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Abstract: The objective of the present analysis is to study the effect of overlapping stenosis on blood flow 

through an artery by taking the blood as Casson type non-Newtonian fluid. The expressions for flux and 

resistance to flow have been studied here by assuming the stenosis is to be mild. The results are shown 

graphically for different values of yield stress, stenosis length, stenosis height and discussed. 
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I. Introduction: 
As human system, its growth function are very complicated in nature, actual blood flow model is 

unknown to us. Many biomedical researchers have tried to develop mathematical models to get insight into the 

blood flow characteristics through an arterial tube by considering the blood as Newtonian or non-Newtonian 

fluid. Nowadays healthcare problems are concerned by the people. Presently cardiovascular diseases have been 

noticed as one of the major cause of death in the industrialized world. Cardiovascular system consists of heart 

and blood vessels, which plays an important role in blood flow through an artery. The blood flow characteristics 

can be altered significantly by the arterial disease, such as stenosis and aneurysm. Stenosis is a serious 

cardiovascular disease. Stenosis is formed due to the deposition of fats or lipids in the inner wall along the 

lumen of the artery. Once arterial stenosis occurs, resistance to flow is increased and so normal blood flow is 

disturbed abruptly. Hence blood flow is insufficient to reach every cell and this resists nutrient supplement and 

as a result of this, several diseases like hypertension, heart attack, brain haemorrhage occur. 

In view of this several authors (Young [1], Lee and Fung [2], Shukla et. al [3], Chaturani and Samy [4], 

Fry [5], Caro et. al [6], Texon [7], Richard et. al [8] and Radhakrishnamacharya et. al [9]) have presented 

mathematical models for blood flow through stenosed/constricted ducts. In all these studies blood has been 

considered as Newtonian fluid. However it may be noted that blood does not behave as Newtonian fluid under 

certain conditions. It is well known that whole blood behaves as a non-Newtonian fluid at low shear rate, as 

blood consists of cells in an aqueous solution. 

Many mathematicians have studies some mathematical models by treating the blood as a non-

Newtonian fluid (Charm and Kurland [10], Hershey et. al[11], Whitmore [12], Cokelet [13], Lih [14]). It has 

been pointed out that at low shear rate (0.1sec
-1

) the blood behaves like a Casson fluid model (Casson [15], 

Reiner and Scott Blair [16]). 

However, all these investigations considered the effect of single stenosis, but the constrictions may 

develop in series (multiple stenosis) or may be of irregular shapes or overlapping. Chakrabortyet. al [17] have 

studied effect of overlapping stenosis on arterial flow.  

In the present analysis I propose to discuss the effect of overlapping stenosis on blood flow through 

arterial tube by considering the blood as Casson type non-Newtonian fluid. 

 

II. Mathematical Formulation: 
 Let us consider the steady flow of blood through an axially symmetric but radially non symmetric 

overlapping stenosed artery. 

 The geometry of Stenosis can be taken as (Maruthiprasad et. al [18], Layek et. al [19], Srivastava [20]) 
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 Where 𝑅 𝑧 is the radius of the tube in the stenotic region, 𝑅0 is the radius of the tube outside the 

stenotic region, 𝑅𝑝  is the radius in the plug flow region , 𝐿0 is the length of the stenosis and d indicates its 

location, 𝛿 is the maximum height of the stenosis. Projection of stenosis at the two positions is denoted by z as z 
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Fig.1:  Geometry of a uniform tube of circular cross section with overlapping stenosis 

 

The equation governing the flow is given by  

                                                        −
𝜕𝑝

𝜕𝑧
 = 

1

𝑟

𝜕

𝜕𝑟
 𝑟𝜏𝑟𝑧  ,                                         (2) 

 In which 𝜏𝑟𝑧  represents the shear stress of blood considered as Casson fluid and p is the pressure 

gradient. 

The relationship between shear stress and shear rate is given by  

                           𝜏𝑟𝑧

1

2 = (−𝜇
𝜕𝑤

𝜕𝑟
)

1

2 + 𝜏0
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   𝜕𝑤
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= 0𝜏𝑟𝑧 < 𝜏0,                                             (3) 

 where𝑤 stands for the axial velocity of blood; 𝜏0, the yield stress and 𝜇 , the coefficient of viscosity of 

blood. 

The boundary conditions are  

 

                                          (i)  𝜏𝑟𝑧  is finite at 𝑟 = 0 

                                          (ii)𝑤 = 0 at 𝑟= ℎ(𝑧) 

                                         (iii)
𝜕𝑤

𝜕𝑟
= 0at𝑟 = 0 if 𝜏𝑟𝑧 < 𝜏0                                      (4) 

 

Solution: 

Integrating (2) and using the boundary condition (i) of (4) we get 

                                                                    𝜏𝑟𝑧  = 
𝑃𝑟

2
 , 

where P = −
𝜕𝑝
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From (3) 
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Integrating (5) and then using the boundary condition (4) we get  
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Since 
𝜕𝑤

𝜕𝑟
= 0 at 𝑟= 𝑟0, the upper limit of the plug flow region is obtained as  
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Thus we get 
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The plug velocity 𝑤𝑝  is given by  
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The volumetric flow rate i.e, the flux is given by  

𝑄 = 2 [ 𝑤𝑝𝑟𝑑𝑟 +  𝑤𝑟𝑑𝑟]
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The pressure drop ∆𝑝 across the stenosis between z = 0 to z = L is obtained as 
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Introducing the following non-dimensional quantities 

                                                 𝑧 =  
𝑧

𝐿
 , 𝛿 =  

𝛿

𝑅0
 ,𝑅 (𝑧) =  

𝑅(𝑧)

𝑅0
,𝑄 =  

𝑄

𝜋𝑈𝑅0 
2  , 

                                                    𝜏0 =  
𝜏0

𝜇𝑈 𝑅0 
, 𝜏𝑟𝑧    =  

𝜏𝑟𝑧

𝜇𝑈 𝑅0 
, 𝑃 =  

𝑃

𝜇𝑈𝐿 𝑅0
2 
,                                            (12) 

in equation (10) we finally get (after dropping the bars) 
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The resistance to flow 𝜆 is defined as 
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The pressure drop in the absence of stenosis (h =1) is denoted by ∆𝑝𝑁and is obtained from (13) as 
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−168𝜇𝑄
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The resistance to flow in the absence of stenosis as  
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Hence the normalised resistance to flow 𝜆  is given by  
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III. Results and Discussions: 
 To illustrate the flow analysis the results are shown graphically with the help of MATLAB-7.6. The 

effect of various parameters on flux and resistance to floware computed numerically. 

 Figures 2, 3, 4 reveal that the variation of flux for different values of 𝜏0, 𝐿0 and z with the variation of 

𝛿. It is clear from the figures that Q decreases as 𝛿and 𝜏0increase, but the reverse effect occurs when 𝐿0 and z 

increase. 

 Figures 5, 6 and 7 describe the effectsof 𝜏0, 𝐿0 and d on resistance to flow. It is found that as 

𝛿increases 𝜆  increases with the increase of 𝜏0and 𝐿0, but it decreases when d increases for fixed values of 𝜏0and 

𝐿0 . 
 

IV. Conclusions 
   Blood flow through an arterial tube mainly depends on the volumetric flow rate and resistance to flow. 

It is clear from the present analysis that as stenosis grows resistance to flow increases with in the stenotic region, 

for which several diseases occur, such as high blood pressure, stroke, brain haemorrhage etc. so the results are 

greatly influenced by the change of shape parameters. Hence the present analysis may be helpful for the 

diagnosis of various types of cardiovascular diseases. 
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Figure -2 

 
Figure -3 

 
Figure -4 
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Figure -5 

 
Figure -6 

 
Figure -7 

 

References 
[1].  Young, D. F.: Effects of a time-dependency stenosis on flow through through a tube, J. Engg. Ind., Trans ASME, vol. 90, 248-254, 

(1968). 
[2].  Lee, J.S. and Fung, Y. C.: Flow in locally constricted tubes and low Reynolds number, J. Appl. Mech., Trans ASME, Vol. 37, 9-16, 

(1970). 

[3]. Shukla, J. B., Parihar, R.S. and Rao, B. R. P.: Effects of stenosis on non-Newtonian flow through an artery with mild stenosis, Bull. 
Math. Biol.,Vol.42, 283-294, (1980). 

[4].  Chaturani, P. and PonnalagarSamy, R.: Pulsatile flow of Casson’s fluid through stenosed arteries with applications to blood flow, 

Biorheol., vol. 23, 491-511, (1986). 

0 0.05 0.1 0.15 0.2 0.25
0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6





 

 


0
=0.6


0
=0.4


0
=0.2

0 0.05 0.1 0.15 0.2 0.25
0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8





 

 

L
0
=0.85

L
0
=0.9

L
0
=1

0 0.05 0.1 0.15 0.2 0.25
0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8





 

 

d =0.3

d =0.35

d =0.4



Casson flow of blood through an arterial tube with overlapping stenosis 

DOI: 10.9790/5728-11632631                                             www.iosrjournals.org                                     31 | Page 

[5].  Fry, D. L.: Localizing factor in atherosclerosis, In atherosclerosis and coronary heart disease, New york, Grune Stratton, vol.85, 

(1972). 

[6].  Caro, C. G., Fitz-Gerald, J.M. and Schroter, R. C.: Atheroma and arterial wall shear observation, correlation and proposal of a shear 
dependent mass transfer mechanism for Atherogenesis, Proc. R. Soc., vol. 177, 109-159, (1971). 

[7].  Texon, M.: A homodynamic concept of atherosclerosis with particular reference to coronary occlusion, vol. 99(418), (1957). 

[8].  Richard, L.K., Young, D. F. and Chalvin, N. R.: Wall vibrations induced by flow through simulated stenosis in models and arteries, 
Biomech., vol. 10(431), (1977). 

[9].  Radhakrishnamacharya, G. SrinivasRao, P.: Flow of a magnetic fluid through a non- uniform wavy tube, Proc. Nat. Acad. Sci., 

India, vol. 76 (A), (2007). 
[10].  Charm, S. and Kurland, G.: Viscometry of human blood for shear rates of 0-100000 sec-1,  Nature, London, vol. 206 (4984), 617-

618, (1965). 

[11].  Hershey, D., Byrnes, R. E., Deddens, R. L. and Roa, A. M.: Blood Rheology : Temperature dependence of the power law model, 
paper presented at A. I. Ch. E. Boston, (1964). 

[12].  Whitmore, R. L.: The rheology of human blood, Biomechanics, Ed, By Y. C. Fung et. al, Englewood Clliffs: Prentice- Hall, vol. 63, 

(1972). 
[13].  Lih, M. M.: Transport phenomena in Medicine and Biology, Wiley, New york, (1975). 

[15].  Casson, N.: A flow equation for pigment oil suspensions of the printing ink type, Rheology of disperse systems, Ed. Mill., C. C., 

London, 84-102, (1959). 
[16].  ScottBlair, G. W. and Spanner, D. C.: An introduction to Biorheology, Elsevier, Scientific pub. Company, Amsterdam, Oxford and 

New York, (1974). 

[17].  Chakraborty, S. and Mandal, T. K.: Mathematical modelling of blood flow through an overlapping stenosis, Math. Compute. 
Model, vol. 19, 59-73, (1994). 

[18].  Maruthiprasad, K,,Vijaya, B and Umadevi, C.: A Mathematical model of Herschel- Bulkley fluid through an overlapping stenosis, 

vol. 10(2) 
[19].  Layek, G. C. and Glora, R.S.D: Unsteady viscous flow with various viscosity in a vascular tube with an overlapping constriction, 

Int. J. Engg. Sci., vol. 649-659, (2009). 

[20].  Srivastava, V. P. and Rastigi, R.: Blood flow through stenosedcatherized artery: effects of hematocrin and stenosis shape, Comput. 
Math, Appl. Vol. 59, 1377-1385. 


