IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 11, Issue 4 Ver. Il (Jul - Aug. 2015), PP 11-19
www.iosrjournals.org

Numerical solution of imbibition phenomenon in a homogeneous
medium with magnetic fluid

A.V.Patel', N.S.Rabari?, P.H.Bhathawala®

!Associate Professor, Pramukh Swami Science College, Kadi-382715, Gujarat, India
?Assistant Professor, MUIS, Ganpat University, Ganpat Vidyanagar, Mehsana-384012, Gujarat, India
*professor of IT, AURO University, Surat — 394510, Gujarat, India

Abstract: In this paper, we have discussed imbibition phenomenon in double phase flow through porous media.
Numerical solution of non linear partial differential equation governing the phenomenon of imbibition in a
homogeneous medium with magnetic fluid has been obtained by finite element method. Finite element method is
a numerical method for finding an approximation solution of differential equation in finite region or domain. A
Matlab code is developed to solve the problems and the numerical results are obtained at various time levels.
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I Introduction

It is well known that when a porous medium filled with some fluid is brought into contact with another
fluid which preferentially wets the medium, there is a spontaneous flow of the wetting fluid into the medium and
a counter flow of the resident fluid from the medium. Such a phenomena arising due to difference in wetting
abilities is called counter-current imbibition. These phenomena have been formally discussed by Brownscombe
and Dyes [4], Enright [5], Braham and Richarson [6], Rijik [7], Rijik et al [9], for homogeneous porous
medium.

Bokserman, Zhelton and Kocheshkev [10] have described the physics of oil-water flow in a cracked
media and Verma [11,12] has investigated two specific oil-water displacement process from analytical point of
view. Verma has obtained solution by performing a perturbation technique. He has also investigated this
problem in the presence of randomly oriented pores in the fractured medium renders the differential equation
highly non-linear due to an additional non-linear term. He has also considered the presence of heterogeneity in
the medium marginally.

Il.  Statement of the Problem

We consider here a cylindrical mass of porous matrix of length L (=1) containing a viscous oil, is
completely surrounded by an impermeable surface except for one end of the cylinder which is labeled as the
imbibitions phase and this end is exposed to an adjacent formation of ‘injected’ water. It is assumed that the
injected water and the viscous oil are two immiscible liquids of different salinities with small viscosity
difference; the former represents the preferentially wetting and less viscous phase. This arrangement gives rise
to the phenomenon of linear counter-current imbibitions, that is, a spontaneous linear flow of water into the
porous medium and a linear counter flow of oil from the medium.

1. Mathematical formulation of the problem
We take the injected liquid containinga thin layer of magnetic fluid where magnetization M is assumed
to the directly proportional to the magnetic field intensity H (i.e. M = AH) and the microscopic behavior of
fingers is governed by a statistical treatment. Then the additional pressure exerted due to presence of a layer of

M +16%u,MAr® } oH

6_ .Therefore, equation

magnetic fluid in the displacing liquid (w) represented by |:

9(l +2)° X
of filteration velocities of injected liquid (w), becomes V,, = —| & K % + M ﬁ ......... (1)where,
o, OX OX
16k A°r3
= 0/1 + __—_ "o~
T 9(1+2)
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° %) OX

S o Ko ), [ &P
Also, equation of filteration velocity (V) of native liquidis V_, = —( ° JK{ ° }
o]

(2)Where, K = the permeability of the homogeneous medium,

Ky = relative permeability of water, which is functions of S,,

K, = relative permeability of oil, which are functions of S,

Sw = the saturation of water , S, = the saturation of oil , P,, = pressure of water , P, = pressure of oil
dw ,0, = constant kinematics viscosities, g = acceleration due to gravity.

Regarding the phase densities to be independent of magnetic field H, and to be constant, the equations of

oS oV
continuity of the two phases can be written as P( 8tw j +( 5 £ j =0......... (3) where, P is porosity of the
X

medium. The analytical condition (Scheidegger , 1960) governing imbibitions phenomenon is,
V, = - V,,. Also, from the definition of phase saturation, it is obvious that S,, + S;=1 ... ... ... 4).

The capillary pressure P, is defined as, P.=-BoSw and P.=Py-P,  ......... (5)
Where, P, is a capillary pressure coefficient and B, is a constant quantity. Now, combining equation (1), (2),
(3), (4) and (5) we get,

P(as—wj‘i'i Ko/é‘O'KW/aW K|:apC _7/H @:| =0......... (6)
ot OX Ko/éo + Kw/5w X OX

At this state, for definiteness of the mathematical analysis, we assume standard relationship due to Muskat [13]
and Jones [14],between phase saturation and relative permeability as,

K,=SS, andK, =1-aS,, a=111 ... .. .. @)
Assumi KoK,  and usi tion (5) and (7) i tion (6) t
ssumin —— —— & — , ahd usiIng equation an In equation , Weget,
Y Ko, +K,8, 8, g | :
oS K o 0S coH
P Y+ ——(1-aS, ) - YT-H—1|=0 ... 8
(th 5oax(( aW){ Po~ox WaxD ®

This is the desired non linear differential equation of motion which describes the linear counter current
imbibition phenomena in a homogeneous porous medium with effect of magnetic fluid. Now considering the

A
magnetic fluid H in the x-direction only, we may write, H= —— where A is a constant parameter and n is an
X

integer. Using the value of H for n = -1 in equation (8), we get,

0S 0 0S 0
C|—*|-C,—|l-0aS,)—|-C,—(1—0aS, x)=0 ... .. 9
(5 )-e 200 -e 2 (a8, ®

K 2
Where C, =P C, = ﬁO,C3=7/KA
' 50 50
A set of suitable boundary conditions associated to problem (9) are,
Sw(x,0)=0, forall x>0;......... (10)
Sw(O0,)=Suo ; Sw(Lt)=Sy,; forall t=0;  ......... (11)

Equation (9) is reduced to dimensionless form by setting

t *
* — L, t*=—, 1—0.’8 ,t :S *,t*
T S A
oS 0S _C.L2
so that “w_0 s W —COE(S X)=O ......... (12)where, C, :M
ot ox|{ W ox ox W C,
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Asterisks are dropped for simplicity.
The initial and boundary conditions (10) and (11) now becomes,
Sw(x,0)=1, forall x>0 .. (13)

Sw(0t) =1-0t Swo ;  Sw(Lot) = 1-aSu forall t>0 ... .. (14)

Equation (12) is desired nonlinear differential equation of motion for the flow of two immiscible liquids in
homogeneous medium wit effect of magnetic fluid.

A Matlab Code is prepared and executed with C, = 4.046 X 10™ , h =1/15 , k = 0.002223 for 225 time levels,
Swo = 0.5 and Sy; = 0 .The numerical value are shown by table .Curves indicating the behavior of Saturation of
injected fluid with respect to various time period.

4. Finite Element Method: For the problem under consideration, the length variable x varies between 0 and L
(figure 1(a)). The domain is divided in to set of linear elements (figure 1(b)).

Xx=0 x=1
Figure 1(a).
X
e e e
® ° ° ° ° ° ®
111|122~~~ e| e| et1"""1 N N+1
Node Element
Number Number
Figure 1(b).
Now, the variational form of given partial differential equation (12) is,
2
1 0S 0S 0S
J(S,)==1|S Yl +2S ~ +C_xS Lldx (15)
=55 5 25 Freos.

Choose an arbitrary linear element R® = [S,® , S,® ] and obtain interpolation function for R®using Lagrange
interpolation method such as,

2
S(e)(x): Y Nj(X)SJ(-e) -N (e)¢(e) - ¢(6)T N©T
=1 (16)

where NG =[N, N,] & ¢ =[S, S,I"

and Ny, N, are shape function for linear element.

Now, apply Variational Method to R®, therefore equation (15) becomes,

e)\? (e) (e)
J(s(e))zlj S(e)(as j 2508 Loxs@ B gy 17)
2R(e) OX ot OX
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AS, S(e)() N(egﬁe ¢e)TN(e)T

2
08" _oN® o _ er N (as“)] _ @r NPT NG

ox  ox x  ox 7

Therefore Equation (17) becomes,

1 ON©T oN© 5(0(6) ON®©
J(s®)== ET | N© ) © L o(NETNE +C.xN®©T © dx
(s)=3 Rj(e)(” N )G x

For minimization, first differentiate equation (18) with respect to ¢(e)

© ©F Ay © ©) ©)
03" _ j[N@W{GN oN },5@) +2(N<e>TN<e>)agt ro e N ¢(e)]dx
RE

o4® X oOx

(e)
Now, % = O .

(e)
The Element equationis A aaLT +BO(@)g +CO9 =0 ........(19

Where,
S (e)

2 3 o
Ale) _ [ [N(e)TN(e)]dX; BO(4) = | N(e)¢(e)[aN() aN()de;

S 1(8) S 1(6) OX OX

S5 ©
c®=cC, I X NET N gy
© OX
Sl

From Gauss Legendre Quadrature Method, we evaluate these integral. Thus element matrix transform to

Al _ } (N O (e)} Jdz ~ i:A@ (z, W,

-1

1oNC" 1oN©
B(e)(¢(e)) J‘ N e)¢(e)( Jdz ~ZB(€) (Z )Nu
- J X J aX

1
c®=c, j (g(l+ z,)j[ o)t j oN® de ~ZC(9)(Z|)N|

0z
_1 1=1

Where, z,and W, are corresponding gauss points and gauss weights.Then, the element matrix becomes,
2 1 S, +S -5, -S -1 -2

(e) 1 2 1 2 (e)
Al _ he CB®) ey L ce)_Gh

1 2 ~§, -5, S, +5, 1

4.1.Assembling of elements: The assembly of linear elements is carried out by imposing the following two
conditions:

Se+1

(a) The continuity of primary variable requires Sﬁ =9
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(b) The balance of secondary variables at connecting nodes requires
se+1 {0 if noexternal point surceis applied
+ =

1 S, if anexternal point surceof magnitude S, is applied

The inter-element continuity of primary variable can be imposed by simply renaming the variables of all
elements connected to common node. For example, for a mesh of N linear finite element connected in series, we
have

Se
n

For a uniform mesh of N elements, by equation (19) and (20), the assembled equation becomes

1_ 1_a2_ 2_e3_c N-1_cN _ N _
SP=Sp 53750 TS S5y =50 =SSy TEST =Sy Sy =Sy 4
Op

AL -B(#)¢+C ¢=0 21
= (#)p+C ¢ (1)

2 1 0 0 1
1 (2+2) 1 0
0 1 (2+2) 0
where, A=-—
(2+2) 1
- 1 2_
[S,+S,  -S,-S, 0 0 0 0
-S,-S, S,+25,+S, -S,-S, 0 0 0
0 -S,-S, S,+25,+S, -S,-S, 0 0
1
B(4) = —
(4) o
0 0 0 0 S, +25,5+S; —Sis— Sy
0 0 0 0 ~S;5-Sis Sis+Sy |
-1 -2 0 0 0 0]
1 1 20 0 0
ch 0 1 1 0 0 0
C==2 ;e =[S S, S| e (22)
0 0 0 0 .. 1 -2
0 0 0 0 - 1 2

Equation (21) represents the assembled equation.

4.2. Time approximation: We introduced ¢ family of approximations which approximates weighted average of
a dependent variable of two consecutive time steps by linear interpolation of the values of the variable at the two
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time steps such as, S; = 55;”1 +(1- 5)8{1 .................. (23).The time derivatives @ j are replaced by Forward
o S n+l S n
finite difference formulasuchas Sj = T’ .................. (24).

In view of (23) and (24), equation (21) written as,
[A+38kBO™)+C)J1o™ =[A - (1-8) k(B($™) + C) 10™where,§ =1/2 and n=0,1,2

For a uniform mesh of N elements, by equation (22) and above global equation takes the form,

[K((;s(” +1))}/5(” +1) _ [Fl(qﬁ(”))};s(”) - rM) (25

where,

K(¢("+D)=

LI ((nu) 5(n+1)) L Goh L,;k"i(,sl(mn,@mhm‘
3 6 6 (20 3 )

[ 0 0
\ I
h oK i(—Sl(Nl)—Séml)) Coht Jk‘ "*1)”5(2“*1)4.5&“*1))_@ hs L S(n+1) Sn+1 oh 0 0 0
5 O\ 2 6 s M
AY
0 —+5k ( S (R (R L) R i(sg”*l)+zs§“*”+s§””’)-c—°h] 0 0
5 3 Oz 5 )
0 0 0 LI B S A I S I Ly U (s(”“) s 1))+C°h
3 o 6 )6
h \(1 (+1) _<(n+1), Coh) h ‘(1 (n+1) , <(n+1, Coh
0 0 0 0 - —+ 6k —(-S, -, -— —+ 5kl —(+S. +8, -——
6 \Zh( 15 16 ) GJ 6 \Zh( 15 16 )

3 \2n B PTR S AN 0
%—(1—0)&{%(—51(") sgn))fi’h] ﬁ7(170)1{7(51(”+2s§”)+s(”))fCih] %7(1 §)k[ ( (”)755”))+Cgh] 0 0 0
0 %—(1—b)k[%(f$§n)—5§m 7%] %hf(l—b)k[l(s()ﬂs() s) 00"] 0 0
0 0 0 0. 77(1 5) [Zlh(s”wsl(ghs{g))f%) %—(k&)k(%(—sl(g)—S{?H%}
0 0 0 0 - %7(17§)k[%(751(g)751(2))7?] %(@o‘)k(%(sl(g)+sl(g))f%°h]J
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=
g
n
2
S n
sM_ |73

Er\
Sy

n
81(6) |

F(¢)=
g— (1—5}.&(% s +5_£”)>+C_gk)s{”3' + g - —5).&(1—1;1 (-5{7 s +%}_§’¢'

p (1 o 2w 1 , X po o1 o
= (1—=>:..=L(E -5 —55”))—70")51(”3' +-0- o}.k(ﬁljé‘f”} +25( +5§”)>—Ta”)s§”3' +2-0 —o).ﬁ.(ﬁ (5§ —s{ +T?”}§”3'

% —1-9) .t(%[sf? +25(0 +5fg)>—c_§k}fg‘) +%— a —5).&-(% 5B —s{ah %)sfg)

2 ,‘_ 1 Co‘ 2 . 1 - C 2
R i i O U R SR e 01

where K is called global stiffness matrix and F is called global generalized force vector and N+1 is total number
of global nodes .

4.3.Imposing boundary conditions: We now apply the boundary condition (14) to the global equation (25) of
the problem and simplifying, we get,

KD

where

Ry

o o 0 0
:k 1 D el R (1 el ) D G R [ D DGR
jg“’-’tjﬁ‘#w ‘é’r »TJ_I—{"-’{;G%"_ ‘“%"_ ‘5?_ | g“’-ﬁ,\j(‘éz"_ ‘5? ) I 0 0
¢ N O ! ) ) 1 CoH|
0 g_“ﬂ. jlt(_s[ln—l,_%n-t:_&:-! E;_o-__qllilt(ﬁén-t_gn-l,_én% e ! L 0 0
T, o1 ) D DGR B (L D) D G|
0 0 0 0 ---?“’4“5{‘#’: Ty »'T‘_|g“’-*{‘jf§§ 5 =
0 0 0 0-- 0 1

DOI: 10.9790/5728-11421119 www.iosrjournals.org 17 | Page



Numerical solution of imbibition phenomenon in a homogeneous medium with magnetic fluid

h aell o o (m, CoR) (M 2R a1 o o (m, CoR)m R ol 1 o (m CR )
E_{l_oal'{[ﬁ{_—l _—J al__)—l _T_ﬂ_oal'{(z_('l _‘—J Ty ‘I_T)_-‘ _E_ﬂ_oal'{(i(_'z _'3 JI_T}S

& L] B -

F™)-

2k Y I ) ) ., CRLG R ! R B 1 T . )
?‘0“’—'-‘(5(514 cas esph = Y - - s -y = g

Thus, equation (26) is the resulting system of nonlinear algebraic equation.

4.4.Solution of nonlinear algebraic equation: In the previous section, we obtained the assembled equation
which is nonlinear. The assembled nonlinear equation after imposing boundary conditions is given by equation
(26).We seek an approximate solution by the linearization which based on scheme

lK (¢(n))J¢(n Ve @7

where ¢( ) denotes the solution of the n iteration. Thus, the coefficient Kj; are evaluated using the solution

¢(n) from the previous iteration and the solution at the (n+1)" iteration can be obtained by solving equation

(26) using Gauss Elimination Method. At the beginning of the iteration (i.e. n:O?, we assume the solution ¢©
from initial condition (13) which requires to have $;%=S,0=................ =S ¥= 1.

5. Graphical representation: A Matlab Code isprepared for 15 elements model and resulting equation (27) for
N =15 is solved by Gauss Elimination method.
Saturation of injected liquid at t = 0.1, 0.2, 0.3, 0.4 and 0.5 seconds are

5.0000e-001 5.0000e-001 5.0000e-001 5.0000e-001 5.0000e-001
4.0544e-001 4.3033e-001 4.4043e-001 4.4503e-001 4.4718e-001
3.2910e-001 3.7082e-001 3.8824e-001 3.9625e-001 4.0002e-001
2.6604e-001 3.1908e-001 3.4170e-001 3.5218e-001 3.5711e-001
2.1355e-001 2.7365e-001 2.9974e-001 3.1186e-001 3.1758e-001
1.6987e-001 2.3353e-001 2.6160e-001 2.7465e-001 2.8080e-001
1.3368e-001 1.9797e-001 2.2670e-001 2.4005e-001 2.4634e-001
1.0319e-001 1.6636e-001 1.9459¢-001 2.0769e-001 2.1385e-001
7.9602e-002 1.3816e-001 1.6489e-001 1.7725e-001 1.8305e-001
5.9986e-002 1.1291e-001 1.3726e-001 1.4848e-001 1.5373e-001
4.4219e-002 9.0167e-002 1.1140e-001 1.2115e-001 1.2570e-001
3.1680e-002 6.9504e-002 8.7050e-002 9.5066e-002 9.8794e-002
2.1579e-002 5.0529¢e-002 6.3951e-002 7.0053e-002 7.2884e-002
1.3383e-002 3.2858e-002 4.1878e-002 4.5960e-002 4.7878e-002
6.3668e-003 1.6129e-002 2.0624e-002 2.2649e-002 2.3584e-002
0 0 0 0 0
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Phase Distrilation for the homogeneous porous medium
involving magnetic fluid with respect to Space
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figure 8.

Solution is obtained with C, = 4.046 x 10! | h =1/15 , k = 0.002223 for 225 time levels.It is clear
from graph that S,, = So(=0.5) at layer x =0 and there is no saturation of injected liquid at other end (x =1)
irrespective of time.lt is clear from graph that, at particular time, saturation of injected liquid involving magnetic
fluid decrease with increase in value of x(or as we move ahead) and at x = 1,saturation is decreased to zero
and and at particular point x of observed region,saturation of injected fluid increases with increase in time but
rate of increase of the saturation slows down at each point as time increases .
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