina introduced a new class of almost
contact metric manifold known as trans-Sasakian manifold [4]. Gherghe studied on harmonicity on nearly trans-
Sasaki geometry of CR-submanifold of manifold [5]. CR-submanifold of a trans-Sasakian manifold have been
studied by Shahid [6]. Later Al-Solamy studied the CR-submanifold of a nearly trans-Sasakian manifold [7]. In
1976, Upadhyay and Dube have studied almost contact hyperbolic structure [8]. Bhatt and Dube studied on CR-
submanifold of trans-hyperbolic Sasakian manifold [9]. Gill and Dube have also worked on CR-submanifold of
trans-hyperbolic Sasakian manifold [10]. Kumar and Dube studied CR-submanifold of a nearly trans-hyperbolic
Sasakian manifold [11]. In this paper we study CR-submanifold of a nearly trans-hyperbolic Sasakian manifold
endowed with a quarter symmetric non-metric connection. Let V' be a linear connection in an N — dimensional
differentiable manifold M. The torsion tensor T and curvature tensor R of V are given respectively by
T(X,Y)=V,Y -V, X -[X,Y]

R(X,Y)Z :vaYZ _VYVXZ _V[X,Y]Z'

The connection V is symmetric if its torsion tensor T wvanishes, otherwise it is non-symmetric. The
connection V' is metric connection if there is a Riemannian metric g in M such that Vg =0, otherwise it is

non-metric. It is well known that a linear connection is symmetric and metric if and only if it is the Levi-Civita
connection. In [12] S. Golab introduced the idea of a quarter symmetric connection. A linear connection is said
to be a quarter symmetric connection if its torsion tensor T is of the form
T(X,Y) =n(Y)#X —n(X)4Y.

Some properties of quarter symmetric non-metric connection was studied by several authors in ([13],
[14], [15], [16]).

This paper is organized as follows: In section 2, we give a brief introduction of nearly trans-hyperbolic
Sasakian manifold. In section 3, we have proved some basic lemmas on nearly trans-hyperbolic Sasakian
manifold with a quarter symmetric non-metric connection. In section 4, we have discussed parallel distributions.

1. Preliminaries

Let M be an n-dimensional almost hyperbolic contact metric manifold with almost hyperbolic
contact metric structure (¢, &,77,9), where a tensor ¢ of type (1,1), a vector field &, called structure vector

field and 77, the dual 1-form of & satisfying the following

(2.2) X =X —n(X)&, g(X,&)=n(X)
(22) n&)=-1, $&)=0 nop=0
(233) g(AX, @Y )=—9(X,Y)=n(X)n(Y)

forany X,Y tangent to M [17]. In this case
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(2.4) g(#X.Y)=—g(X,gY).

An almost hyperbolic contact metric structure (¢, &, g) on M is called trans-hyperbolic Sasakian [10] if
and only if

(2.5) (VxP)Y =a(@(X,Y)E (Y )PK) + BG(AK.Y)E =Y )dX)

forall X,Y tangentto M and a, [ are functions on M . On a trans-hyperbolic Sasakian manifold M, we
have

(2.6) Vx&=—a(#X)+ (X —n(X)S),

where g is the Riemannian metric and ? is the Riemannian connection.

Let M be an m-—dimensional isometrically immersed submanifold of nearly trans-hyperbolic Sasakian
manifold M. We denote by g the Riemannian metric tensor field on M as well as M.

Definition 2.1. An m—dimensional Riemannian submanifold M of a nearly trans-hyperbolic Sasakian
manifold M is called a CR-submanifold if & is tangent to M and there exists differentiable distribution
D:xeM — D, T, (M) such that

(i) the distribution D, is invariant under ¢, thatis ¢D, < D, foreach Xe M

(ii) the complementary orthogonal distribution D* : X — D*x < T, (M) of the distribution D on M

is anti-invariant under ¢ that is, gD x(M) T, (M) forall xe M, where T, (M) and T*«(M) are
tangent space and normal space of M at X € M respectively.

If dimD*x =0 (resp. dimD, =0), then CR-submanifold is called an invariant (resp. anti-invariant). The
distribution D (resp. D) is called horizontal (resp. vertical) distribution. The pair (D D) is called & -
horizontal (resp. & -vertical) if £, € D, (resp. £, € D*) for xe M .

For any vector field X tangentto M , we write

(2.8) X =PX +QX,
where PX and QX belong to the distribution D and D" respectively.

For any vector field N normal to M, we put
2.9) AN =BN +CN,

where BN (resp. CN ) denotes the tangential (resp. normal) component of @N .
Now, we remark that owing to the existence of the 1-form 77, we can define a quarter symmetric non-metric

connection 6 in almost contact metric manifold by
2.10) VY =VxY +n(Y)#X
such that (Vxg)(Y,Z2)=-n(Y)g(X,Z)-n(2)a(X.,Y)

forany X,Y € TM, where V is the induced connection with respectto g on M, 77 isa1-formand & isa

vector field.
Using (2.5) and (2.10), we get

(Vx@)Y =a(g(X,Y)E=n(Y)X)+ B(9(#X,Y)E
—n(Y)gX) —n(YV)X +n(Y)n(X)S.

(2.11)

Similarly, we have B
(Vvg) X =a(g(Y, X)S —n(X)gY) + S(a(4Y, X)&

—n(X)gY) =n(X)Y +n(X)n(Y)S.
On adding above equations, we obtain
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(Vx@)Y +(Vy@)X =a(29(X.Y)E = (Y )PX = 1(X)fY)
(2.12) =B (X)PY +n(Y)PX) —n(X)Y
=n(Y)X +2n(X)n(Y)s.
This is the condition for an almost contact structure (¢,&,77,9) with a quarter symmetric non-metric

connection to be nearly trans-hyperbolic Sasakian manifold.
From (2.10) and (2.6), we get

(213) Vx&=—(a+1L(#X)+ B(X —n(X)S).
We denote by g the metric tensor of M as well as that induced on M. Let V be the quarter

symmetric non-metric connection on M and V be the induced connection on M with respect to the unit

normal N.
Theorem 2.2. The connection induced on the CR-submanifolds of a nearly trans-hyperbolic Sasakian manifold
with a quarter symmetric non-metric connection is also a quarter symmetric non-metric connection.

Proof. Let V' be the induced connection with respect to the unit normal N on a CR-submanifold of a nearly
trans-hyperbolic Sasakian manifold with a quarter symmetric non-metric connection 6 . Then

(2.14) VxY =V, Y +m(X,Y),

where m s a tensor field of type (0, 2) on CR-submanifold M. If V" be the induced connection on CR-

submanifolds from Riemannian connection V , then

(2.15) VY = V'xY +h(X,Y),

where h is a second fundamental tensor.
Now, from (2.14) and (2.15) we have

V., Y +m(X,Y) =VyY +h(X,Y)+7(Y)gX.
Equating the tangential and normal components from both the sides in the above equation, we get
h(X,Y)=m(X,Y)

and V,.Y=V,Y +1(Y)eX .

Thus V is also a quarter symmetric non-metric connection.
Now, the Gauss formula for a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold with a quarter
symmetric non-metric connection is

(2.16) VxY =V, Y +h(X,Y)
and the Weingarten formula for M is given by
(2.17) VxN=-A,X+V,N

for X,Y €eTM, N eT*M, where h and A are called the second fundamental tensors of M and V*
denotes the operator of the normal connection. Moreover, we have
(2.18) g(h(X,Y),N)=g(A,X.Y).

1. Some Basic Lemmas

Lemma 3.1 Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold M with a quarter-
symmetric hon-metric connection. Then

P(VX¢PY)+ P(VY¢PX)_P(A¢QXY)_P(A¢QYX)
(3.1) =PV, Y + PV, X +2a9(X,Y)PE —an(X)PY —an(Y)gPX
= Bn(Y)PX = Bn(X)PY —n(X)PY —n(Y)PX +2n(X)n(Y)PS,
Q(VX¢PY)+Q(VY¢PX)_Q(A¢QXY)_Q(A¢QYX)
(3.2) = 2BNh(X,Y)+2ag(X,Y)QE—n(X)QY
—n(Y)QX +2n(X)n(Y)QS ,
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h(X,dPY ) +h(Y,gPX) +V, QY + V,gQX
(33) = JQV, X +dQV Y +2Ch(X,Y)—(a + B)n(Y )dQX

—(a+ p)n(X)QY,
forall X,Y eTM.
Proof. By direct covariant differentiation, we have

Vi@ =(Vxd)Y +4V,Y +gh(X,Y),

§X¢Y = §X¢PY +§X¢QY.
By virtue of (2.8), (2.11), (2.16) and (2.17), we get

(Vxg)Y + V., Y +(X,Y) =PV PY +QV, PY +h(X,4PY)

+ V3 dQY —PA5 X —QA, X.
_— (Vv@)X + gV, X +gh(Y,X) = PV, gPX +QV, gPX +h(Y,gPX)
imilarly,

+VygQX —PA, Y —QA. Y.

Adding, we obtain
((§x¢)Y +(§y¢)X)+¢PVXY +9QV,Y +9PV, X +9QV, X
+2Bh(X,Y) +2Ch(X,Y)=a(29(X,Y)PE+a(29(X,Y)Q<
—an(Y)gPX —an(Y)pQX —an(X)pPY —an(X)pQY

(3.4 — Bn(X)$PY = Br(X)$QY - Br(Y)pQX — Bn(Y)pPX
—n(X)PY —=n(X)QY —n(Y)PX —n(Y)QX +2n(X)n(Y)PS
+2n(X)n(Y)QE+ ¢ PV, Y +4QV,Y + 4PV, X +4QV, X
+2Bh(X,Y)+2Ch(X,Y)

forany X,Y e TM.
Now, equating horizontal, vertical and normal components in (3.4) we get the desired result.

Lemma 3.2. Let M be a CR-Submanifod of a nearly trans-hyperbolic Sasakian manifold M with a quarter
symmetric non-metric connection. Then

2(Vx@)Y =V, Y =V, X +h(X,4Y))—h(Y,#X)—g[X,Y]
(35) +a(29(X,Y)E=n(Y)gX +n(X)gY)— Bn(X)PY
+n(Y)PX) = (n(Y) X +n(X)Y =2n(X)n(Y)S),
2(Vv )X = a(29(X,Y)E=n(Y )X —n(X)PY)— Bn(X)PY
(36) +7(Y)#X) = (@(X)Y +5(Y)X =27(X)n(Y)E) = (V « 4Y)
—h(X,8Y)+V, X +h(Y,oX)+¢4[X,Y]

forany X,Y €D.
Proof. From Gauss formula (2.16), we have

(3.7) VY —=VygX =V &Y +h(X,dY) =V, X —h(Y,¢X).
Also, we have B B B B
(3.8) VxdY —VygX =(Vx¢)Y —(VY¢)X +¢[X,Y].

From (3.7) and (3.8), we get_ B
(Vx@)Y =(Vv@) X =V, Y +h(X,4Y) -V, ¢X
—h(Y,#X)—4[X,Y].

Also for nearly trans-hyperbolic Sasakian manifold with quarter symmetric non-metric connection, we have
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(Vx@)Y +(Vvg)X =a(2g(X,Y)E-n(Y )X —n(X)gY)
(3.10) = B@(X)Y +n(Y)X)—(;(Y)X

+n(X)Y =2n(X)n(Y)S.
Adding (3.9) and (3.10), we obtain

2(VxP)Y =V Y =V, @X +h(X,4Y))~h(Y,¢X)-4[X,Y]
+a(29(X,Y)g —n(Y)X +n(X)4Y) - p(n(X)pY

+n(Y)PX) = (V)X +n(X)Y = 2n(X)n(Y)SE).
Subtracting (3.9) from (3.10), we get

2(Vvg)X =a(29(X,Y)E=n(Y )X —n(X)PY) - B(X)gY
+7(Y)PX) = (XYY +1(Y)X =21(X)n(Y)E)
—(Vx#Y)—N(X,4Y)+V X +Nn(Y, X))+ 4[X,Y].

Hence Lemma is proved.

Lemma 3.3. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold M with a quarter
symmetric non-metric connection, then

2(Vv@)Z = AyZ — ALY +VigZ -V — @Y, Z1+a(29(Y, Z)&
—n(Y)gZ =n(Z2)PY) - B (Y)PZ +n(Z)gY ) - (n(Y)Z

+n(2)Y =2n(Y)n(2)$)
and

2(V2P)Y = Ay Z+AyY —VygZ + VY +4lY,Z1+a(29(Y,2)é
—n(Y)gZ —n(Z2)PY) - Bn(Y)PZ +n(Z)PY) - (n(Y)Z
+n(2)Y =2n(Y)n(Z)$)

forany Y,Z € D*.
Proof. From Weingarten formula (2.17), we have

(3.11) VoY —VygZ = Ay Z — AY +VigZ -V, Y .
Also, we have B B B B
(3.12) V2¢Y —VY¢Z = (VY¢)Z —(Vz¢)Y +¢[Y,Z].

From (3.11) and (3.12), we git B
(WP Z+(Vz9)Y =a(29(Y,2)5—n(Y)PZ —n(Z)¢Y)
(3.13) —Bn(Y)pZ +n(Z2)pY)—(n(Y)Z

+n(Z)Y =2n(Y)n(Z)S).
On adding (3.13) and (3.14), we obtain

2(Vv@)Z = AyZ — ALY +VigZ -V Y —g[Y,Z]
+a(29(Y,2)E-n(Y)gZ —n(Z)¢Y) - B(n(Y )pZ
+1n(2)¢Y) —(m(Y)Z +n(2)Y —2n(Y)n(Z)S).

Subtracting (3.13) and (3.14), we find
2(V2P)Y =—A, Z+AyY —VidZ + Vi fY +4[Y,Z]
+a(29(Y,2)E—n(Y)¢Z —n(Z)¢Y) — B(n(Y )¢z
+n(Z)gY) —(n(Y)Z +n(Z)Y —2n(Y)n(Z)S).

This proves our assertions.

Lemma 3.4. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold M with a quarter
symmetric non-metric connection, then

www.iosrjournals.org 12 | Page



CR-submanifolds of a nearly trans-hyperbolic Sasakian manifold with a quarter symmetric ...

2(§x¢)Y =—A, X +VdY =V, X —h(Y,sX)—g[X,Y]
+a(29(X,Y)E—n(Y )X —n(X)PY) - B(n(X)gY
+n(Y)PX) = (m(X)Y +7(Y)X =27(X)n(Y)S),
2(Vyg)X = Ay X =V @Y +V, X +h(Y,#X) +g[X,Y]+a(29(X,Y)é
—n(Y)PX —=n(X)gY) = B(n(X)PY +n(Y)#X)
forany X e D andY € D*.
Proof. By using Gauss and Weingarten equation for X eD and Y € D" respectively, we get

(3.15) VxY —VygX =—A, X + V5 Y =V, ¢#X —h(Y,¢X).

Also, we have

(3.16) VxdY —=VygX =(Vx@)Y —(Vvd) X +g[X,Y].

From (3.15) and (3.16), we obtain

(3.17) (VXY — (Vv )X =—Ay X + VY =V, ¢X —h(Y,¢X) - [ X,Y1.

Also for nearly trans-hyperbolic Sasakian manifold with a quarter symmetric non-metric connection, we have
(Vx@)Y +(Vy@) X = a(29(X,Y)E—n(Y)gX —n(X)PY)— S(n(X)pY

(3.18)
+17(Y)#X) — (@ (X)Y +n(Y) X =2(X)n(Y)S).

Adding (3.17) and (3.18), we fi_nd
2(Vx @)Y = —A¢YX +V§¢Y -V X —h(Y,sX)—g[X,Y]

+a(29(X,Y)S—n(Y)PX —n(X)PY) - Bn(X)PY
+7(Y)PX) = (7(X)Y +1(Y) X =2n(X)n(Y)S).
Subtracting (3.17) from (3.18), we get
2(Vyg)X = Ay X =V @Y + VX +h(Y,X) +g[X, Y]+ a(29(X,Y)&
—n(Y)#X —n(X)gY) - B(n(X)gY +n(Y)#X).

Hence Lemma is proved.

IV.  Parallel Distributions
Definition 4.1. The horizontal (resp. vertical) distribution D (resp. D L) is said to be parallel with respect to
the quarter symmetric non-metric connection on M if VXY e D (resp. VZW S DL) for any vector field

X,Y €D (resp. W,Z € D*).

Proposition 4.1. Let M be a ¢ -vertical CR-submanifold of a nearly trans-hyperbolic Sasakian manifold M
with a quarter symmetric non-metric connection. If the horizontal distribution D is parallel, then

(4.) h(X,4Y) =h(Y,¢#X)

forall X,Y eD.

Proof. For horizontal distribution D, we have

(4.2) V.#Y €D, V,gX €D forany X,Y €D.

Using the fact that QX =QY =0 for X,Y €D, (3.2) gives

(4.3) Bh(X,Y)=—ag(X,Y)Q¢&, forany X,Y eD.

Also, since

(4.4) g(X,Y)=Bh(X,Y)+Ch(X,Y),

Therefore,

(4.5) M(X,Y)=—cg(X,Y)QSE+Ch(X,Y) forany X,Y €D.
From (3.3), we have

(4.6) h(X,#Y)+h(Y,#X)=2Ch(X,Y) = 2¢h(X,Y) +2cg(X,Y)Q&E
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forany X,Y € D. Putting X =¢X € D in (4.6), we get

4.7 h(#X,@Y) +h(Y,$*X)=2¢n(#X,Y) +2ag(¢X,Y)QS
or

(4.8) h(#X,#Y) —h(Y, X)=2¢(#X,Y) + 209 (#X,Y)QS.
Similarly, putting Y =¢@Y € D in (4.6), we find

(4.9) h(gY,#X) —h(X,Y)=2¢h(X,4Y) +2cg9(X,4Y)QS.
Hence from (4.8) and (4.9), we have

(4.10) (X, gY) (Y, ¢X)=ag(dX,Y)QS —ag (X, 4Y)QS.
Operating ¢ on both sides of (4.10) and using ¢ =0, we get

(4.11) h(X,#Y)=h(Y,¢X)

forall X,Y e D.

Now, for the distribution D™ we prove the following proposition.
Proposition 4.2. Let M be a & -vertical CR-submanifold of a nearly trans-hyperbolic Sasakian manifold M

with a quarter symmetric non-metric connection. If the distribution D" is parallel with respect to the
connectionon M, then

(4.12) AxZ+AgY e D" forany Y,Z € D".
Proof. Using Gauss and Weingarten formula, we obtain
— ALY +V L — A Z AV, =gV, Z+¢V,Y +2¢0(Y,2)
(4.13) +a(29(Y,2)8—n(Y)gZ—n(Z)¢Y) = B(n(Z)gY +n(Y)4Z)
—((Y)Z+n(2)Y —2n(Y)n(Z)S)
forany Y,Z € D*. Taking inner product with X € D in (3.13), we get
(4.14) g(A,Z, X)+g(ALY,X)=9g(V,Z,X)+g(V,Y,#X).

If the distribution D™ is parallel, then V,Z € D* and V,Y e D" forany Y,Z e D".
So from (4.14), we get

(4.15) g(A¢YZ,X)+g(A¢ZY,X)=O or g(A¢YZ+A¢ZY,X)=O
which is equivalent to
(4.16) AyZ+A,Y eD”

forany Y,Z e D*.

This completes the proof.
Definition 4.3. A CR-submanifold with a quarter-symmetric non-metric connection is said to be mixed totally

geodesic if N(X,Z)=0 forall X €D and Z € D",
The following Lemma is an easy consequence of (2.18).

Lemma 4.4. Let M be a CR-submanifold of a nearly trans-hyperbolic Sasakian manifold M with a quarter-
symmetric non-metric connection. Then M is mixed totally geodesic if and only if A X €D for all
XeD.

Definition 4.5. A normal vector field N # 0 is called D -parallel normal section if V3N =0 for all

X eD.
Now, we have the following proposition.

Proposition 4.6. Let M be a mixed totally geodesic & -vertical CR-submanifold of a nearly trans-hyperbolic

Sasakian manifold M with a quarter symmetric non-metric connection. Then the normal section N € ¢DL is
D -parallel if and only if V, @N € D forall X € D.
Proof. Let N € @D . Then from (3.2), we have
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(4.17) Q(V,#X)=0 forany X eD,Y e D".

In particular, we have Q(V, X)=0.

By using it in (3.3), we get

(4.18) Vi dQY =gQV ., Y or  ViN=—gQV, ¢N.

Thus, if the normal section N =0 with quarter symmetric non-metric connection is D -parallel, then by

definition and (4.18), we get

(4.19)
which

¢Q(VX¢N) =0
is equivalentto V, @ €D forall X eDD.

The converse part easily follows from (4.18).
This completes the proof of the proposition.
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