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Abstract:  In this paper we have found that if a Kenmotsu manifold with a Killing vector field satisfies gradient 

Ricci soliton equation then the smooth function 𝑓 is either constant or 𝛻𝑓 is orthogonal to the Killing vector 

field.  
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I. Introduction 
In differential geometry, the Ricci flow is an intrinsic geometric flow, which was introduced by R. 

Hamilton [1]; [2] in 1982. But Ricci flow has got popularity after G. Perelman [3]; [4] used this to prove the 

Poincar`e conjecture and the sphere theorem. 
The Ricci flow is a process that deforms the metric of a Riemannian manifold in a way formally 

analogous to the diffusion of heat, smoothing out irregularities in the metric. the Ricci flow equation is given by 

the following geometric evolution equation 

 
∂gij

∂t
= −2Rij .                                                                                                                       (1.1) 

 

Where gij  is Riemannian metric, Rij  is Ricci tensor on the manifold M of dimension n. 

The concept of Ricci soliton was also introduced by R.S.Hamilton [5] in mid 80's. Ricci solitons[6] are 

natural generalizations of Einstein metrics. A Riemannian manifold (M, g) is called a Ricci soliton if there exits a 

smooth vector field X such that the Ricci tensor satisfies the following equation 

 

Ric +
1

2
£X g = λg,                                                                                                              (1.2) 

 

for some constant λ and £X  is the Lie-derivative. 

The Ricci soliton is called a gradient Ricci soliton[7] if X = ∇f, for some smooth function f on M. Ricci 

solitons are also correspond to self similar solutions of Hamilton's Ricci flow and often arise as limits of dilations 

of singularities in the Ricci flow. Presently lots of renowned scientists like H.D. Cao [8];[9], Chau [10], Chu 

[11], A.S. Dancer [12], Derdzinski [13], Ivey[14], Emineti, Fang, Feldman are working on Ricci flow. 

As Ricci soltions are generalization of Einstein manifolds, one may look for new examples in the class 

where there are Einstein manifolds. A rich class of Einstein manifolds has been found in the class of Sasakian 

manifolds [15,16,17,18,19,20,21]. Chenxu and Meng [22] on their paper have shown that a Sasakian metric 
which also satisfies the gradient Ricci soliton equation is necessarily Einstein. Similar question aries in Kenmotsu 

manifold, i.e. does there exist a gradient Ricci soliton on Kenmotsu manifold which is not Einstein? We have tried 

to find out this in our paper. 

 

II. Preliminaries 
An (2m + 1)  dimensional smooth manifold M  is said to be an almost contact metric structure 

(ϕ, ξ, η, g)[23,24] consisting of a tensor field ϕ of type (1,1), a vector field ξ, a 1 − form η and a Riemannian 

metric g compatible with (ϕ, ξ, η) satisfying  
 

ϕ2 = −I + η ⊗ ξ, η ξ = 1, ϕ ξ = 0, ηoϕ = 0,                                                             (2.1) 
 

g ϕX,ϕY = g X, Y − η X η Y .                                                                                       (2.2) 

 

 An almost contact metric manifold is said to be Kenmotsu manifold [25,26,27,28,29] if 

 
 ∇Xϕ Y = g ϕX, Y ξ − η Y ϕ X ,                                                                                      (2.3) 
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∇Xξ = X − η X ξ.                                                                                                                     (2.4) 

 

 Where ∇ denotes the Riemannian connection on M. 

 

 In Kenmotsu manifolds the following relations hold: 
 

R X, Y Z = g X, Z Y − g Y, Z X,                                                                                          (2.5) 

 
 ∇Xη Y = g ϕX,ϕY ,                                                                                                              (2.6) 

 

η R X, Y Z = η Y g X, Z − η X g Y, Z ,                                                                       (2.7) 

 

R X, Y ξ = η X Y − η Y X,                                                                                                   (2.8) 

 

R ξ, X Y = η Y X − g X, Y ξ                                                                                                (2.9) 

 

  and                R ξ, X ξ = X − η X ξ.                                                                                                         (2.10) 

 

Now we shall prove a theorem on gradient Ricci soliton on Kenmotsu manifold. 

 

III. Result: 
Theorem: If (M2m+1 , g) is a Kenmotsu manifold with Killing vector field ξ satisfies the gradient Ricci soliton 

equation, then either f is a constant function i.e. (M, g) is an Einstein manifold or ∇f is orthogonal to ξ. 
 

Proof: 

From the equation (2.5), we get  

 

R Y, ξ Z = g Y, Z ξ − g ξ, Z Y                                                                                                  (3.1) 

 

for vector fields Y, Z ∈ TM. 

 

 Let D ⊂ TM, be the distribution defined by η(Y) = g(Y, ξ) = 0, for Y ∈ D. 

 

Now for Y ∈ D and Z ∈ TM,we have  

 

`R(Y, ξ, Z, Y) = g(R(Y, ξ)Z, Y) 

                                       = η(Y)g(Y, Z) − g(Z, ξ)|Y|2 
 

i. e. `R(Y, ξ, Z, Y) = −g(Z, ξ)|Y|2 .                                                                                              (3.2) 
 

Now if we take Y = ei , where ei (i = 1,2,3, . . . ,2m + 1), is an orthonormal basis of the tangent space TpM, we 

have 

 

Ric ξ, Z = −2mg Z, ξ .                                                                                                             (3.3) 

 

Again from (2.5), we have R(Y, ξ)ξ = g(Y, ξ)ξ − g(ξ, ξ)Y.  
 

So, g(R(Y, ξ)ξ, X) = g(Y, ξ)g(ξ, X) − g(ξ, ξ)g(Y, X). But as η(Y) = g(Y, ξ) = 0, for Y ∈ D, we have 

 

`R X, ξ, ξ, Y = −g X, Y .                                                                                                        (3.4) 

 

Now if we take Lie derivative to the Ricci soliton equation(1.2), we get 

 

(£X g)(ξ, W) = 2(λg(ξ, W) − Ric(ξ, W)). 
 

Using (3.3), and using the fact that g is a Riemainnian metric, we get after a brief calculation 

 

g ∇ξX, W + g ξ, ∇W X = 2 λ + 2m g ξ, W .                                                           (3.5) 
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Now if we put W = ξ; we get 

 

g ∇ξX, ξ = λ + 2m.                                                                                                          (3.6) 

 

Since  ∇ξg  X, ξ = 0, which implies  ∇ξg(X, ξ) = g(∇ξX, ξ) + g(X, ∇ξξ). 
 

Now considering ξ as a Killing vector field, we have ∇ξξ = 0. 

 

⇒ ∇ξg(X, ξ) = g(∇ξX, ξ).  

 

Using this, (3.6) can be reduced to 
 

∇ξg X, ξ = λ + 2m.                                                                                                      (3.7) 

 

We know for a Killing vector field ξ,  £ξ(£X g) = 0. 
 

⇒ (£ξ(£X g))(Y, Z) = 0, for Y, Z ∈ TM. 
 

Now using definition of Lie derivative and g as a Riemannian metric we get 

 

∇ξ{Xg(Y, Z) − g(∇X Y, Z) − g(Y, ∇X Z) + g(∇Y X, Z) + g(Y, ∇ZX)} − {∇X g(∇ξY, Z) 

 

−∇X g(∇Yξ, Z) − g(∇X (∇Yξ − ∇ξY), Z) + g(∇[ξ,Y]X, Z) − g(∇ξY − ∇Yξ, ∇X Z 

 

−∇ZX)} − {∇X g(Y, ∇ξZ − ∇Zξ) − g(∇X Y − ∇Y X,∇ξZ − ∇Zξ) 

 

−g(Y, ∇X (∇ξZ − ∇Zξ)) + g(Y, ∇[ξ,Z]X)} = 0. 

 

Now as (∇X g)(Y, Z) = Xg(Y, Z) − g(∇X Y, Z) − g(Y, ∇X Z) = 0; we have 

 

∇ξ(g(∇Y X, Z) + g(∇ZX, Y)) − {∇X g(∇ξY, Z) − ∇X g(∇Yξ, Z) − g(∇X∇Yξ, Z) 

 

+g(∇X∇ξY, Z) + g(∇[ξ,Y]X, Z) − g(∇ξY,∇X Z) + g(∇ξY,∇ZX) + g(∇Yξ,∇X Z) 

 

−g(∇Yξ, ∇ZX)} − {∇X g(Y,∇ξZ) − ∇X g(Y,∇Zξ) − g(∇X Y, ∇ξZ) + g(∇X Y, ∇Zξ) 

 

+g(∇Y X,∇ξZ) − g(∇Y X,∇Zξ) − g(Y, ∇X∇ξZ) + g(Y, ∇X∇Zξ) 

 

+g(Y, ∇ ξ,Z X)} = 0.                                                                                                                  (3.8) 

 

If we put Z = ξ and Y ∈ D in the above equation, we get 

 

∇ξg ∇Y X, ξ + ∇ξg ∇ξX, Y − ∇X g ∇ξY, ξ + ∇X g ∇Yξ, ξ − g ∇X∇Yξ, ξ − g ∇X∇ξY, ξ 

= 0                                                                                                                               (3.9) 
 

 

 In (3.9) we can put the following results : 

 

 i ∇ξg ∇YX, ξ = g ∇ξ∇Y X, ξ ;                              

 

(ii)∇ξg(∇ξX, Y) = g(∇ξ∇ξX, Y) + g(∇ξY,∇Xξ); 
 

(iii)∇X g(∇ξY, ξ) = g(∇X∇ξY, ξ) + g(∇ξY,∇Xξ); 
 

(iv)∇X g(∇Yξ, ξ) = g(∇X∇Yξ, ξ) + g(∇Yξ,∇Xξ). 
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 Using the above results in equation (3.9), it will reduce into the equation  

 

`R(ξ, Y, X, ξ) + g(∇Y∇ξX, ξ) + g(∇ξ∇ξX, Y) − 2g(∇X∇ξY, ξ) + g(∇Yξ, ∇ξX) = 0. 

 

Now as Y ∈ D, i. e.  ∇ξY = ∇Yξ = 0, the equation reduces to 

 

`R X, ξ, ξ, Y + g ∇ξ∇ξX, Y + g ∇Y∇ξX, ξ = 0                                                              (3.10) 

 

Also we have  

 

(∇Y g)(∇ξX, ξ) = ∇Y g(∇ξX, ξ) − g(∇Y∇ξX, ξ) − g(∇ξX, ∇Yξ), 
 

which implies g(∇Y∇ξX, ξ) = ∇Y g(∇ξX, ξ).  

 

Using this in (3.10) the equation becomes 

 

`R X, ξ, ξ, Y + g ∇ξ∇ξX, Y + ∇Y g ∇ξX, ξ = 0.                                                          (3.11) 

 

From (3.6), we have g(∇ξX, ξ) = λ + 2m. 
 

⇒ ∇Y g(∇ξX, ξ) = 0. 

 

So (3.11) becomes `R(X, ξ, ξ, Y) + g(∇ξ∇ξX, Y) = 0. 
 

Now using (3.4), we have 

 

g(∇ξ∇ξX, Y) = g(X, Y). 
 

⇒ ∇ξ∇ξX = X,  for all Y. 
 

If the soliton is gradient Ricci soliton then X = ∇f, for some smooth function f. So for gradient Ricci soliton we 

have 

 

∇ξ∇ξ∇f = ∇f.                                                                                                                              (3.12) 

 

From (3.6), we have ∇ξ(g(∇ξX, ξ)) = 0. 
 

⇒ g(∇ξ∇ξX, ξ) + g(∇ξX, ∇ξξ) = 0. 
 

⇒ g(∇ξ∇ξX, ξ) = 0, since ξ is a Killing vector field. 

 

Putting X = ∇f and using (3.12), we have 

 

g ∇f, ξ = 0.                                                                                                                               (3.13) 

 

So we can conclude that either ∇f is orthogonal to ξ or f is a constant function. This completes the proof.  
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