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Abstract: In this paper we introduce Pythagorean matrices having column entries as odd or even, primitive or
non-primitive Pythagorean triplets. We have classified these matrices and have shown fundamental
characteristics. The second unit introduces certain square matrices which act on such Pythagorean matrices as
operators converting their status and order. In the next unit we have represented each column of a matrix of a
given class to represent an algebraic polynomial. Using integration, along with boundary condition on Libra
values interesting properties of primitive polynomials are derived. Graphs of given matrix polynomial and
primitive polynomial show important relations.
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I.  Introductions

In this paper, we have two important features to deal with. First we introduce the basic concepts of
Pythagorean triplets and classify them into four different categories. We have certain classical matrices which
when operated on the matrices of Pythagorean triplets of different classes result into corresponding set of
Pythagorean matrices of another classes. These operator matrices demonstrate many classical properties on
dealing them in connection to algebraic structural properties. The second part is a contribution to the novel
concepts of enjoining successive coefficients of column entries to algebraic polynomials and finding their
graphs. In addition, when they are dealt with on finding their primitives under some boundary conditions, they
yield giving matrices of higher order which also preserve the Libra value properties.

1. Familiesof Triplets:
(A) All about Some Pythagorean Triplet:
For a given positive integer ‘a’ if there exists positive integers b and h so that therelation
a’+b?=h? (2)
holds true then the integers a, b fmd h are kno\»n to form a Pythagorean triplets; generally denoted as (a, b, h).

We have, for thegivena, b = and h= Jo: somei* € N 2

There are many suggestions and known methods to find b and h but finally they end up giving the same result
that is obtained using the above formula (2) for somei* € N

(a) It can be seen that when aisan odd integer b is even and both casting h into an odd integer. In such cases i
isan odd positive integer. [In some cases there can exist more than one possible values of i which gives different
values of b and hence h too. In any casefor a>1, i =1, is guaranteed to give atriplet.]

(b) It can be seen that when a is an even integer b is odd and both casting h into an odd integer. In such casesi
is an even positive integer. [In some cases there can exist more than one possible values of i which gives
different values of b and hence h too. In any casefor a= 4, i = 2, isguaranteed to give atriplet.]

For given a= 3 in case of odd integers and in case of a being even, we consider a = 8**
We consider two forms as follows

1) (a b, h:b+1),whereb— o1 h=pr1=t
(2) (a b, h=b+2) , whereb =

a<b

(B) Odd Primitive Pythagorean Triplet: Let ‘a’ be an odd integer and an integer b such that

(a b) = 1 (condition forces b to be an even integer) then by given form (1) above, we have, for some positive
integer h, therelation a? + b? = h?;we call (a, b, h) is an odd primitive Pythagorean triplet. The stated condition
(2) above generates triplets of Plato tamily.

(C) Even Primitive Pythagorean Triplet: Let ‘a’ be an even integer and an integer b such that
(a, b) =1 (condition forces b to be an odd integer) then by given form (2) above, we have
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a’+b? =h?; wecdl (a b, h) isan even primitive Pythagorean triplet.

If we drop the condition (g, b) =1 then it is non-primitive even Pythagorean triplet.

In both cases above, we have

[** For a = 4, by condition (2) above, we get b = 3 and h = 5 ,which contradicts the stated condition that
a<b<h. Alsofor a=6, it generates a non-primitive triplet viz. (6. 8. 10) which is a non-primitive triplet as
(6,8 =2
At this stage, we note that even integers of the form (4n +2) Vn € N cannot generate primitive Pythagorean
triplets. (We have mentioned and proved this fact.)

(D) Families of Triplets:

In connection to the above reference of al points stated above, we construct two infinite set P; and P, defined as
follows.

Fora=(2n+1) v n €N, wedefine

P.={(a,b,h)|a,b,heN,a<b<h,(ab)=1b=

This structure defines all odd primitive triplets.*
Fora=(2n) v n =3, we define

P,={(a,b,h)|a b,heN,a<b<h, (a,b)=1,b=“24_4 Jh=bh+2,anda +b’=h% 4
This structure defines all even triplets.*

at-1
g

h=b+1ada+b’=h%} ©)

* Comment:

(1) To some natural numbers of the form (12 n+ 8) and (6n + 27) V n € N, there corresponds
more than one triplets but at this stage we focus on the triplets having characteristics shown
in the unit A (1) and (2) above.

(2) Positive integers of the 2(2n + 1) v n € N do not possess any primitive triplet.

(3) In addition to the above, we have also Fermat family, and Pythagoras family of triplets but

we focus on two sets P; and P, described above.

1. Pythagorean Matrices

(A) Odd Pythagorean Matrices: We define Pythagorean matrix denoted as, O a 3 x n wherea = 2k + 1
Vk €N and 3 x n is the order of the matrix. There are ‘n’ columns and each column vector represents a
Pythagorean triplet. Also, we follow the convention that the absolute difference between the first elements of
any two consecutive columns remains constant value p, p € N for a given matrix under consideration. In this
type, we have all odd triplet members cf the matrix from set P,
Ok +1, 3x n Fepresents a Pythagorean matrix having odd triplets equally spaced. A particular format of the above
formisgiven as follows.

[ @ a+p a+2p

a?-1  (a+p)*-1 (a+2p)*-1

Ox+1,3x3 =| 2 2 2 | wherea=2k+1;andp=2r, k,reN 5)
lﬁ (a+p)2+1  (a+2p)?+1
2 2 2
3 5 7
E.G.Fork=1,a=3,p=2andn=3,033x3=. |4 12 24]
5 13 25

(B) Even Pythagorean Matrices. We define Pythagorean matrix denoted as, E a 3 x n where a = 2k
Vk =23,keN ad n is the order There are ‘n” columns and each column vector
represents a Pythagorean triplet. Also, we follow the convention that the absolute difference  between the first
elements between any two consecutive columns remains constant for a given matrix under consideration. In this
type, we have al even triplet members of the matrix are from the set P,.
Thus E a 3 X n represents Pythagorean matrix having even triplets equally spaced. A
particular format of the above form is given asfollows.
a a+p a+2p
[a2—4 (a+p)*-4 (a+2p)*-4
Ex 3x3 = ¢« & 1 where a = 2k for all k =2 3; and p = 2r, k, r € N (6)
[ﬂ (a+p)*+4 (a+2p)?+4

4 4 4

6 8 10
E.G.Fork:3,a:6,p:2andn=3,E6,3x3:. [8 15 24]
10 17 26
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(C) S-Pythagoiean Matrices: 'We define S-Pythagorean matrix denoted as, Pa 3 x n where
a=2k,Vk =30ra=2k+1,ke N—{1}and3x nisitsorder. There are ‘n’ columns
and each column vector represents a Pythagorean triplet. Also we set-up a convention that  absolute difference
between the first element of any two consecutive columns remains unity.
If G and C; 4, for i = 1to n-1, are any two consecutive triplet columns of any S- Pythagorean matrix then
|agiva-agi]=1
The consecutive columns of the matrix, beginning with the first, represent sequence of either odd triplets and
even triplets or even triplets and odd triplets. We have seen that odd triplets are the members of the set P; and
even triplets of the set Ps.
General format of’ S-Pythagorean matrices of even and odd nature of the order 3 x 3 is shown below.

[ a+1 at+?2

a’-4  (a+1)’-1 (a+2)°-4

4 2 4 (8)

la2+4 (a+p)?+ 1 (a+2)%+4

Pac,ax3 =

4 2 4
Where, a= 2k forall k= 3; ora=2k +1foral k € N- {1}
The above matrix Py 33 represents the most general casein 3 x 3 type even matrices.
The reason to exclude k = 1 is that the next column will begin with a + 1 = 4 which generates a non- primitive
Pythagorean triplet (a, b, h) = (4, 3, 5) in the second column which violates the essential condition that a<b

6 7 8
E.G. Fork=3,a=6,andn=3, Pt',_]x3:|:8 24 15]
10 25 17
Now, we look for another case;
a a+1 a+ 2
a’*-1 (a+1¥-4 (a+2)*-1
Pos1,3x3 =l 2 4 2 wherea=2k+1foral k=2;ke N 9
lﬂ (a+1)%4+ 4 (a+2)?+1
2 4 )

The above matrix Py 11, 3 x 3 represents the most general case in 3 x 3 type odd matrices.

7 8 9
EG.Fork=3, a=7andn=3,P; 3x3= [ 24 15 40]
125 17 41
6 Fundamental Characteristics:
In the following notes we state some important characteristics of
(1) S-Pythagorean class either Py, 3x3and P 3x3
(2) (Odd) matrices of class O y+1,3x3
(3) (Even) matrices of class Ex 3x3

(A) Deter minant values:
(1) Matrices having column entries as S-Pythagorean triplets start from odd entry,

[ _ a+ 1 a+ 2 7
a’-1 (a+1)*-4 (a+2)*-1
Pusraxs= | 2z 4 2z foranya=2k +1;keN
la2+ 1 (a+1)%+4 (a+2)°+1
2 4 F
| Paws1, 3x 3| =d€L. Poxsa 333 = - (a_+3)2(_a1_) (10
= 6 7 (5+3).(5-1)
E.G. For k=2, |Pyu1,3x3| =det. [12 8 24]=-+ =-16.
13 10 25

(2) The Matrices having column entries as S-Pythagorean triplets start from even entry
a at+l at?2

a’-4 (a+1)®’-1 (a+2)°-4

P 3x3 = 4 2 4 For any a=2k, fork=3
a’+4  (a+1)®+1  (a+2)’+4
4 2 4

a(a+2)

| Pax, 3x 3| = det.Pay 33 = - (11)
6 7 B
E.G. For k = 3, det. [ 8 24 15] =-24,

10 25 17
(3) Now, we discuss the case (2) as mentioned above. We represent the most general format of odd matrices of

class 3x3.
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a a+p a+2p
a’-1  (a+p)®-1 (a+2p)*-1

Ox+1,3x3 = 2 2 2
a’+1  (a+p)?+1  (a+2p)?+1

2 2 2
We note that for any odd integera=2k+1>3andp=2n;ne€ N,
(12)

[Onc+1,3x3 | = det. (Op-1 543)=P°
E.G. For a = 3 and p= 2, the above matrix

3 5 7
O3,3X3= [4 12 24] andJO3.3X3|:p3:(2)3=8
5 13 25
for a= 7 and p = 4, the matrix is
7 11 15
O7,3x3:[24 60 112] and|07_3X3|:p3:(4)3:64
25 61 113

(4) Now, we discuss the case (3) as mentioned above. We represent the most general format
of even matrices of class 3x3.
a a+p a+2p
a’-4 (atp)®-4 (a+2p)-4
(13

Exs3x3= | 4 4 4
a’?+4  (a+p)’+4  (a+2p)’+4

4 4 4
We note that for any odd integera=2k 26and p=2n;ne€N,
| Eax axs | = det. (B zx3) = p° (14)
E.G. For a = 3 and p= 2, the above matrix is

6 8 10
E6,3X3:[8 15 24]andjE6_3x3|_p3:(2)3:8
10 17 26
For a =12 and p = 4, the matrix is
12 16 20
E12,3X3:[35 63 99]and|E12,3x3|:p3:(4)3:64
37 65 101

IV. Operator Matricesof class 1.
As apart of our published research work, we have categorized matrices in different classes and derived

many algebraic properties; we mention here the calling property of the first class.

Let A= (3;;)mxn bea matrix on thefield of real numbersR, vi=1tomandj=1ton. wherem,neN

If ¥, a;;= Constant for eachj =1, 2,....n.
i.e. I the sum of al the entries of a column for each one of the columns of the given matrix
A, remains the same real constant than the matrix is said to satisfy the property P;.

A set of matrices which observe the property P1 constitutes classl; denoted as CJ1.

CH={AlA=(ai)mxn, A satisfiesP; and L(A)=p; p € R for agiven matrix A} (15)
[L(A) iscalled Libra value, the constant sum value associated with the algebraic sum of
elements of each column of the given matrix under consideration.

(A) A PJ matrix of class-1:
We mention here the first matrix in the sequence of class-1 matrices; it is denoted as PJ.

1 3 6
PlJ=|-3 -8 -15|€(CJj1(3x3,L(P])=1) (16)
. 3 6 10 .
This matrix PJ will be known as the first Pythagor ean operator. It demonstrates many

classical properties but at this stage, we cite only two of them.
(1) From PJwe can write its n'™ product denoted as (PJ)

[32(2(1‘1 o 1)) 1 31'1(3;—1) 3n(32n+1) ]
PI)'=| -Bn-1)?*+1 -Bn)?+1 —-@Bn+1)*+1| forneN 17
3n(3n-1) 3n(32n+1) 32(2(?1)) +1

[The general form can be verified for ditferent values of n€ N |

(2) The matrix (P)" € €J1(3 x 3, L(P))* = 1) foranyn € N
(B) Matrix PJ — An Operator:
The matrix (PJ)" for any n € Ncan be established as an Operator on the above mentioned
Oz +1,3x3 » Eak,3x3 Pk, 3x3, and Pa1 343 Classes.
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(1) For thematricesof class Oy +1,3x3:
The product (O +1,3x3) (FJ) for k = p, some positive integer, resultsinto O, 47 3,3 for
k=p+3.

3 5 7 1 3 6
E.G. for k=1, Oy -y 5 43iS [4 12 24| alsoforn=1,PJ= [—3 -8 -15
25 3 6 10
9 11 13
and [4 12 24] [ _8 _15 40 60 84] which is O +1,3x3 fork=1+3=4
5 13 25 41 61 85

Using associative propet1y
The product (O +1,3 x3) ( PJ)” for some k = p, some positive integer, results into
(02k+1,.1x3) for k = p +6

3 5 7 17 19
E.G |4 12 24 [ —8 —15] [112 144 190]
5 13 25 113 145 191

(2) For the matrices of cla$ Egk ,3x3

Now we consider matrices of theclass Exc 3xs,

The product (Ex,3x3) (PJ) for k= p =3, some positive integer, resulls into Ex, 5 5 for
k=p+3.

6 8 10 1 3 6
E.G.for k=3, Ex 3¢2 is[ 8 15 24] also for n=1, PJ = [—3 -8 —15]
10 17 26 3 6 10
12 14 16
and [ 15 24] [ —8 —15 =135 48 63] which iSEy 3x3for k=3+3=6
10 17 26 37 50 65

Using associative prOperty,
The product (Ex 3x3) ( PJ) for some k= p > 3,s0me positive integer, results into
(Ex 3 <3) fOf k=p+6

15 24—][ —8 —15] [ 120]
10 17 26 82 101 122

(3) Generalized Product:
A Pythagorean matrix is of order (3 x n) where n > 3. The matrix PJ discussed above is of order 3x3 and , as
seen, has an ability to convert a given matrix — either Op.y ax3 O Ep axs, iNto the matrix of immediate
consecutive sequence of odd or even integer as the case may be of the given sequence. In the discussion to
follow, we shall discuss an operator matrix that will operate on a even or odd Pythagorean matrix of the order
(3xn).
We introduce a matrix denoted as ‘PIJN’.
1 -8 8 ]

E. G

PIN=[8 -31 32 (18)

8 —-32 33
We mention two Important and interesting properties.

(PIN) O +1, 30 = Oz 41,3 fOr p=k +n (19-A)
(P‘JN) E2I<, 3xn — E2pu 3xn for p = k +8 (lg-B)
E.G.

5 7 9 11
Fork:2,05,3x4;’ [12 24 40 60]

13 25 41 61
13 15 17 19

(PIN) Os, 314 = [84 112 144 180
85 %138 145 181

= 043, 34

10 12 14
For k = 3, E6,3x5 = [ 8 15 24 35 48
1017 26 3750
22 24 26 28 30
120 143 168 195 224]

1 122 145 170 197 226 o )
We conclude that PIN is an operator that converts Odd or Even matrices into Odd and Even matrices of the

next higher sequence of members.
At this point we mention the result of product of n'™ order of (PIN).
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n? —8n 8n
(PIN)"=|8n -2°n% +1  25n% |[forn€N (20)
8n —2°p%  2°n? +1

We can use associative property and establish results for product of higher order of (PIN) with odd or even
matrices of order (3xn)forne Nandn = 3

V. Matrix—A Set of Polynomials:

In this section, we represent each column of a given matrix (order m x n) in awell defined pattern of a
m™ degree polynomial in one variable; say x. This, in turn helpsidentify each column as an m™ degree curve for
each column. This convention casts the given matrix of order m x n matrix as a set of n curves each of order m
inasingle variable.

(A) Matrix—Set of Curves:
As per the above convention, we write a column matrix of order m x 1 in the following pattern.

a
]

LetY =] - ‘whichisrepreaented asY = Y= a;x!

A
Thusam x n matrix is[Y; Yy ...... Y,] and each one of the n column vector is an m™ degree polynomial in
real variable x. In addition, in context to reference to follow, we consider each one of the coefficients (g )as

real variable.
Ao by Co
a1], Y, = [bl Cl]
az b, C2
Where Y, =g+ aX + & X Y, =D+ bx + b, x° Y3 = ¢p+ &X + ¢ X% each one shows quadratic curve
with real coefficients.
(B) PJ matrix and Graphs:
As discussed above paragraph and previous sections, a matrix for which if the sum of al column entries remains
constant and same for all columns then we call it a class one matrix. The constant value is called the Libra value
of the matrix denoted as L(A).
by Co
o
C2

Ay
all. Y.=
a, bz

If ag+a +a=by+by+by=cy+cy+c=constant =p=L(A) then

A€eCI(3x3,L(A)=p);pER

Also, by the convention, each column is a quadratic curve,

Yizao+taxXx+aX? Yo=hy+bx+bx? Yz=co+ X+ Xo

Combining both the facts for x = 1,

WehaveY =g +a +&, Yo=by+ b+ by, Yz=co+ ¢+, if theunderlying matrix is of class one then

Y1 =Y, =Y ;=P=L(A) = Libra Value of the matrix. The fact conveys that al these quadratic curves are
concurrent at the point (1, L(A)= P)

E.G. We consider the Pythagorean operator matrix of class one, denoted as PJ and observe their correspondence.

1 3 6

PIJ=|-3 -8 —-15|€CJ1(3x3,L (PJ)=1)

E.G. A3x3matrix A=[Y1Y,Y3] whereY, = . Y5=

A=[Y1Y,Y3] whereY; =

3 6 3 10 , ,
LetY;=1-3x+3X" Y,=3-8x+6x" Yz3=6-15x + 10x
Forx=1Y; =Y, =Y3=1,i.e al these quadratic curves have a common point of intersection = (1, 1).
The corresponding graph is as follows.
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80 T T T T T T T

y1
70 | y2 [
y3

60 |~ -

50 |- -

40 = -

30 |- -

20 |- -

10 -

Wehave, A=[Y1Y,Y3] whereY; =

by
b,
b,

Figure 1

(C)Primitives and Class Preservation on I ntegration:
One of the most interesting properties of class 1 matrices is that each curve obtained on integration of the given
column curves of a matrix preserves the class. i.e. Each corresponding curve obtained on integration , resulting
in one higher degree, also passes through (x=1, Y = L(A)= p) The resulting matrix is of the increased order
(m +1) x n from the previous one of order m x n.
We tackle the point technically as follows.
For the given set-up as discussed above,

Qo Co

al]- Y, = Y [ﬁ]

a; Cz
If gg+ay+ta=bg+b+by,=cy+c;+c;=constant =p=L(A)then A€ CIL(3x3,L(A)=p);pER
Also, by the convention, each column is a quadratic curve,
Y1280+a1X+a2X2 Y2:b0+b1X+b2X2 Y3:CO+C]_X+C2X2
On integration, the set-up of the new system of curvesis
Y= agX+ax2+a X3+ Cy, Yo =box + bx¥2 + b, X33 +Co,  Ya1 = CoX + CixH2 + ¢, X313 +C5
Using the boundary conditions, forx =1, Y;3 = Y= Y3 =L(A)=p=1
We have, C| =1-ap— ala’Z = ag;'ll:; CQ: 1- bo— b1/2— b2/3 C3: 1- ¢ - C1/2— C2/3
Then the derived matrix is

C; C, Cs

A= (a?}?jz (bf,;jz (cf)ojz which isamatrix of order 4x 3 [From 3x 3t0 4 x 3]

(@)/3 (b2)/3 (c3)/3
AlSO, it can be checked that Ci+at+ a1/2 +a2/3 =1GC +b0 + b1/2 + b2/3 =1,
andCz+cy+c/2+c/3=1
and each equalsto the Libra value of the matrix = L(A;) = p=1.

i.eeA;eCIL(4x3,L(A)=1)
If we continue the same process of integration and finding the constants of integration using boundary condition,
each time we get a new matrix of higher order. All such matrices are
(DAlways of class CJ1
(2) Columns of each matrix obtained stage wise represent curves of higher order and all of them, when graphed,
are concurrent at a point (x=1, v = L(PJ)=p)
We continue with the above example and obtain PJ1 matrix (order 4 x 3) from the PI matrix of order 3 x3.
1 3 6
-3 -8 —15] eCJ1(3x3,L(PI)=1)

We have PJ =

3 6 10
LetY;=1-3x+3x* Y,=3-8x+6x> Yz=6-15x +10x>
Now, as described above, on integration we have the set of curves of the primitive generation;
Ypu=x- (3/2)X2 + X3 +C11 , Yo =3X-— 4X2 + 2X3 +C21 , Y31 =6 X — (15/2)X2 + (10/3) X3 +C31
In order to determine the values of constants of integration, we use boundary condition,
that all such curves pass through the point ( 1,1) i.e. the matrix formed by column vectorsis of the class CJ1. On
Iettlng x =1 and Yll =1, we get C]_l =1, C21 =0, and C31 =-5/6
We have the matrix PJ1 of higher order.
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: o0 =2
2 &
. 1 3 6
Thematrix PJL=| _3 _, _ 15 [€CJ1(4x3, L(PI)=1)
2 2
1 2 2
3

corresponding to each column vector we have three cubic curves with the following equations.

Y= (1/2) + 1x - (3/2) x*+ 1x°

Y 29= O+ 3x -4x% + 2x°

Y 31= - (5/6) + 6x — (15/2)x* + (10/3)x°

For x :1, Yll = Y21 = Y31 =L (PJ].) =1

These three equations are graphed as follows.
10 ‘

Figure-2

We continue in the same way and get the matrix of the next higher order. On following the same procedure, we
get

On intcgraling Yo, Yoo, Y23. we get,
Y21:i+ix+ls(2-l O =

13,31,
Yyp=c+2xt-2x3+-x
Yaa=o-2x+3x3-2x+2x¢

z 6 2 6

L z 2
[+ 5
1 . 5
| YT
1 3
PJ2= 3 3 | eCI1(5%3,L(PI2)=1)
sl B B
2 3 2
1 1 S
4

2 [}
Each one of the bi-quadratic curves are graphed below and the point of their concurrenceis (1,1)
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50 »
\ Y21
45 Y22
\k 77777 Y
401 ¢ 23
3L -
0 |
=y = ) !
0 0.5 1.5 2
Figure-3

All these curves Y; , for different values of i are graphed on the same page and it isclearly found that they have

the same point of concurrence (1,1)

y1

80 T ] ] T

60 -

40

T —y2
y3
y4
y5
y6

Figure-4

1 1.5 2

DOI: 10.9790/5728-11315160

www.iosrjournals.org

59 | Page



Operators on Pythagorean Matrices

VI.  Conclusion
In the above text we have enjoined Pythagorean matrices and their transformations which hold true in
all the cases. Transformation of higher order of matrices, as derived, can give Pythagorean triplets of higher
order. The next important concept establishes algebraic presentation of successive entries of each column of a
matrix on discussion. Libra values of the matrix of a given class and that of higher order matrices continues to
remain constant and that too of the same class, is the important feature of the class.

VIl.  Visions
The same concept of obtaining matrices of higher order through integration of algebraic polynomial
representatives of columns of the matrices of different classes, as we have already defined.(e.g. class CJ2, CJ3,
CH4, and CJ5), observing graphical pattern, and checking class- preservation Libra value property is the prime
work on hands.
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