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Abstract: The aim of this paper to introduce and study fuzzy 𝛿-open set and the relations of some other class of 

fuzzy open sets like (R-open set ,𝜃-open set , 𝛾-open set , ∆-open set) , introduce and study some types of  fuzzy 

𝛿-separation axioms in fuzzy topological space on fuzzy sets and study the relations between of  themand  study 

some properties and theorems on this subject  

 

I. Introduction 
The concept of fuzzy set was introduced by Zedeh in his classical paper [1] in 1965.The fuzzy 

topological space was introduced by Chang [2] in 1968. Zahran [3] has introduced the concepts of fuzzy δ-open 

sets, fuzzy δ-closed sets, fuzzy regular open sets, fuzzy regular closed sets. And LuayA.Al.Swidi,AmedS.A.Oon 

[15] introduced the notion of γ-open set, fuzzy γ-closed set and studied some of its properties. N.V.Velicko[9] 

introduced the concept of fuzzy θ-open set, fuzzy θ-closed set,the fuzzy separation axioms was defined 

bySinha[10],And Ismail Ibedou[7]introduced anewsetting of fuzzy separation axioms. The purpose of the 

present paper is to introduce and study the concepts of fuzzy δ-open sets and some types of fuzzy open set and 

relationships between of them and study some types of fuzzy δ-separation axioms in fuzzy topological space on 

fuzzy sets and study the relationships between of them and we examine the validity of the standard results.   

 

1 .fuzzy topological space on fuzzy set 

Definition 1.1 [4]Let X be a non empty set, a fuzzy set Ã in X is characterized bya function  μ
Ã
:  X → I  , where                     

I  =  [ 0 ,1 ] which is written as Ã  =  {( x , μ
A 

(x) ) :  x ∈ X  , 0  ≤  μ
A 

(x)≤  1}, the collection of all fuzzy sets in 

X will be denoted by IX ,that is  IX= { Ã : Ã is a fuzzy sets in X} where μ
Ã
 is called the membership function . 

 

Proposition1.2 [5]                                                                                                                                                   

Let Ã and B̃ be two fuzzy sets in X with membership functions μ
Ã
 and μ

B̃
respectively then for all x ∈ X : - 

1. Ã     B̃    ↔    μ
A 

(x)≤  μ
B̃

(x). 

2. Ã   =   B̃     ↔    μ
A 

(x)=   μ
B̃

(x). 

3. C̃ = Ã ∩B̃   ↔   C(x)  =  min{μ
A 

(x) , μ
B̃

(x) }. 

4. D̃ = Ã ∪ B̃   ↔   D(x)  =  max{μ
A 

(x), μ
B̃

(x)}. 

5. B̃
c
the complement of  B̃ with membership function μ

B̃
c (x)=  μ

A 
(x)– μ

B̃
(x) . 

 

Definition1.3 [4]  

A fuzzy point xr is a fuzzy set such that :  

μ
xr

(y)=    r  >0      if   x  =  y ,   ∀  y ∈   X     and    μ
xr

(y)=    0     if    x ≠  y  , ∀  y ∈   X      

The family of all fuzzy points of Ã will be denoted by FP(Ã) . 

 

Remark 1.4 [6] : Let   Ã ∈  IX   then    P(Ã)   =  { B̃ : B̃ ∈  IX  , μ
B̃

(x) ≤ μ
A 

(x)  } ∀x ∈ X . 

 

Definition 1.5 [4]  

 A collection T̃ of a fuzzy subsets of Ã , such that T̃ P(Ã) is said to be fuzzy topology on Ã if it satisfied the 
following conditions 

1. Ã   ,ϕ ∈  T͂ 

2. If    B̃ , C̃ ∈  T͂    then    B̃ ∩ C̃ ∈ T͂ 

3. If    B̃j ∈   T͂       then     ∪j B̃j ∈  T͂ , j ∈ J 

 (Ã , T͂) is said to be Fuzzy topological space and every member of T͂ is called fuzzy open set  in Ã  and its 

complement is a fuzzy closed set . 
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2. On some types of fuzzy open set 

Definition 2.1 [8,11,12,13,14]  

 A fuzzy set B̃ in a fuzzy topological space (Ã ,T͂) is said to be 

1) Fuzzy  δ-open [resp.Fuzzyδ-closed set ] set if  μ
Int  Cl  B   

 x ≤ μB  x  

[μB̃(x) ≤ μCl (Int  B  )(x)]The family of all fuzzy δ-open sets [resp. fuzzy δ-closed sets ]                                          

in a fuzzy topological space (Ã  ,T͂) will  be denoted by FδO(Ã) [resp. FδC(Ã)] 

2) Fuzzy regular open [Fuzzy regular closed ] set if :  

𝜇𝐵 ̃(𝑥)=  𝜇𝐼𝑛𝑡 (𝐶𝑙 𝐵  )(𝑥)[𝜇𝐵 ̃(𝑥)=  𝜇𝐶𝑙 𝐼𝑛𝑡  𝐵   (𝑥)] , The family of all fuzzy regular open   [fuzzy regular closed ]set  

in Ã will be denoted by FRO(Ã)[ FRC(Ã)]. 

3) Fuzzy ∆-open set if for every point 𝑥𝑟 ∈ B̃ there exist a fuzzy regular semi -open set 𝑈  in  Ã such that  

𝜇𝑥𝑟
(𝑥) ≤ 𝜇𝑈 (𝑥) ≤ 𝜇𝐵 ̃(𝑥) , B̃ is called [Fuzzy ∆-closed ] set if its complement is Fuzz∆-open set the family of 

all Fuzzy ∆-open [Fuzzy ∆-closed ] sets in Ã will be denoted by F∆O(Ã)[ F∆C(Ã)]. 

 

4) Fuzzy  𝛾 − 𝑜𝑝𝑒𝑛 [ 𝛾 − 𝑐𝑙𝑜𝑠𝑒𝑑 ] set if  

𝜇𝐵 ̃(𝑥) ≤max {𝜇𝐼𝑛𝑡 (𝐶𝑙 𝐵 ̃ )(𝑥), 𝜇𝐶𝑙(𝑖𝑛𝑡  𝐵  ) 𝑥 } , [𝜇𝐵 ̃(𝑥) ≥ min {𝜇𝐼𝑛𝑡 (𝐶𝑙 𝐵 ̃ )(𝑥), 𝜇𝐶𝑙(𝑖𝑛𝑡  𝐵  ) 𝑥 }] The family    of all 

fuzzy 𝛾 – open [fuzzy 𝛾 – closed] sets in Ã   will be denoted by  F𝛾𝑂(Ã) [ F𝛾𝐶(Ã)]. 

5) Fuzzy 𝜃-open [ 𝜃-closed ] set if 𝜇𝐵  𝑥  =𝜇𝜃𝐼𝑛𝑡  𝐵  (𝑥) ,  [ 𝜇𝐵  𝑥  =  𝜇𝜃𝐶𝑙(𝐵 )(𝑥)]   

     The family of all fuzzy 𝜃-open (fuzzy 𝜃-closed ) sets in Ã will be denoted by F𝜃𝑂(Ã) [F𝜃C(Ã)]. 

 

Proposition 2.2 

  Let (Ã , T̃) be a fuzzy topological space then : 

1) Every fuzzy 𝛿-open set (resp. fuzzy 𝛿-closed set) is fuzzy ∆-open set (resp.fuzzy ∆-closed set) [fuzzy 

𝛾-open set (resp.fuzzy 𝛾-closed set ) ]. 

2) Every fuzzy𝜃-open set (resp. fuzzy 𝜃-closed set) is fuzzy 𝛾-open set (resp. fuzzy 𝛾-closed set) [fuzzy 

𝛿-open set (resp. fuzzy 𝛿-closed set , fuzzy ∆-open set (resp.fuzzy ∆-closed set) ] 

3) Every fuzzy regular open set (fuzzy regular closed set ) is fuzzy 𝛿-open set (resp. fuzzy 𝛿-closed set) 

[fuzzy 𝛾-open set(resp. fuzzy 𝛾-closed set) , fuzzy∆-open set(resp.fuzzy ∆-closed set )] 

 

Proof : Obvious . 

 

Remark 2.3 

The converse of proposition (2.2) is not true in general as following examples shows 

 

Examples 2.4 

1) Let X = { a , b } and  𝐵  ,  𝐶  ,  𝐷   are fuzzy subset in 𝐴   where 

𝐴  = {( a , 0.9 ) , ( b , 0.9 ) } , 𝐵 = { ( a , 0.0 ) , ( b , 0.7 ) } ,𝐶  = { ( a , 0.8 ) , ( b , 0.0 ) },𝐷  = { ( a , 0.8 ) , ( b , 0.7 

) , The fuzzy topology defined on 𝐴   is  T͂ = { ∅ , 𝐴   ,  𝐵  ,  𝐶  ,  𝐷  } 

 The fuzzy set  𝐷  is a fuzzy ∆-open set but not  fuzzy𝛿 – open set (fuzzy regular open set , fuzzy 𝜃 – 

 open set). 

 let X = { a , b , c } and  𝐵  ,  𝐶  ,  𝐷   ,  𝐸 are fuzzy subset in 𝐴   where  

 𝐴  = {( a , 0.9 ) , ( b , 0.9 ) , ( c , 0.9 ) } , 𝐵 = { ( a , 0.3 ) , ( b , 0.3 ) , ( c , 0.4 ) }𝐶  = { ( a , 0.4 ) , ( b , 0.3 

 ) , ( c ,  0.4 ) } , 𝐷  = { ( a , 0.5 ) , ( b , 0.5 ) , ( c , 0.4 ) }𝐸  = { ( a , 0.6 ) , ( b , 0.6 ) , ( c , 0.7 ), The 

 fuzzy topology defined on 𝐴   is T͂ = { ∅ , 𝐴   ,  𝐵  ,  𝐶  ,  𝐷   ,  𝐸   } 

 The fuzzy set  𝐵  is a fuzzy 𝛾 – open set  but not  fuzzy  𝛿 – open set (fuzzy regular open set , fuzzy 𝜃 – 
 open set). 

2) Let   X  ={ a , b , c } and B̃  ,  C̃  , D̃ , Ẽ ,  𝐹  be fuzzy subsets of Ã  where: 

Ã =  {( a ,0.8 ) ,( b ,0.8 ) , ( c ,0.8 )} , B̃ = {( a ,0.1 ) , ( b ,0.1 ) , ( c ,0.2)} , C̃  = {( a ,0.2 ) , ( b , 0.1) , ( c 

,0.2)}𝐷 = {( a ,0.3 ) , ( b ,0.3 ) , ( c ,0.2 )} ,Ẽ  ={( a ,0.4 ) , ( b ,0.4 ) , ( c ,0.5 )} ,𝐹 = {( a ,0.3 ) , ( b ,0.3 ) , ( c ,0.3 )} 

The fuzzy topologies defined on Ã are  T͂  = {  𝜙  , Ã  , B̃ , C̃ , D̃ }The fuzzy set 𝐸  is  a fuzzy 𝛿-open set but not 

fuzzy regular open set (fuzzy 𝜃-open set ). 

 

Remark 2.5 

Figure - 1 – illustrates the relation between fuzzy 𝛿-open set and some types of fuzzy open sets. 



On some types of fuzzy separation axioms in fuzzy topological space on fuzzy sets 

DOI: 10.9790/5728-11140108                                      www.iosrjournals.org                                              3 |Page 

 
 

III. Some Types Of Fuzzy Separation Axioms 
Definition 3.1 

A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝜹 𝑻 𝟎 − space(F𝜹𝑻 𝟎 ) if for every pair of distinct fuzzy 

points 𝑥𝑟  , 𝑦𝑡 in Ã there exist  B̃ ∈ F𝛿O(Ã) such that either                      𝜇𝑥𝑟
(𝑥) < 𝜇𝐵 ̃(𝑥) , 𝑦𝑡 𝑞 B̃  or  𝜇𝑦𝑡

(𝑦) <

𝜇𝐵 ̃(𝑦), 𝑥𝑟 𝑞 B̃. 

 

Theorem 3.2 

 If (Ã , T̃) is a fuzzy𝛿𝑇 0- space then for every pair of distinct fuzzy points  𝑥𝑟   ,𝑦𝑡where 𝜇𝑥𝑟
(𝑥) < 𝜇𝐴 ̃(𝑥)  ,  

𝜇𝑦𝑡
(𝑥) < 𝜇𝐴 ̃(𝑥)  then  either     𝛿- cl(𝑥𝑟 ) 𝑞 𝑦𝑡   or  𝛿- cl(𝑦𝑡) 𝑞 𝑥𝑟  .  

 
Proof: -   

 Let 𝑥𝑟   ,𝑦𝑡  be two distinct fuzzy points such that  

𝜇𝑥𝑟
(𝑥) < 𝜇𝐴 ̃(𝑥)  ,  𝜇𝑦𝑡

(𝑥) < 𝜇𝐴 ̃(𝑥) then there exist a fuzzy 𝛿- open set B̃ such that either  𝜇𝑥𝑟
(𝑥) < 𝜇𝐵 ̃(𝑥) , B̃ 

𝑞 𝑦𝑡   or   𝜇𝑦𝑡
(𝑥) < 𝜇𝐵 ̃(𝑥)  , B̃ 𝑞 𝑥𝑟  

If  𝜇𝑥𝑟
(𝑥) < 𝜇𝐵 ̃(𝑥)  ,  𝐵 ̃ 𝑞 𝑦𝑡 then   𝐵 𝑐 𝑞 𝑥𝑟  , 𝜇𝑦𝑡

(𝑥) ≤ 𝜇𝐵 𝑐(𝑥) 

Since  𝐵 𝑐  is a fuzzy 𝛿- closed set therefore 𝜇𝛿𝑐𝑙 (𝑦𝑡)(𝑥) ≤ 𝜇𝐵 𝑐(𝑥) 

Hence  𝛿- cl(𝑦𝑡) 𝑞 𝑥𝑟  

Similarly if   𝜇𝑦𝑡
(𝑥) < 𝜇𝐵 ̃(𝑥),  B̃ 𝑞 𝑥𝑟      ■ 

 

Definition 3.3 : 

A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝜹 𝑻 𝟏 − space (F𝜹𝑻 𝟏 ) if for every pair of distinct fuzzy 

points 𝑥𝑟  , 𝑦𝑡 in Ã there exist two  B̃ , 𝐶 ∈ F𝛿O(Ã) such that     𝜇𝑥𝑟
(𝑥) < 𝜇𝐵 ̃(𝑥) , 𝑦𝑡 𝑞 B̃  and  𝜇𝑦𝑡

(𝑦) < 𝜇𝐶 (𝑦), 

𝑥𝑟 𝑞 𝐶 . 
 

Proposition 3.4 : 

Every fuzzy 𝛿𝑇 1  – space is a fuzzy 𝛿𝑇 0  – space . 

Proof :   Obvious . 

 

Remark 3.5 : 

The converse of proposition (3.4) is not true in general as shown in the following example . 

Example 3.6 : 

Let X={ a , b } and  𝐵  , 𝐶  , 𝐷   are  fuzzy subset of 𝐴   where:                                                                                         

𝐴  = {( a , 0.4 ) , ( b , 0.4 )} ,   𝐵  = {( a , 0.4) , ( b , 0.1)} ,𝐶  = {( a , 0.1 ) , ( b , 0.1 )} ,  𝐷  = {( a , 0.4 ) , ( b , 0.2 

)} ,𝐸  = {( a , 0.3 ) , ( b , 0.1)}, 𝑇  = { ∅  , 𝐴   , 𝐵  , 𝐶  , 𝐷  } be a fuzzy topology on 𝐴  and the F𝛿O(𝐴 ) = {∅  , 𝐴   , 𝐶  , 
𝐸  }   Then the space (𝐴  , 𝑇  ) is a fuzzy 𝛿𝑇 0  - space but notfuzzy 𝛿𝑇 1 – space 
 

Theorem 3.7:       

If ( Ã , T̃ ) is a fuzzy Topological space then the following statements are equivalents :   

1) ( Ã , T̃ ) is a fuzzy  𝛿𝑇 1  - space.  
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2) For every maximal fuzzy points 𝑥𝑟   , 𝑦𝑡 in Ã  , there exists  a fuzzy open nbhds sets Ũ  and Ṽ o f    𝑥𝑟   

and   𝑦𝑡  respectively in Ã  such that 𝜇𝑥𝑟
(𝑥)= min {{ 𝜇𝑈 ̃(𝑥),𝜇𝑈 ̃(𝑦)}, { 𝜇𝑥𝑟

(𝑥)  , 𝜇𝑦𝑡
(𝑦)}} and 𝜇𝑦𝑡

(𝑦)=   min {{ 

𝜇(𝑉 )(𝑥), 𝜇(𝑉 )(𝑦) } , { 𝜇𝑥𝑟
(𝑥) , 𝜇𝑦𝑡

(𝑦) }}. 

3) For every maximal fuzzy points 𝑥𝑟   , 𝑦𝑡 in Ã  , there exists a fuzzy 𝛿-open nbhds sets Ũ  and Ṽ of  𝑥𝑟   

and  𝑦𝑡  respectively in Ã  such that 𝜇𝑥𝑟
(𝑥)= min {{ 𝜇𝑈 ̃(𝑥),𝜇𝑈 ̃(𝑦)}, { 𝜇𝑥𝑟

(𝑥)  , 𝜇𝑦𝑡
(𝑦)}} and  𝜇𝑦𝑡

(𝑦)= min {{ 

𝜇(𝑉 )(𝑥), 𝜇(𝑉 )(𝑦) } , { 𝜇𝑥𝑟
(𝑥) , 𝜇𝑦𝑡

(𝑦) }}.  

 

Proof: 

( 1⟹ 2 ) :-  Let 𝑥𝑟   , 𝑦𝑡 ∈   MFP(Ã)  , ∃ Ũ   , Ṽ  ∈  F𝛿O(Ã)  

such that  𝜇𝑥𝑟
(𝑥) < 𝜇𝑈 ̃(𝑥) ,  𝑦𝑡 𝑞 Ũ  and  𝜇𝑦𝑡

(𝑦) < 𝜇(𝑉 )(𝑦), 𝑥𝑟 𝑞  Ṽ.then𝜇𝑥𝑟
(𝑥)=𝜇𝑈 ̃(𝑥)=𝜇𝐴 (𝑥)  , 

𝜇𝑦𝑡
(𝑦)+𝜇𝑈 ̃(𝑦) ≤ 𝜇𝐴 (𝑦)  and  

𝜇𝑦𝑡
(𝑦)=𝜇(𝑉 )(𝑦)=𝜇𝐴 (𝑦)  , 𝜇𝑥𝑟

(𝑥)+   𝜇(𝑉 )(𝑥) ≤ 𝜇𝐴 (𝑥)then  𝜇𝑈 ̃(𝑦)=   0   , 𝜇(𝑉 )(𝑥)=   0   , and   since   Ũ   , Ṽ  ∈  

F𝛿O(Ã)  then   Ũ   , Ṽ   ∈  T̃     

 Therefore   𝜇𝑥𝑟
(𝑥)= min {{ 𝜇𝑈 ̃(𝑥),𝜇𝑈 ̃(𝑦)}, { 𝜇𝑥𝑟

(𝑥)  , 𝜇𝑦𝑡
(𝑦)}}  

and𝜇𝑦𝑡
(𝑦)= min {{ 𝜇(𝑉 )(𝑥), 𝜇(𝑉 )(𝑦) } , { 𝜇𝑥𝑟

(𝑥) , 𝜇𝑦𝑡
(𝑦) }}.       

( 2⟹ 3 ) :-  Obvious. 

( 3 ⟹ 1 ) :-  Let   𝑥𝑛   , 𝑦𝑚 ∈  FP(Ã) , then every  𝑥𝑟   , 𝑦𝑡 ∈   MFP(Ã)  , there exist  Ũ  ,  Ṽ  ∈  F𝛿O(Ã)   such 
that 

𝜇𝑥𝑟
(𝑥)= min {{ 𝜇𝑈 ̃(𝑥),𝜇𝑈 ̃(𝑦)}, { 𝜇𝑥𝑟

(𝑥)  , 𝜇𝑦𝑡
(𝑦)}} and  

𝜇𝑦𝑡
(𝑦)= min {{ 𝜇(𝑉 )(𝑥), 𝜇(𝑉 )(𝑦) } , { 𝜇𝑥𝑟

(𝑥) , 𝜇𝑦𝑡
(𝑦) }}.  

then𝜇𝑥𝑟
(𝑥)=𝜇𝑈 ̃(𝑥)=𝜇𝐴 (𝑥)   ,   𝜇𝑈 ̃(𝑦)=   0   and   

𝜇𝑦𝑡
(𝑦)=𝜇(𝑉 )(𝑦)= 𝜇𝐴 (𝑦)   ,   𝜇(𝑉 )(𝑥)=   0  

then𝑦𝑡 𝑞 Ũ     and     𝑥𝑟 𝑞  Ṽ, Since 𝜇𝑥𝑛
(𝑥)  < 𝜇𝑥𝑟

(𝑥) and  𝜇𝑦𝑚
(𝑦) < 𝜇𝑦𝑡

(𝑦)   , ∀  n   , m ∈  I 

then𝜇𝑥𝑛
(𝑥) < 𝜇𝑈 ̃(𝑥),   𝑦𝑚 𝑞 Ũ and   𝜇𝑦𝑚

(𝑦)  < 𝜇(𝑉 )(𝑦)  ,  𝑥𝑛 𝑞 Ṽ Hence the space ( Ã , T̃ ) is a fuzzy 𝛿𝑇 1- space. 

■ 

Definition 3.8: 

A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝜹 𝑻 𝟐 − space (F𝜹𝑻 𝟐 ) if for every pair of distinct fuzzy 

points 𝑥𝑟  , 𝑦𝑡 in Ã there exist two  B̃ , 𝐶 ∈ F𝛿O(Ã) such that     𝜇𝑥𝑟
(𝑥) < 𝜇𝐵 ̃(𝑥) ,    𝜇𝑦𝑡

(𝑦) < 𝜇𝐶 (𝑦)   and  

𝐵 ̃ 𝑞 𝐶 . 
 

Theorem 3.9  : 

A fuzzy topological space (𝐴 , 𝑇 ) is a fuzzy 𝛿-𝑇 2  –space if and only if  min{𝜇𝜹𝑐𝑙  𝑈  (x) : 𝑈  is a fuzzy 𝛿-open set 

,𝜇𝑥𝑟
(𝑥) < 𝜇𝑈 ̃(𝑥) } < 𝜇𝑦𝑡

(𝑥) any fuzzy point such that  𝜇𝑦𝑡
(𝑥) < 𝜇𝐴 (𝑥) . 

 

Proof : 

(⟹)  Let (𝐴 , 𝑇 ) be a fuzzy 𝛿-𝑇 2  –space and 𝑥𝑟  ,  𝑦𝑡 be a distinct fuzzy points in 𝐴  such that 𝜇𝑥𝑟
(𝑥) < 𝜇𝐴 (𝑥) , 

𝜇𝑦𝑡
(𝑥) < 𝜇𝐴 (𝑥) and  

𝜇𝑦𝑛
(𝑥) = 𝜇𝐴 (𝑥) - 𝜇𝑦𝑡

(𝑥)then𝜇𝑦𝑛
(𝑥) < 𝜇𝐴 (𝑥) and there exists two fuzzy 𝛿-open set  𝑈  , 𝐺  in 𝐴  such that 

𝜇𝑥𝑟
(𝑥) < 𝜇𝑈 ̃(𝑥)  , 𝜇𝑦𝑛

(𝑥) < 𝜇𝐺 (𝑥) , 𝑈 𝑞 𝐺  , 𝜇𝑈 ̃(𝑥) ≤ 𝜇𝐺 𝑐(𝑥) and 

𝜇𝛿𝑐𝑙 (𝑈 )(𝑥) ≤ 𝜇𝛿𝑐𝑙 (𝐺 𝑐)(𝑥) = 𝜇𝐺 𝑐 (𝑥) 

Since 𝜇𝑦𝑛
(𝑥) < 𝜇𝐺 (𝑥)  and 𝜇𝑦𝑛

(𝑥) = 𝜇𝐴 (𝑥) - 𝜇𝑦𝑡
(𝑥),Then 

𝜇𝐴 (𝑥) - 𝜇𝑦𝑡
(𝑥) < 𝜇𝐺 (𝑥) ,𝜇𝐺 𝑐 (𝑥) < 𝜇𝐴 (𝑥) - 𝜇𝑦𝑛

(𝑥) and 𝜇𝐺 𝑐 (𝑥) < 𝜇𝑦𝑡
(𝑥) 

Since 𝜇𝛿𝑐𝑙 (𝑈 )(𝑥) ≤ 𝜇𝐺 𝑐(𝑥) < 𝜇𝑦𝑡
(𝑥) then  𝜇𝛿𝑐𝑙 (𝑈 )(𝑥) < 𝜇𝑦𝑡

(𝑥) 

Hence min{𝜇𝜹𝑐𝑙 𝑈 𝑖 (x) : 𝑖 = 1,……, n }< 𝜇𝑦𝑡
(𝑥) 

(⟸) Suppose that given condition hold ,𝑥𝑟  ,  𝑦𝑡 are distinct fuzzy points in 𝐴  such that 𝜇𝑥𝑟
(𝑥) < 𝜇𝐴 (𝑥) , 

𝜇𝑦𝑡
(𝑥) < 𝜇𝐴 (𝑥) and 

Let 𝜇𝑦𝑛
(𝑥) = 𝜇𝐴 (𝑥) - 𝜇𝑦𝑡

(𝑥)  then 𝜇𝑦𝑛
(𝑥) < 𝜇𝐴 (𝑥) 

And 𝜇𝛿𝑐𝑙 (𝑈 )(𝑥) < 𝜇𝑦𝑛
(𝑥) for every 𝜇𝑥𝑟

(𝑥) < 𝜇𝑈 ̃(𝑥) ≤ 𝜇𝛿𝑐𝑙 (𝑈 )(𝑥) 

, since 𝜇𝑦𝑛
(𝑥) = 𝜇𝐴 (𝑥) - 𝜇𝑦𝑡

(𝑥) 

Then 𝜇𝛿𝑐𝑙 (𝑈 )(𝑥) < 𝜇𝐴 (𝑥) - 𝜇𝑦𝑡
(𝑥)  and 𝜇𝐴 (𝑥) - 𝜇𝑦𝑛

(𝑥) < 𝜇𝛿𝑖𝑛𝑡 (𝑈 𝑐)(𝑥)hence  𝜇𝑦𝑡
(𝑥) < 𝜇𝛿𝑖𝑛𝑡 (𝑈 𝑐)(𝑥) 

let𝜇𝐺 (𝑥) =  𝜇𝛿𝑖𝑛𝑡 (𝑈 𝑐)(𝑥) and since 𝜇𝛿𝑖𝑛𝑡 (𝑈 𝑐)(𝑥) ≤ 𝜇(𝑈 𝑐)(𝑥),Then      

𝜇𝑦𝑡
(𝑥) < 𝜇𝐺 (𝑥)and𝜇𝐺 (𝑥) ≤ 𝜇(𝑈 𝑐)(𝑥) we get 𝑈 𝑞 𝐺  

Hence the space (𝐴 , 𝑇 ) is a fuzzy 𝛿-𝑇 2  –space   ∎ 
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Proposition 3.10 : 

Every fuzzy 𝛿𝑇 2  – space is a fuzzy 𝛿𝑇 1 – space . 

Proof :   Obvious . 
 

Remark 3.11 : 

The converse of proposition (3.10) is not true in general as shown in the following example . 

Example 3.12 : 

Let X={ a , b } and  𝐵  , 𝐶  , 𝐷  ,𝐸   are fuzzy subset of 𝐴   where:                                                                                         

𝐴  = {( a , 0.7 ) , ( b , 0.9 )},𝐵  = {( a , 0.5) , ( b , 0.0)} ,𝐶  = {( a , 0.0 ) , ( b , 0.7 )} ,𝐷  = {( a , 0.5 ) , ( b , 0.7 )},𝐸 = 

{( a , 0.1 ) , ( b , 0.8 )} , 𝐹 = {( a , 0.6 ) , ( b , 0.1 )} ,   𝑇  = { ∅  , 𝐴   , 𝐵  , 𝐶  ,𝐷 } be a fuzzy topology on 𝐴  and the 

F𝛿O(𝐴 ) = {∅  , 𝐴   , 𝐵  ,  𝐶  , 𝐷 , 𝐸  ,𝐹 }  then the space (𝐴  , 𝑇  ) is a fuzzy 𝛿𝑇 1 - space but not fuzzy𝛿𝑇 2  – space 

 

Definition 3.13: 

A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝜹 𝑻 
𝟐
𝟏

𝟐

− space (F𝜹𝑻 
𝟐
𝟏

𝟐

) if for every pair of distinct fuzzy 

points 𝑥𝑟  , 𝑦𝑡 in Ã there exist two  B̃ , 𝐶 ∈ F𝛿O(Ã) such that     𝜇𝑥𝑟
(𝑥) < 𝜇𝐵 ̃(𝑥) ,    𝜇𝑦𝑡

(𝑥) < 𝜇𝐶 (𝑥)   and  

𝛿𝑐𝑙(𝐵 ) 𝑞 𝛿𝑐𝑙(𝐶 ). 
 

Proposition 3.14 : 

Every fuzzy 𝛿𝑇 
2

1

2
- space is a fuzzy 𝛿𝑇 2- space . 

Proof : 

Let (𝐴  , 𝑇  )  be a fuzzy 𝛿𝑇 
2

1

2
- space , then every pair of distinct fuzzy points 𝑥𝑟  , 𝑦𝑡 in Ã there exist two  B̃ , 𝐶 ∈ 

F𝛿O(Ã) such that  𝜇𝑥𝑟
(𝑥) < 𝜇𝐵 ̃(𝑥) ,𝜇𝑦𝑡

(𝑥) < 𝜇𝐶 (𝑥)   and  𝛿𝑐𝑙(𝐵 )𝑞 𝛿𝑐𝑙(𝐶 ) 

Since 𝜇𝐵 ̃(𝑥) ≤ 𝛿𝑐𝑙(𝐵 ) ,  𝜇𝐶 (𝑥) ≤ 𝛿𝑐𝑙(𝐶 ) 

Then  We get   𝐵 ̃ 𝑞 𝐶 , hence (𝐴  , 𝑇  ) is a fuzzy  𝛿𝑇 2- space 

 

Remark 3.15 : 

The converse of proposition (3.14) is not true in general as shown in the following example  

 

.Example  3.16 : 

Let X={ a , b } and  , 𝐵 1 , 𝐵 2  , 𝐵 3 , 𝐵 4 ,𝐵 5 , 𝐵 6  , 𝐵 7 , 𝐵 8  , are fuzzy subset of 𝐴   where:                                                                                        

𝐴  = {( a , 0.9 ) , ( b , 0.9 )} ,   𝐵 1  = {( a , 0.8) , ( b , 0.1)} , 𝐵 2  = {( a , 0.0) , ( b , 0.7)} ,  

𝐵 3 = {( a , 0.8) , ( b , 0.7)},   𝐵 4 = {( a , 0.0) , ( b , 0.1)} ,   𝐵 5 = {( a , 0.0) , ( b , 0.9)} ,                            𝐵 6  = {( 

a , 0.8) , ( b , 0.9)} ,   𝐵 7 = {( a , 0.0) , ( b , 0.8)}    𝐵 8 = {( a , 0.8) , ( b , 0.0)} ,  𝑇  = { ∅  , 𝐴   , 𝐵 1 , 𝐵 2  , 𝐵 3  , 𝐵 4 

,𝐵 5 , 𝐵 6  } be a fuzzy topology on 𝐴  and the F𝛿O(𝐴 ) = {∅  , 𝐴   , 𝐵 1 , 𝐵 2  , 𝐵 4 , 𝐵 7  , 𝐵 8  }, then the space (𝐴  , 𝑇  )  is  

a fuzzy  𝛿𝑇 2- space but not fuzzy    𝛿𝑇 
2

1

2
 –space 

Definition 3.17: A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝜹- regular space ( F𝜹R) if for each 

fuzzy point 𝑥𝑟  in  Ã and each fuzzy closed set  𝐹  with  𝑥𝑟 𝑞 𝐹   there exists 𝐵  , 𝐶  ∈F𝛿O(Ã) such that  𝜇𝑥𝑟
(𝑥) ≤

𝜇𝐵̃(𝑥), 𝜇𝐹 (𝑥) ≤ 𝜇𝐶 (𝑥)∀ x ∈ X  and  𝐵 𝑞 𝐶  
 

Definition 3.18 : 

A fuzzy topological space ( Ã , T̃ ) is said to be  fuzzy 𝜹∗- regular space (F𝜹∗R) if for each fuzzy point 𝑥𝑟  in  Ã 

and each fuzzy 𝛿- closed set  𝐹  with  𝑥𝑟 𝑞 𝐹   there exists𝐵  , 𝐶  ∈F𝛿O(Ã) such that  𝜇𝑥𝑟
(𝑥) ≤ 𝜇𝐵̃(𝑥) , 𝜇𝐹 (𝑥) ≤

𝜇𝐶 (𝑥)∀ x ∈ X  and  𝐵 𝑞 𝐶  
 

Proposition 3.19 : 

Every fuzzy 𝛿- regular space is a fuzzy 𝛿∗- regular space. 

 

Proof:  Obvious . 

 

Remark 3.20 : 

The converse of proposition (3.19) is not true in general as shown in the following example 

Example 3.21 : 

Let X={ a , b } and  𝐵  , 𝐶  , 𝐷  ,𝐸  , 𝐹  is a fuzzy subset of 𝐴   where: 

𝐴  = {( a , 0.7 ) , ( b , 0.8 )} ,   𝐵  = {( a , 0.0 ) , ( b , 0.7)} ,𝐶  = {( a , 0.6 ) , ( b , 0.0)}  ,  𝐷   = {( a , 0.6 ) , ( b , 0.7 

)},  𝐸  = {( a , 0.7 ) , ( b , 0.0 )}  , 𝐹  = {( a , 0.0 ) , ( b , 0.8 )} 
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𝑇  = {∅  , 𝐴   , 𝐵  ,  𝐶  , 𝐷   }be a fuzzy topology on 𝐴  and  the F𝛿O(𝐴 ) = {∅  , 𝐴   ,𝐵  , 𝐶  , 𝐷  ,𝐸  , 𝐹  }  Then the space 

(𝐴  , 𝑇  ) is a fuzzy𝛿∗- regular space but not  fuzzy 𝛿- regular space. 

 

Definition 3.22:A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝜹 𝑻 𝟑 − space (F𝜹𝑻 𝟑 ) if it is𝛿- regular 

space ( F𝛿R)as well as fuzzy 𝛿 𝑇 1 − space (F𝛿𝑇 1 ) . 

 

Proposition 3.23 : 

Every fuzzy 𝛿𝑇 3- space is a fuzzy 𝛿𝑇 
2

1

2
- space .Proof : 

Let (𝐴 , 𝑇  )  be a fuzzy 𝛿𝑇 3  - space ,  

Then (𝐴 , 𝑇  )  be a fuzzy 𝛿 - regular space, for every fuzzy point  𝑥𝑟 ∈ FP(Ã) and  𝐹 ∈ FC(Ã)  

Such that  𝑥𝑟 𝑞 𝐹 , 𝐹  = 𝛿𝑐𝑙(𝐹 ) 

And since (𝐴 , 𝑇  )  be a fuzzy 𝛿𝑇 1 - space then We get {𝑥𝑟} is a fuzzy 𝛿-closed set 

Let  {𝑥𝑟} = 𝐵 is a fuzzy 𝛿-closed set 

Then  𝛿𝑐𝑙(𝐵 )𝑞 𝛿𝑐𝑙(𝐹 ) , hence (𝐴 , 𝑇  ) is a fuzzy  𝛿𝑇 
2

1

2
- space∎ 

 

Remark 3.24 :The converse of proposition (3.23) is not true in general as shown in the following example .  

Example  3.25 :Let X={ a , b } and  , 𝐵 1  , 𝐵 2 , 𝐵 3 , 𝐵 4 ,𝐵 5 , 𝐵 6 , 𝐵 7  , 𝐵 8 , 𝐵 9 , 𝐵 10  , 𝐵 11  , are fuzzy subset of 𝐴   
where:𝐴  = {( a , 0.8 ) , ( b , 0.9 )} ,   𝐵 1 = {( a , 0.8) , ( b , 0.0)} ,               𝐵 2 = {( a , 0.0) , ( b , 0.7)} ,   𝐵 3 = {( a 

, 0.8) , ( b , 0.7)}, 𝐵 4 = {( a , 0.1) , ( b , 0.9)} ,   𝐵 5 = {( a , 0.6) , ( b , 0.0)} ,  𝐵 6 = {( a , 0.1) , ( b , 0.0)} ,   𝐵 7 = 

{( a , 0.6) , ( b , 0.9)}                           𝐵 8  = {( a , 0.1) , ( b , 0.7)} ,   𝐵 9 = {( a , 0.6) , ( b , 0.7)} , 𝐵 10= {( a , 0.0) , 

( b , 0.8)} ,  𝐵 11  = {( a , 0.7) , ( b , 0.0)} ,𝑇  = { ∅  , 𝐴   , 𝐵 1 , 𝐵 2  , 𝐵 3  , 𝐵 4 ,𝐵 5 , 𝐵 6  , 𝐵 7 , 𝐵 8  , 𝐵 9 } be a fuzzy 

topology on 𝐴  and the F𝛿O(𝐴 ) = {∅  , 𝐴   , 𝐵 1  , 𝐵 2 , 𝐵 4 , 𝐵 5  , 𝐵 6 , 𝐵 7 , 𝐵 10  , 𝐵 11   }, then the space (𝐴  , 𝑇  )  is  a 

fuzzy 𝛿𝑇 
2

1

2
 - space but not fuzzyfuzzy 𝛿𝑇 3  – space . 

 

Definition 3.26 :A fuzzy topological space ( Ã , T̃ ) is said to be fuzzy 𝜹∗𝑻 𝟑 − space(F𝜹∗𝑻 𝟑 ) if it is𝛿∗- regular 

space ( F𝛿∗R) as well as fuzzy 𝛿 𝑇 1 − space (F𝛿𝑇 1  )  

 

Proposition 3.27 :Every fuzzy 𝛿𝑇 3- space is a fuzzy 𝛿∗𝑇 3 − space. 

 

Proof: Obvious  

Proposition 3.28 :Every fuzzy 𝛿∗𝑇 3- space is a fuzzy 𝛿𝑇 
2

1

2
- space . 

Proof: Obvious 

 

Remark 3.29: The converse of proposition (3.27)and (2.28) is not true in general  

 

Definition 3.30: 

A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝜹- normal space ( F𝜹N) if for each two fuzzy closed sets  

𝐹 1 and  𝐹 2in  Ã such that  𝐹 1 𝑞 𝐹 2 ,  there exists 

𝑈 1 , 𝑈 2  ∈F𝛿O(Ã) such that  𝜇𝐹 1
(𝑥) ≤ 𝜇𝑈 1

(𝑥) , 𝜇𝐹 2
(𝑥) ≤ 𝜇𝑈 2

(𝑥)  and  𝑈 1 𝑞 𝑈 2 . 

 

Definition 3.31: 

A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝛅∗- normal space ( F𝛅∗N) if for each two fuzzy δ-closed 

sets  F 1 and  F 2in  Ã such that F 1 q F 2 ,  there exists U 1 , U 2  ∈FδO(Ã) such that  μF 1
(x) ≤ μU 1

(x) , μF 2
(x) ≤

μU 2
(x)  and  U 1 q U 2 . 

 

Proposition 3.32: 

Every fuzzy δ- normal space is a fuzzy δ∗- normal space 

 

Proof:  Obvious . 

 

Definition 3.33: 

A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝛅 𝐓 𝟒 − space (F𝛅𝐓 𝟒 ) if it is 

δ-normal space ( FδN)as well as fuzzy δ T 1 − space (FδT 1 ) . 
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Definition 3.34: 

A fuzzy topological space ( Ã , T̃ ) is said to be fuzzy 𝛅∗𝐓 𝟒 − space (F𝛅∗𝐓 𝟒) if it isδ∗- normal space ( Fδ∗N)  as 

well as fuzzy δ T 1 − space (FδT 1 ) 

 

Proposition 3.35: 

Every fuzzy  δT 4 – space is a fuzzy δ∗T 4 − space 

 

Proof: Obvious 

 

Proposition 3.36 : 

Every fuzzy  δT 4 – space is a fuzzy δT 3 − space 

 

Proof: Obvious 

 

Remark 3.37: 

 

The converse of proposition (3.35) and (3.36) is not true in general 

Definition 3.38: 
A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝛅-completely normal if for any two fuzzy δ-separated 

sets B  , C  in Ã there exist  D  , E ∈FδO(Ã) such that μB (x) ≤ μD (x) ,                       μC (x) ≤ μE  x  and  D q E  

 

Definition 3.39: A fuzzy topological space ( Ã , T̃ ) is said to be Fuzzy 𝛅 𝐓 𝟓 − space (F𝛅𝐓 𝟓 ) if it isδ-

completely normal space   as well as fuzzy δ T 1 − space (FδT 1 ) . 

 

Proposition 3.40: 

Every fuzzy  δT 5 – space is a fuzzy δT 4 − space 

 

Proof: Obvious 

 

Remark 3.41 : 

The converse of proposition (3.40) is not true in general  

Remark 3.42 : 

Figure (2) illustrate the relations among a certain types of fuzzy 

δT i – space , i = 0 , 1 , 2 , 2
1

2
,3,4,5. 
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