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Abstract: In this paper, we reviewed the work of Adepoju et al [1] and also corrected some mistakes in the
paper. We then used this known result to obtain our own results using the well known Legendre duplicating
formula.
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l. Review

In this section, we review the work of Adepoju et al [1] and we expatiate more on the proof of the result.
Adepoju et al [1] proved the result as follows;

s, 3 {ﬁj}(]fkj(kﬂj (1.0)
i+jrk=n\ | J k

where the summation is taken over all non-negative integers i, j, k such that i+ j+K=n and S, is the
coefficient of the holomorphic function

f(z,w)=(1+ z)i (1+W)i(2+z+w)n7i, (1.1)
Then
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n

For afixedi, let i+ j+k=n
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~S, = ian,i (1.4)

We consider a holomorphic function of the form
f(z,w)=(1+2z) (1+w) (2+z+w)" =(1+2) (L+w) (I+z+1+w)"

=(1+7) (1+ W)i (1+ Z)n% (1+ “—ani =(1+ W)i (1+2)" (1+ H_W)ni
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S n=i i+ —J in—j-m_m
f(z,w)=j_0[ j j( i ]I ‘ wn;)( mj i=mg
Since m is a dummy variable, let m=i

o B
i=0 j=0 I
Hence the coefficient of W'z' in f (W, z) is

208 B A

From Cauchy formula for double complex variables, (1 5) becomes

o, (ij [ﬁ[ﬁ zw) [ﬂm 1+z 1+w) (2+z+w) idwdz L6)

|+1 |+1 |+1 i+1

Now, C, :|z| =T, O<r<1 andl“—Cerr, ( )becomes
-

dwdz

1 1+z (1+w (2+z+w)n
472,2[1':] |+l i+l

n
From (1.4) we have that S, = ZO'M
i=0
i

1 L (1+z2) (1+w) (24 z+w)"
P R Y S
I

= (Wz)i+l
1 D-]Z”: (1+2) 1+W) ><(2+z+w) dwdz
47z2r.=0 ) (zw)  (2+z+w)

12m§:2+z+w {(a+le+w)]dwdz

4z = wz)(2+z+w)

Using the sum of nth of geometric progression, we have that

Tar)@ew
1 U.] 2+z+w ZW(2+Z+W) dwds
r

472 ~ (1+2)(1+w)
ZW(2+2+Ww)
1 (2+z+w)"  (zw)(2+z+w) (zw)'”1(2+z+w)”+1—(1+z)”+l(1+w)n+1 s
5= 47;2[1[] wz (zw)n+1(2+z+w)”+{ w(2+z+w)—(1+2)(1+w) Jd d
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n

s _ 1 m( 1n+1[(zw)"”(2+z+w)"+1—(1+z)”+1(1+w)”+1jdwdZ

T4’ T (zw) Zw(2+z+w)—(1+2)(1+w)
But zw(2+z+w)-(1+z)(1+w)=(zw-1)(1+z+w)

1
“S=m

[ﬁ(
el

dwdz

W)"+1(zw—1)(1+ Z+w)
n+l n+l n+l
2+z+w) ~ (1+z)" (1+w) }d d

(zw—1)(1+z +w) (zw)”+1(zw—1)(1+z+w)

n+1 n+1
)"+1 _(+2) (1+w) dwdz 1.7)
(ZW)TH—].

zw)n+1 (2+z+ W)n+l -(1+ z)n+1 (1+ W)n+1
z
n

472_2 +1

2+72+W

T A [l_ﬁ(zw—l)(lJr Z+W) {(
)£(2+ z +w)n — (Lt Z)n (1+W)n dedz (1.8)

(zw)’

i
47[2r zw-1)(1+z+w

Hence (1.7) — (1.8) becomes

n+1 n+1
(2+z+w)™ —(2+z2+w)" - (L+z) (L+w)

. (ZW)n+1
N (1+2)" (1+w)"
(zw)’

n (1+2)" (1+w)" ((1+2)(1+w)
472'2@ zw-1) 1+z+w){(2+z+w) (2+z+w)- (zw)" [ W =

dwdz

dwdz

I

The second integral has a singular point at zw=21 which lies outside the path I'=C, xC,; 0<r<1,
thereby holomorphic inside the path I". Hence by Cauchy’s theorem, the second integral becomes zero.
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1 1+2)" (1+w)" (1—zw) "
Sn _Sn—l = 472_2 m( ) (Zn+1v3n+§ ) dwdz
r

In view of (1. 6) the RH.S of (1.8) is the coefficient of z"w"

1+ W) (1 ZW) in the powers of z and w. Hence

2
nn

The coefficient of z"W" in the expansion is Z( J

k=0

Comparing (1.8) and (1.9) (that are both coefficients of z"w"), we have that

n n 2
k=0
We now need to show that
Now, we consider the identity
2n
1Y 1
(1+x)" (1+—j = [x/;+—}

X Jx

Applying binomial expansion for the identity, we have

HEHZ@}Z[TJ(Q (Lj

k=0

m+n r(m n
Finally, we apply Verdemonde’s identity = Z
r oLk JLr—k

This can be proved by the usual binomial theorem, hence applying this identity, we obtain
2
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in the expansion of the function

(1.9)

(1.10)
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Therefore, (1.10) becomes

2n
Sn - Snfl = n

This completes the proof.

Il.  Our Main Results
In this section, we obtained a recurrence relation and a further identity based on the result of Adepoju
[1], which serves as an improvement on the results. Our results and the proof are stated in the following
theorems;

Theorem 2.1
Let S, be defined as in (1.1) and (1.2), then we have the identity
24n+2
— = 2.1
Spes =S 2.1)

(2n+1)(2n”Jﬂ

Proof of theorem (2.1)

2n
We recall from the identity in (1.2), thatis S, =S, _; =( R j this can be written as
2n 2n)! 2n)!
Sn _Sn—l = = 2nCn = ( ) = ( Z
n (2n—n)!n! [n!]

Now, replacing n by n + %, we have
2n+1C [2(n+%)]l _ [2n+1]!

[+ ()T
Recall from gamma function, n!:F(n+1) and F(n+1):nF(n),hencewehavethat
L(2n+1+1)  (2n+1)C(2n+1)  4r(2n+1)

[r(n+3+1)]" [(n+3)r(n+3)] (2n+)r*(n+)
Applying Legendre duplicating formula, we have,
41—~(2n +1) 24n+2 24n+2

<2n>!ﬂ2 e P R T

(2””){2%! (ny ()
24n+2 24n+2

_ 2(n+%)C

1 1
N+ n+3

-S

1
n+ n—1

1
2

n

L=
(2n+1)7z(2n)' (2n+1)7z{2nj
This completes the proof.

Theorem 2.2
Let S, be defined as in (1.1) and (1.2), then we have the recurrence relation

(n+1)S,,; +2(2n+1)S,; =(5n+3)S, (2.2)
Proof of Theorem 2.2

2n
Fromtheresult S, =S, _; 2( J we replacing n by n +1to get
n
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2n+2 N
Sn+1 - Sn =[ j = 2CnJrl

n+1
— _Q _2n+2 _ (2n+2)! _ (2n+2)!
Snii— S, n+l (2n+2-n-1)(n+1)! [(nﬂ)!]z
:>Sn+1_sn: (2n+2)(22+1) (Zn)z! = (2n+2)(22+1) [znj
(n+1) (n!) (n+1) n
_{ (n+1) }{S“ Sna)

= (n+1)S,,,—(n+1)S, =2(2n+1)S,-2(2n+1)S, ,

= (n+1)S,,,+2(2n+1)S,, =(5n+3)S,

This completes the proof.

I11.  Conclusion
Base on our results, we conclude that our results are improvement of the work of Adepoju et al [1].

Also for further research, applying the solution of difference equation method to the recurrence relation (2.2),
the actual expression of S, can be found.
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