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Abstract: Let M be a 2-torsion free prime I'-ring. Then we prove that every Jordanhigher left (o,7)-
centralizer on M is higher left (o, T)- centralizer on M. We also prove that with certain conditions every Jordan
higher left (g, 7)- centralizer on M is a Jordan triple higherleft(a, 7)- centralizer of M.
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I.  Introduction
The definition of a I'- ring was introduced by Nobusawa [5] and generalized by Barnes [6] as the
following:
Let M and I" be two additive abelian groups, then M is called I'- ring if there exist a mapping
MxI'xM—M ( the image of (a, a, b) being denoted by aab)
(wherea,b € Mand a € I') which satisfies the following conditions for alla,b,c € Mand o, €T

i) (@ + b)c= aac + aac,a(a + B)b = aab + ab , aa(b + ¢) = aab + aac
ii)(aab)Bc = aa(bpc)

Throughout this paper M is denote to a I'- ring with center Z(M) which equal to the set of all elements
a € M such that aab = baa forallb € M whereax € T.
Now for any a,b € M and o €T, the symbol [a,b], will denoted to aab — baa which is called the commutator
[2]. M is said to be commutative I'- ring if [a,b], = 0 forall a,b € M and o €I 3]
AT-ringM is called prime if al'MI'b = {0} implies that a = 0 orb = 0 and it is called semi-prime if
al’'MI'a = {0} implies that a = 0. and aT'- ring M is called 2-torsion free if 2a = 0 implies that a = 0 for all
aeM[4]

Throughout this paper we consider the T'- ring M satisfy the following condition aabBc = aBbac for
alla,b,c e Mand o, € " which will represented by ()

In 2011 M.F. Hoque and A.C. Paul [3] also B. Zalar [1] defined a centralizer on I'- ring as follows
an additive mapping T: M — M is left (right) centralizer if T(aab) = T(a)ab (T(aab) = aaT(b)) holds for all
a,beMand a €I . In [3], defined a Jordan centralizer on I'- ring M as follows an additive mapping
T:M - M is left (right) centralizer if T(aca) = T(a)aa ( T(aca) = aaT(a)) holds for alla € M and a €T .

In this paper we introduce a new definition of higher left(o, T)-centralizer, Jordan higher left(o, T)-centralizer
and jordan triple higher left(o, T)-centralizer on I'- ring.

Il.  Higher (o, 1)-Centralizer
In this section we will introduce the definitions of higher (o, t ) — centralizer ,Jordan higher (o,t) —
centralizer and Jordan triple higher (o, t ) — centralizer on M and other concepts which will be used in our work.

Definition (2.1): Let T= (t;);exy be a family of additive mapping of a T —ring M into itself and o,t are
endomorphisms of M, then:-

i T is called higher left (o, t ) — centralizer on M if
T(aab) = T, t; (0'(a) ) ot (b)
forallabeM;a€Tlandn €N

ii. T is called Jordan higher left (¢ ,1)- centralizer on M if
T(aaa) =YX, t; (ci (a)) at'(a)
forallae R;a€Tand n €N

iii. T is called Jordan triple higher left (c ,7)- centralizer on M if

T(aabpa) = Iy t; (0'(@)) er' (b)Be'(2)
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forall a,b € M;a,B € 'and ne N

Lemma (2.2): Let T=(t;);enbe a Jordan higher left (o ,7)- centralizer on M then
i) t,(aob + baa) = I, t; (oi (a)) ati(b) + (oi (b)) ati(a)

ii) t, (aabac + cabaa) =Y, t; (oi (a)) at'(b)ati(c) + ¥, t; (ci (A)ati(b)at (a))

iii) t, (aabBc + cabBa) =YL, t; (O'i (a)) at' () (0) + XLy t; (ci (©at' (b)gt (a))

Proof:-
i) t,((@ + b)a@+b)) =2l t; (o'(a+b))ac (a+b)
=311t (o' @) + o' (@) (T @) + ' (b))
=21t (o' @ad @) + 2w (/@) at' (1) + Zizy i (' Dad (@) + 2y % (0'B)) at'(®) (D)

On the other hand
t,((a + b)a(a+h)) =t,(aaa + aab + baa + bab)

=y t; (o' (@ari(@) )+, (aab + baa) + Xy 7, (o' (B) ) a7 (b) (2

Comparing (1) and (2) we have

n

tu(aab + baa) = ¥ t,(c'(@at'(h)) + Y t,(c'(B)ar'(@))
2 2
ii) In Definition 2.1 (iii) replace a+c for a we get

n

t.((a+ c)aba(a+c)) = Z t; (ai(a +)ati(b)a t'(a + C))
i=1

=Yt (ai(a) + ai(c)) at'(b)a(ti(a) + t'(c))
=31t (o' @ar! )a (@) +

=lnticiaari(b)a ticti=1nrivicard(O)a viati=1nrioicarib)a ric ...(1)

on the other hand
tn((a + c)abB(a + c)) = tn((aabaa) + (aabac + cabaa) + cabac)

n

Z t; (ai(a)) at'(b)a t'(a) + t,(aabac + cabaa) + Z t; (ai(c)a Ti(b)ari(c)) - (2)

i=1 i=1
Comparing (1) and (2) we have

t,(aabac + cabaa) = i t; (ai(a)) at!(b)a ti(c) + i t; (Ui(c)> ati(b)atr'(a)
i=1

i=1
iv) In Definition 2.1 (iii) replace a+c for a we get
t.((a+c)abfla+c)) = Z t; (o‘i(a + c)ati(b)p ti(a + c))
i=1
=31yt (0'(@) + 0'(0)) at! BB(Ti(@) + ()
=yt (o' (@ar' () T (@) +

=lnticiaari(D)f tict i=1nricicard(D)f viat=1nrioicari{(b)f ric ...(1)

On the other hand
tn((a + c)abB(a + c)) = tn((aabﬁa) + (aabBc + cabBa) + Cabﬁc)
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i t; (ai(a)) at'(b)B t(a) + t,(aabfc + cabfa) + i t; (ai(c)a T"(b)ﬁ‘ri(c)) - (2)
i=1

i=1
Comparing (1) and (2) we have
t,(aabBc + cabfa) = Z t; (cri(a)) at'(b)p ti(c) + Z t; (ai(c)) at'(b)pti(a) m
i=1

i=1

Definition (2.3).:- Let T=(t;),ey be a Jordan higher left (o ,7) - centralizer of aI' — ring M then for all a,b € M
ra €landn € N

n

5,(a,b), = t,(aab) — Z t (0'(@) ar'(b)

i=1
Now we present the properties of §,, (a, b),

Lemma (2.4):- Let T=(t;);enbe a Jordan higher left (¢ ,t) - centralizer of a I' — ring M then for all a,b eM
,a €landne N
i- 671 (a' b)a = _6n (b' a)
ii- 6,(a+b,c), =6,(a,b), +6,(b,c),
iii- 6,(a,b + ¢), = 6,(a,b), + 6,(a,c),

Proof:
i- Since
t,(aab = i(of : i(of :
aab + baa) ;t (o'@) ar' ) +;t (o'®)) e’ (@)
then
t,(aab) — ) t; (oi(a)) at'(b) = —t,(baa) + Z t; (ai(b)) at'(a)
So that = =

8,(a,b)y = =6,(b,a)
ii- S.(a+b,¢)y =t,((a+b)ac) — X, t; (ai(a + b)) at'(c)

= t,(aac) + t,(bac) — z t; (Ji(a) + ai(b)) ati(c)
i=1

n n

- n( ) n( ) i i( ) l() i i( ) L()
t,(aac) + t,(bac —lElt (O’ a)az Cc —iélt (O' b)az c
n( ) i i( ) l() n( ) i i( ) l()
t,(aac —iélt(o' a)az c)+t,(bac —iélt(o' b)al Cc

= 6p(a,0)q + 6,(b,C)q
iii-  8,(a,b+0), =ty(aalb+0) -, t, (ai(a)) aTi(b + c)

= t,(aab) + t,(aac) — Z t; (gi(a)) a(T'(b) + T'(c))
i=1
=t, (aab) - T, t; (0'(@)) at' (b) + t,(aac)) - Bi, & (o' (@) av'(c)
:6n (a’ b)a+ 511 (a, C)a

Remark (2.5):- Note that T=(t;);ey is higher left (o ,1) - centralizer of a I' — ringM if and only if
6p(a,c), =0
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Lemma (2.6): Let T=(t;);en be a Jordan higher left (o ,t) — centralizers of a 2-torsion free prime I'-ring M
then foralla,b,m € M,a, B € F'andn € N
8.(a,b)p " (M)Blr" (@), 7" (b)), = 0

Proof:- We prove by inductiononn € N
Let w = aabfmpfbaa + baafaab
t(w) = t(aa(fmpBb)aa + ba(afmpPa)ab)
= t(a(a)ar(bﬁmﬁb))a‘r(a) + t(a(b))at(apmpBa)az(b)
= t(o(@)ar(b)r(m)Br(b)at(a)) + t(a(b))ar(a) +
t(o(b)ar(a)pr(m)pr(a)ar(h)) (1)
On the other hand
t(w) = t((aab)pmpB(baa) + (baa)fmp (aab))
= t(a(aab))ﬁr(m)ﬁ‘[(baa) + t(o(baa))Br(m)Br(aab)
= t(o(a)ao(b))pr(m)Br(baa) + t(c(b)ac(a))Br(m)Lr(aab)
=t(o(o(a))at(a(b))Br(m)Br(baa) + t(a(a(b)))ar(s(a))pr(m)T(aab)
=t(o(a)at(b)Bt(m)Br(baa) + t(a(bt(m))at(a)Br(m)Bt(aab))
= t(aab)Br(m)Br(baa) + t(baa)Btr(m)pBr(aab)
=t(aab)gt(m)zr(b)at(a) + t(baa)st(m)zt(a)at(bh) .. (2)
Comparing (1)and (2) we have
0= (t(aab) — t(o(a)at(b))pr(m)Br(b)at(a) + (t(baa) — t(o(b)az(a))Br(m)Br(a)at(h)
= 6(a, b)ofr(m)Br(b)at(a) + 8(b,a),Br(m)pr(a)ar(b)
= 6(a, b)ofr(m)Br(b)at(a) — 8(a, b).Br(m)pr(a)ar(b)
= 6(a, b)ofr(m)B[r(a), ()],

Then we can assume that
85(a, b)fre(M)B[T*(a), (b)), = 0
foralla,bm € M,a,f €T and s,n € N,s <n
Now
t,(w) = t,(aa(bpmpb)aa + ba(afmpBa)ab)

= Z t; (oi(a)) at'(bpmpBb)at'(a) + Z t; (ai(b)) at'(apmpa)ati(b)
i=1

i=1
=2t (o' (@) at! (BBt (m)Be! (bat' (@) +Ti, t; (o (b)) at! (@Bt (m)Be! (@)at! (b)
= O (o' @) at! gz m)pr" bar(a)

i=1

+ O (o' ®) ati@)pr" mpr" @ar" (b)
i=1

=t,(aab) BT (M)BT" (b)at™(a) + t,(baa)Bt™ (M)Bt" (a)at™ (b) - (1)
Now
t,(w) = t,((aab)pmp(baa) + (baa)pmp (aab))
= t,((aab)Bt"(M)Br" (b)at™(a) + t,(baa)Bt™ (Mm)B1" (a)at™(b) - (2)
Compare (1) and (2) we have

0 = (ty(aab) — X1 t; (Ui(a))afi(b)ﬁf: (m)Bt" (b)at™(a))
+(t, (baa) — Z t;(o'(@)at' (@)B" (m)Br" (a)at" (b)

i=1

= 6,(a,b) Bt"(M)B[t" (@), " (b)],

I11.  The Main Result
In this section, we introduce our main results, we have prove that every Jordan higher left (o,7)- centralizer
of a 2-torsion free prime I'- ring M is higher left (o,7)- centralizer of M. and we prove that under certain
conditions a Jordan higher left (o,7)- centralizer of a prime I' — ring M is Jordan triple higher left (o,7)-
centralizer of M.
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Theorem (3.1):- Let T=(t;);ey be a Jordan higher left (o,7)- centralizer of a prime I' — ring M then for all

a,b,cmeM;aq,BEland n € N

Sp(a+ ¢, b) pr"(m)B[r"(c),7"(d)], =0

Proof: - In Lemma (2.6) replace a+c for a
8n(a + ¢, b)o " (m)B[r"(a + c), 7" (b)], =0

0 =8,(a,b) " (M)B[r"(a + ), 7" (b)]¢ + 8,(c,b)ofT" (M)B[1" (a + c), 7" (D)].
0 = 8,(a,b) " (M)B[r" (@), 7" (b)]o + 8,(a, b),BT" (M)B[7" (c), 7" (D)],
+8,(c, b)o BT (M)B[7" (@), 7" (B)]¢ + 8,(c, D)o fT" (M)B[T" (), T" (b)],

By Lemma 3 we get

8n(a,b) " (M)B[7" (c), 7" (b)]o + 6, (c, d) BT (M)B[r" (a), 7" (b)] = O
8, (a, b) BT (M)B[7" (c), 7" (D)l = =8, (c, )BT (M)B[" (@), 7" (b)]4

Since Mis I' — ring

0= 68,(a,b)Br"(M)B[r"(c), 7" (D)l BT" (MBS, (a, b)o B (M)B[" (c), T" ()],
=8, (a,b) B (M)B[" (€), 7" (B)] BT" (M) B, (c, D)B[T" (), 7" (b)], = O

Hence by primness we get

8,(a,b)pr" (M)Blr" (), 7" (D), =0

Now replace b+d for b in Lemma (2.6), we get :-
8,(a,b + d)o " (M)B[r" (c), T" (b + d)], =0

8n(a,b) " (M)B[r" (@), 7" (b + D))y + 6, (a, b) BT (M)B[" (), 7" (b + d)], = 0

8n(a,b) BT (M)B[" (@), " (b)], + 8, (a, b)pT" (MIB[T" (), 7" ()],

+6,(a, d)o " (MIB[7" (@), " (B)]; + 6,(a, d) BT (M)B[" (), T" ()], = O

By Lemma (2.6) we get:-

8, (a,b) " (M)B[r" (@), 7" (d)]o + 6, (a, d) BT (M)B[r" (@), 7" ()], = O

Hence

8y (a,b) " (M)B[r" (@), 7" ()] = —6n(a,d)fT" (M)B[" (), T" (D],

Since M is I' — ring we can conclude

8n(a,b) BT (M)B[r" (@), T" ()] BT" (M)B S, (a, b) BT (M)[7" (@), 7" (d)], = O

So

=6, (a,b) " (M)B[r" (@), T" (D] BT" (MBS, (a, b)) fr" (M)[7" (@), 7" (d)], = O

Since M is prime we get
8, (a,b)opr" (M)B[r" (@), 7" ()], = 0 - (2)
Thus

8n(a,b) " (M)Bl" (@ + ), " (b + )], =0

8, (a, b)fr" (M)B[7" (), 7" (b)]¢ + 6, (a, b)BT" (M)B[7" (@), 7" ()],

+6,(a, b)o BT (M)B[7"(¢), 7" (b)]o + 81 (a, b)o Br" (M)B[T" (c), 7" ()] = O

from Lemma (2.6) and by 1 and 2 we get the result
8n(a,b) " (M)l (c), 7" (D], =0

Theorem (3.2): Every Jordan higher left (o,7)- centralizer of a 2-torsion free prime I' — ring M is higher

left (o,7)- centralizer of M.

Proof:-Let T = (¢;);ey be aJordan higher left (o,7)-centralizer of a prime I' — ring M.

from Theorem (3.1) we have
6n(a,b)o " (M)l (c), 7" ()], =0
forall a,b,c,d, meM , ,anda,f €Erandn € N
since M is prime I' — ring we have
either &, (a,b), = 0or[t"(c),t"(d)], =0
if [t"(c),t"(d)], # Oforallc,d € M,a € T'andn € N
then &, (a, b), = 0 and hence T is higher left (o,7)- centralizer of M.
if [t"(¢),t"(d)], =0forall c,d e M,neNanda € I
then M is commutative I' — ring and by Lemma (2.2) (i)
we have

t,(2aab) = 2 i t; (o*i(a)) ati(b)
i=1

iz
and since M is a 2-torsion free we get the required result. m
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Theorem (3.3):- Let T = (t;);en be a Jordan higher left (o,7)-centralizer of a prime I' — ring M such that
tigl = 1t and o' = o' then T is Jordan triple higher left (o,7)- centralizer of M.

Proof:-replace b by afb + bfa in Definition 2.1 then

Then

t,(aa(aBb + bBa) + (aBb + bBa)aa

= Z t; (ai(a)) at'(afb + bfa) + t; (oi(a,[)’b + bﬁa)) at'(a)
i=1
=Xim1t (ai(a)) at'(a)pri(b) + ¢ (ai(a)) ati(b)pr'(a)
+ Yt (0'@) po'Dar'(@) + t, (¢! )0 @) ar'(a)
i=1

=31t (0'(@) ar' (@B (b) + t; (o' (@) axi (b)BT (@)
) 4@ @ @B W B))ar (@ + (o' (o (6))B7 (0" (@)t (@)

i=1
by hypothesis we have
t, (aa(apb + bpa) + (apb + bBa)aa)

=211t (0'(@)) ad' (@)Bri(b) + t; (o' (2) ) ad' (D) B (a) +
+ 2.t (0'(a)) B (b)ac (@) + t; (' (b)) B ()t (a) (1)

on the other hand
t, (aa(apb + bpa) + (apb + bfa)aa)
= t,(acaffb + aabBa + aBbaa + bpaaa)

= Z t; (ci (a)) at'(a)pr' (b) + t, (acbBa + apbaa) + Z t; (ci (b)) Bt (a)at (a) ... (2)
Comparing (1) and (izz)lwe get i
t, (aobPa + apbaa)

- Z t (0'@)) ad (0)Br' () + 1 (o'(@) ) B ()t (a)
sinlczelM satisfying (*) we have

t, (2aabBa) _ZZ o'(a) ) ot (b) B (2)

since M is 2- torS|on free I' — ring we have

n

t, (acbBa) = Z t (0'(@)) o' () (a)

i=1
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