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I. Introduction:

Compatible mappings of type (P) were introduced in [5] . Later on [4] gave a result on common fixed point
theorems for such mappings .We improve one of its results for metrically convex metric spaces .The result is as
follows:
THEOREM 1.1: Let (X, d) be a complete metrically convex metric space and K a non empty closed subset of X.
Suppose that S, T: X — X are continuous from X into itself dK < S(K) n T(K), where d denotes boundary of K
and A,B: K — X are continuous mappings with A(K) n K c S(K), B(K) n K c T(K). Suppose further that the
pairs (A, T) and (B, S) are relatively compatible of type (P) satisfying

d(Ax,By) < 0(d(Tx,Sy) 1.1.1
for all x,y € K ,where @: [0,00) — [0, ) is a non-decreasing and upper semi-continuous function such that
?(t) < tand ), @"(t) < oo for all t > 0.If for x € K, Tx,Sx € dK = Ax, Bx € K then there exists a point z € K
such that z = Az = Bz = Sz = Tz.Further if Av = Bv = Sv = Tv, then Tv="Tz
We relax the restriction of all the four mappings A, B, S, T to be continuous by imposing continuity condition on
only two of the four mappings. Also we change the inequality (1.1.1)

II.  Preliminaries

DEFINITION 2.1: Let A, B: (X,d) = (X, d) be mappings .Then A, B are said to be compatible if
lim d(ABx,,BAx,) =0
n—oo

whenever {x, } is a sequence such that lim . Ax, = lim,_, Bx, = t for somet € X.
DEFINITION 2.2: Let A, B: (X, d) = (X, d) be mappings .Then A, B are said to be compatible of type (P) if
lim d(AAx,,BBx,) =0

n—oo

whenever {x, } is a sequence such that lim,_,, Ax, = lim,_, Bx, =t for some t € X.
PROPOSITION 2.3: Let A, B: (X, d) = (X, d) be mappings .If A, B are compatible of type (P) and
lim,_, Ax, = lim,_,, Bx, =t for some t € X,then we have the following

(i) lim,_. AAx, = BtifB is continuous at t.

(i) lim,_., BBx, = AtifA is continuous at t.

(iii) ABt = BAt and At = Bt if A and B are continuous at t.

1.  MAIN RESULT
THEOREM 3.1: Let (X,d) be a complete metrically convex metric space and K a non empty closed subset of
X. Suppose that M, N: X — X are continuous and F, G: K — X satisfy the following conditions
1. 0K € MK n NK, where d denotes boundary of K
2.FKNnK c NK,GKn K c MK
3. Mx,Nx € 0K = Fx,Gx € K
4. (F,M) and (G, N) are relatively compatible of type (P)
5. @(d(Fx, Gy)) < cmax{@(d(Mx, Ny), Q)(d(Fx, Mx)), Q)(d(Gy, Ny)), Q)(d(Fx, Ny)) + @(d(MX, Gy))}
for all X,y € X ,where @: [0,0) — [0, o) is an increasing upper semi-continuous function such that
) =0=>t=0.
PROOF: We construct two sequences {x,} and {y,} in the following way:
Let x € 0K and x,, € K be such that x = Mx,.Then Fx, € Kby (3) and hence Fx, € FK N K c NK.
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This implies that there exists a point X; € K such that y; = Nx; = Fx, € K . Since y; = Fx, there exists
pointy, = Gx; such that d(y;, y,) = d(Fxy, Gx;). Suppose y, € K.Then y, € GKN K c MK which implies
that there exists a point x, € K such that y, = Mx,. Ify, & K ,then there exists point p € JK such that

d(Nxq,p) + d(p, y2) = d(Nxy, y;)
Since p € dK c MK there exists a point x, € K with p = Mx, such that

d(Nx;, Mx;) + d(Mx3, y2) = d(Nxy, y;)
Let y; = Fx, be such that d(y,, y3) = d(Gx,, Fx,).Thus continuing this process by similar arguments we
obtain two sequences {X, } and {y,} such that

(D) Y2n =GXop1 5 Yons1 = FXpp
(ii) y,n EK= y,, =Mx,, or y,, € K= Mx,, € K and

d(NXZn—llMXZn) + d(MXZn' YZn) = d(NXZn—l' YZn)
(i) Y2n+1 € K= Yony1 = NXppiq 0 y2,41 € K= Nxpp4q € 0Kand

d(MXan NX2n+1) + d(NX2n+1' YZn+1) = d(MXZn' YZn+1)

We denote Py = {Mxy; € {Mx,, }: MXy; = vy}

P = {Mxy; € {Mx;,}: Mxy; # yy;}

Qo = {Nxzi41 € {NX2n 41} NXpi41 = Y241}

Q = {Nxzi41 € {NXpn11 1 NXpipq # Vi)
We observe that (Mx,,, NXy,,.1) € P, X Q;as if Mx,, € P, then y,, # Mx,, and we infer that
Mx,, € 0K = y,,.1 = Fx,, € K.. Hence y,,,1 = NX,,41 € Q. Similarly one can argue that
(Mx,,_1,Nx,,) € Q; X P,. There arise three cases :
Case I : (Mx,,, NX5n41) € Py X Qp

Q)(d(MszNXZnH)) = (Z)(d(YZWYZn+1))

= Q)(d(GXZH—l: FXZn))

= Q)(d(FXZW GXZn—l))

=c maX{@(d(MXZm NXZn—l))' Q(d(MXZn' FXZn))' Q(d(GXZH—l’ NXZn—l))’
B(d(Mxzn, Gxon-1)) + B(d(Fxan, Nxzn-1))}

=c maX{@(d(MXZn: NXZn—l))' Q(d(MXZn' NX2n+1))' Q)(d(MXZrU NXZn—l))’
B(d(Mxzn, Mx2,)) + B(d(Nxn 41, Nxz-1))}

=c maX{@(d(MXZm NXZn—l))' Q(d(MXZn' NX2n+1))' Q)(d(MXZrU NXZn—l))’
B(d(Mxan, Nxzn 1)) + B(d(Mszy, Nxoy 1))}

= B(d(Mxgy, Nxon 1)) + B(d(Mxgp, Nxzy 1))

Thus @(d(Mxzy, Nxzn+1)) < 7= 0(d(Mxzn, NXzp 1))
Case I : (Mx,, Nxp,41) € Py X Qg

B(d(Mxzy, Nxzn41)) = B(d(Mxzy, Y2n41)) = B(dG2n, Yan+1))
= i @(d(Mxy,, NX5,_1)) [From Case I

Case III: (Mx,,, Nx,,,.1) € P, X Qq
®(d(MX2n:NX2n+1)) = Q)(d(MXZnJYZn+1))

< B(d(Mxz4,¥20)) + B(d V20, Y2n41))

< 0(d(Mxzp,y20)) + 0(d(Bxzn—1, Axzy))

< 0(d(Nxzp-1,¥20)) + ¢ max{@(d(Nxz,_1,¥2,)), B(d(Mxz5, NX3541)),
O(d(NXzn—1,¥20)), (d(Mx;p,¥20)) + B(d(Nx_1, Nxp41))}

< @(d(Nxzp-1,y20)) + ¢ max{@(d(Nxz,_1,¥20)), B(d(Mx;,, Nx541))
O(d(NXzn—1,¥20)), O(d(NXzp_1,¥20)) + BO(d(NXp,_1, Mx,,)) +
B(d(Mxzp , Nxgn11))}

< O(d(Nxzy-1,¥20)) + ¢ {B(d(NX5_1,¥20)) + O(A(NXp,_1,Mxp,) ) +
?(d(Mxz, ,Nx;,11))}

1+2c¢
1—c

Therefore, @(d(Mx,,, Nxp,41)) < B(d(Nxp_1,¥2n))
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1+2
< c

=05 B(d(Mxzn 5, NXap 1))

Thus in all the three cases
i o] (1 2 )
Q)(d(MXZn' NX2n+1)) = mam{{alc: (Z)(d(MXZn' NXZn—l)) 'C(ljc); Q)(d(MXZn—Z »NXZn—l))}
=k max‘lﬁw(d(MXZn' NXZn—l)) ’ ®(d(lv[XZn—Z , NXZn—l))}

where k = maxi?{%lc: ,%} < 1. By induction , for n = 1, we have
B(d(Mxpn, NXp041)) < k™8 and  @(d(Nxyy 41, MX,y4,)) < kK"H1/28
where § = k™/2max{ip(d(Mx,, Nx;)), B(d(Nx,, Mx,))}
The sequence {Mxg, Nx;, Mx,, NX5, ... MX,,,, NX,, ;1 } is Cauchy .Hence there exists at least one
subsequence {Mx,, } or{Nx,,,,} which is contained in P, or Q, respectively and converges to q € K.
Since Kis a closed subset of a complete metric space (X, d),therefore
q= 111_{2 NxXyp41 = &Ln; Mx,, (3.1.1)

By hypothesis there exists a sequence {n; } in N such that
MXon,, = GXapy—1 Of NXop, 41 = Fxop
We observe
0 (d(FFxy0,, GGXzp, 1) ) < ¢ max{® (d(MFxgn,, NGy, 1)) 0 (d(MFxzp,  FFx,,) )

0 (d(MFx0,, GGXgn, 1)) + @ (d(FFxz0,, NGXz, 1) )}
Letting k — oo, from (3.1.1) , proposition 2.3(i) and (ii) we have
(Z)(d(Mq, Nq)) <c max{(Z)(d(Mq, Nq)), (D(d(Mq, Mq)), (D(d(Nq,Nq)), (D(d(Mq, Nq)) +
#(d(Mgq,Nq))}

< c max{@(d(Mq,Nq)),0,0,26(d(Mq,Ng))}

= 2c@(d(Mq,Nq))}
which shows that @(d(Mg, Nq)) = 0, since ¢ < % .Thus showing

Mg=Nq (3.1.2)

Now ,
0 (d(FFxyp,,Ga)) < ¢ max{® (d(MFxy,,Nq)), 8 (d(MFx,,,, FFx,, ), 8(d(Ga, Ng),

0 (d(MFx;,,,Gq)) + 9 (d(FFxn,,Nq) )3
=c max{@(d(Mq, Nq)), (Z)(d(Mq, Mq)), (Z)(d(Gq,Nq)), (Z)(d(Mq, Gq)) +
?(d (Mg, Ng))}
Letting k = oo, (3.1.1), (3.1.2) and proposition 2.3 (i)
@(d(Mq, Gq)) < c@(d(Ng,Gq)) = c@(d(Mq, Gq)).This gives
Mq = Gq since c<%.

1) (d(FszHk, GXan_l)) < cmax{@ (d(MFXZHk. NX2nk_1)). ? (d(FFXan' MFXan)):
? (d(GXan—p NXan—1)) ,0 (d(FFXan' NXan—1)) +

0 (d(MFXan» NXan—1))}
Letting n — oo , proposition 2.3 (i) and (3.1.1) gives
#(d(Mq,q)) < c max{¢(d(Mq,q)), #(d(Mq,Mq)),8(d(q, 1)), 2(dMq, 1)) + (d(Mq, q))}
Thus (1 — 2c)@(d(Mq, q)) < 0 which gives Mq = q since ¢ < % )
From (3.1.2) and (3.1.3) we have
Mq =Gq=Nq=q L. 3.1.4)
Also
?(d(Fq,Gq)) < c max{@(d(Mq,Nq)), ®(d(Mq, Fq)), #(d(Gg, Nq)), 8(d(Mq, Gq)), 8(d(Fq, Nq) )}

From (3.1.4) we get

?(d(Fq,q)) < c max{0,®(d(q,Fq)),0, 8(d(Fq,q))} showing Fq=q

Hence Mq = Nq = Gq = Fq = q.To prove the uniqueness of this point , let there be another point t
such that Mt = Nt = Gt = Ft = q.Then

?(d(Fq,Gt)) < ¢ max{@(d(Mq,Nt)), ?(d(Mq, Fq)), 3(d(Gt,Nt)), #(d(Mq, Gt)) + B(d(Fq,Nt))}
which, from above discussion ,yields
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8(d(q, 1) < c max{9(d(q, 1), 8(d(q, 0)), 8(d(t, V), 8(d(q, ) + B(d(a, 1))}
Thus (Z)(d(q, t)) = 0 giving us q = t. Therefore the common fixed point is unique.This proves the
result.
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