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Abstract: In this paper, we present the notions of cubic (weak) implicative hyper BCK-ideals of hyper BCK-
algebras and then we present some results which characterize the above notions according to the level subsets.
In addition, we obtain the relationship among these notions, cubic positive implicative hyper BCK-ideals of
types-1, 2...8 and obtain some related results. AMS (2010): 06F35.
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I. Introduction

BCI/BCK-algebras are generalizations of the concepts of set-theoretic difference and propositional
calculi. These two classes of logical algebras were introduced by Imai and Iseki [11] in 1966. It is well known
that the class of MV-algebras introduced by Chang in [7] is a proper subclass of the class of BCK- algebras
which in turn is a proper subclass of the class of BCl-algebras. Since the introduction of BCI/BCK-algebras, a
great deal of literature has been produced, for example see [8, 10, 12, 13, 14]. For the general development of
BCI/BCK-algebras, the ideal theory plays an important role. Hence much research emphasis has been on the
ideal theory of BCI/BCK-algebras, see [1, 2, 3, 9].

The hyper structure theory was introduced in 1934 by Marty [24] at the 8th Science Congress of
Scandinavian Mathematicians. In the following years, several authors have worked on this subject notably in
France, United States, Japan, Spain, Russia and Italy. Hyperstructures have many applications in several sectors
of both pure and applied sciences. In [9], Jun et. al. applied hyperstructures to BCK-algebras and introduced the
notion of hyper BCK-algebras which is a generalization of a BCK- algebra. After the introduction of the
concept of fuzzy sets by Zadeh [28], several researchers have carried out the generalizations of fuzzy sets. The
idea of cubic set was introduced by Jun et. al. [21], which contains interval valued membership function and non
degree membership function. In [15], Jun et. al. introduced the cubic hyper BCK-ideals and obtained some
related results. In [27], Satyanarayana and Bindu introduced the concept of cubic hyper BCK-ideals of hyper
BCK-algebras. In the present paper, we introduce the concepts of cubic (weak) implicative hyper BCK-ideals of
hyper BCK-algebras and we obtain some results which characterize the concept according to level subsets. Also,
we obtain the relationship among these concepts, cubic (strong, weak, reflexive) hyper BCK-ideals, cubic
positive implicative hyper BCK-ideals of types - 1,2,...,8 and some related properties are investigated.

Il. Prelimianries
Let H be a non-empty set endowed with hyper operation that is, o is a function from H x H to P*(H) =
P(H)\{¢}. For any two subsets A and B of H, A o B is denoted by U,ea peg @ © b. We shall use the x o y instead

ofx o {y}, {x} ey or {x} o {y}.

Definition 2.1. By a hyper BCK-algebra, we mean a nonempty set H endowed with a hyper operation o and a
constant 0 satisfying the following axioms:

(HK=1)(x0z)o(yoz) KxoYy,

(HK—2)(xey)ez = (xoz) oy,

(HK—3) xo H « {H},

(HK—-4) x K yand y < x implies that x = y for all x,y,z € H.

We can define a relation <« on H by letting x «< y if and only if 0 € x o y and for every A,B € H,A «
B is defined for all a € A there exists b € B such that a < b. In such case, we call the relation « the hyper order
in H. In the sequel, H will denote hyper BCK-algebra. It should be noted that the condition (HK-3) is
equivalently to the condition:
(P1) xoy < {x}, forall x,y € H.
In any hyper BCK-algebra H, the following hold:
(P2) 000 = {0},
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(P3) 0 K x,

(P4) x K ¥,

(P5) A € Bimplies A < B,

(P6) 0o x = {0},

(P7)x00 = {x},

(P8) 00 A = {0},

(P9) x e x 00, forall x,y,z € H and for any nonempty subsets A and B of H.

Definition 2.2. Let I be a nonempty subset of hyper BCK-algebra H and 0 € 1. Then

(I-1) I'is called a hyper BCK-subalgebra of Hif x o y € I for all x,y € H.

(1-2) l'is called a weak hyper BCK-ideal of H, if xey S Tandy € Iimply x € I for all x,y € H.

(1-3) I'is called a hyper BCK-ideal of H, ifx cy « I andy € Iimply x € I for all x,y € H.

(1-4) Tis called a strong hyper BCK-ideal of H, ifxey N1 # ¢pandy € Iimplyx € I, for all x,y € H.
(1-5) Iis said to be reflexive if x o x € I, for all x € H.

(1-6) I'is said to be S-reflexive, if (xey) N1 # ¢ = xoy K Iforall x,y € H.

(1-7) L'is said to be closed if x << I'and y € I implies that x € I for all x,y € H.

It is easy to see that every S-reflexive subset of H is reflexive.

Definition 2.3. A hyper BCK-algebra H is called a positive implicative hyper BCK-algebra if for all x,y,z €
H, we have (xoy) oz = (x02z) o (yoz).

If Tis nonempty subset of H and 0 € I, then 1 is called a weak implicative hyper BCK-ideal of H if (xo z) o
(yex) S landz € I imply that x € I for all x,y,z € H.

| is said to be an implicative hyper BCK-ideal of H, if (xoz) o (yox) « Tand z € I imply that x € I for all
X,y,Z € H.

Definition 2.4. [25] Let H be a hyper BCK-algebra. A nonempty subset I of H is called a strong implicative
hyper BCK-ideal if it satisfies:

(o€l

(ii) ((Xo z) o (yox)) NI+ @andz e limplythatx € I forall x,y,z € H.

Example 1[25] Let H = {0,1,2} . Consider the following table:
o 0 1 2

0 [ {0} {0} | {0}

{1 {0} {1}
2 {2+ {2 {02}

It is clear that (H,o) is a Hyper BCK-algebra. Putting I = {0,2}, it can seen that I is a strong implicative Hyper
BCK-ideal of H.

A fuzzy set in set X is a function p: X — [0,1]. Let pand A be the fuzzy sets of X. For
s,t € [0,1] the set U(uy;s) = {x € X/ua (x) = s} is called upper s-level cut of p and set
LA t) = {x € X/A\(x < t)}is called lower t-level cut of A.

Let pu be a fuzzy subset of H and p(0) = u(x), for all x € H. Then p is called:
(i) a fuzzy weak implicative hyper BCK-ideal of H if p(x) = min{inf,e(xop)o(yex) H(a), 1(2) }
(i1) a fuzzy implicative hyper BCK-ideal of H if u(x) = min{supae(xoz)o(yox) u(a), u(z)}for all x,y,z € H.

The determination of maximum and minimum between two real numbers is very simple but it is not simple for
two intervals. In [5] Biswas described a method to find max/sup and min/inf between two intervals or set of
intervals. By the interval number D we mean an interval [a~,a™] where 0 < a~ < a® < 1. For interval numbers
D; = [a1,bf], D, = [az,b3].
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We define the following
min (D, D;) = D; N D, = min([a7,bf],[a3,b3]) = [min{ay, a3}, min{bj, b3 }].
max (D, D;) = D; U D, = maxi{fa;,b}],[a7,b?]) = [max{a],a3}, max{b], bi}].
D, + D, = [a] + a3 —aj.a3, bj + by —bf.b]].
We put
D; <D, & aj < aj andbf < b}
D, =D, & aj =aj; andbf =bJ
Dl <D2 <:>D1 SDzanle ¢D2
mD = m[a7,b{] = [may,mb{],where0 <m < 1.

An interval valued fuzzy set A over X is an object having the form A = {(x,{iy) : x € X} where [iy(x) : X —
D[0,1] is the set of all subintervals of [0, 1]. The interval {iy(x) denotes the intervals of the degree of
membership of element x to the set A where i, (x) = [ux (%), ui (x)] forall x € X.

Definition 2.5. [5] Consider two elements D;,D, € D[0,1]. If D; = [a7,af] and D, = [a;,a}] then
rmin( Dy, D,) =[min(ay ,a}), min(a3 ,a3)] which is denoted by D, A" D,. Thus if D; = [a; ,a]] € D[0,1] for
i=1,23.. then we define rsup;(D;) = [sup;(a;), sup;(a;j)] that is VI D; = [v;a;,v;af]. Now we call
D, =D, ifand onlyif a7 > a3 and a} > a$. Similarly, the relations D; < D, and D; = D, are defined.
Based on interval valued fuzzy sets, Jun et.al.[21] introduced the notion of (internal, external) cubic sets and
investigated several properties.

Definition 2.6. [27] Let X be a nonempty set. A cubic set A in X is a Structure A = {(x fia (x),AA(x)) ;X E X}

which is briefly denoted by A = (fis,A4) Where i, = [ux, ui] is an interval valued fuzzy set in X and A, is
fuzzy set in X.

Definition 2.7. [27] A cubic set A = (fiy,A4) in H is called a cubic hyper BCK-ideal of H if it satisfies the
following conditions:

(K1) x <y implies that fiy (x) = fia (y) and 2, (x) < 24 (y),

(K2) fia (x) 2 rminfinf, ey fia (@), fia (1)},

(KA < max{supbe,(ey Aa(b),Ap (y)}, forall x,y € H.

Definition 2.7. [27] A cubic set A = (fis,A4) in H is called a cubic strong hyper BCK-ideal of H if it satisfies
the following conditions:

(SHI) irlfaExox FlA (a) 2 1“rnin{suprxoy ilA (b), ﬂ-A (Y)} and

(SH2) Supeyex Aa(€) < max{infyeyey Aa (d), 24 (v)}, forall x,y € H.

Definition 2.9. [27] A cubic set A = (fis,A4) in His called a cubic s-weak hyper BCK-ideal of H if it satisfies
the following conditions:

(S1) fia (0) = fip (y)andA, (0) < A4 (y), forall x,y € H.

(S2) for every x,y € H there exists a,b € x o y, iy (x) = rmin{fi, (3), fis (y)} and

Ap (%) < max{A, (b), A ()}

Definition 2.10 [27] A cubic set A = (fis,A4) in H is called a cubic weak hyper BCK-ideal of H if it satisfies
the following conditions:

(W1) fi5 (0) = fia () = rmin{inf, ey, fia (a), fia (v)} and

(W2) 24 (0) < A4 (%) < max{suppeyoy Aa (b), A4 ()}, forall x,y € H.

Definition 2.11. [27] A cubic set A = (fia,A4) in H is said to satisfy the “sup-inf” property if for any subset T of
H there exist xq,y, € T such that

fia (%) = supxer fia () and Ax (o) = infyer A4 (¥).

Theorem 2.12. [27] Every cubic strong hyper BCK-ideal is a cubic hyper BCK-ideal.
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I11. Cubic Implicative Hyper Bck-ldeals Of Hyper Bck-Algebra

Definition 3.1. Let A = (fis,A5) is a cubic subset of H and fi, (0) = fis (x),A4(0) < A, (x) for all x,y € H.
Then A = (fis, A4) is called a cubic positive implicative hyper BCK-ideal of :
(i) Type 1, if forallt € x oz,

fia () = rmin{ inf iy (a), inf FlA(b)}
oz beyoz

a€(xey)
)\A (t) < max{supce(xoy)oz )\A (C)' Supq €Eyoz }\A(d)}
(i) Type 2, if forall t € x o 7,
fa(t) = rmin{ sup s (a),bienf Fa (b)}
yoz

a€g(xoy)oz
)\A (t) < max{infc €(xo0y)oz }\A (C)' Supqy Eyoz }\A (d)}
(iii) Type 3, ifforall t € x o z,
FlA (t) = rmin{supa E(xoy)oz IlA (a), SUPpeyoz ﬁA (b)}
}\A (t) < max{infc €(xoy)oz }\A (C)' inI:d €yoz. }\A (d)}
(iv) Type 4, ifforallt € x o z,
ilA (t) = rrnin{infae(xoy)cz aA (a)' Supbeyoz r]-A (b)}!
NGRS max{supce(xoy)°Z Aa(0), infgeyo, Ap (d)} forall x,y,z € H.

Definition 3.2 Let A = (fiy,A4) be a cubic subset of H. Then A = (X,[iy,A4) is called a cubic positive
implicative hyper BCK-ideal of:
(i) Type 5, if there exists t € x o z such that
ﬁA (t) = rmin{infae(xoy)oz ﬁA (a)' infbeyoz ﬁA (b)} )\A (t) = max{supce(xoy)oz )\A (C)'Supdeyoz AA (d)}
(i) Type 6, if there exists t € x o z such that
ﬁA (t) = rmin{supa €(x0y)oz Ij-A (a)' supp Eyoz ﬁA (b)},
A < max{infce(xoy)c,Z Aa(©), infyeyo, Ap (d)}.
(iii) Type 7, if there exists t € x o z such that fi, (t) = rmin{inf, ¢ (yoy)o fia (@), SUPpeye; fia (b)},
AA (t) < max{supce(xoy)oz )\A(C)! indeyoz )\A (d)}
(iv) Type 8, if there exists t € x o z such that
aA (t) = rmin{supae(xoy)oz ﬁA (a)v infbeyoz r]-A (b)}1
INOES max{infce(xoy)oZ Aa (), SUPgeyos Aa (d)} forall x,y,z € H.

Definition 3.3. Let A = (fis,A4) be a cubic subset of H and fi, (0) = [iy (x), A4 (0) < A, (%) for all x,y,z € H.
Then A = (fia,A4) is called:
(i) a cubic weak implicative hyper BCK-ideal of H, if fi, (x) = rmin{inf,e(.;yo(yex) fia (@), fia (2)},
)\A (X) < max{supbe(xoz)O(yox) )\A (b)' )\A (Z)}
(i) a cubic implicative hyper BCK-ideal of H, if
ﬁA (X) = rmin{infae(xoz)O(yox) iiA (a): i]-A (Z)},
ax) < max{infbe(xoz)c(yox) A (b), A4 (2)} forall x,y,z € H.

Theorem 3.4 Every cubic implicative hyper BCK-ideal of H is a cubic weak implicative hyper BCK-ideal.

Proof: Suppose A = (fia,A,)is a cubic implicative hyper BCK-ideal of H. Then for all x,y,z € H. We have
Inf, ¢ (xoz)o(yox) Fia (@) < SUPe(xon)o(yox) Fia (@) and also,
infy ¢ (xor)o(yox) Aa (D) < SUPbe(xon)o(yox) Aa (D). Hence,
rj-A (X) = rmin{supae(xoz)o(yox) ilA (a): r]-A (Z)}

> rmin{inf, e(voz)o(yex) fia (@), fia (2)},

Ax(x) < max {be(xoigf(yox) Aa(b), Ay (Z)}
< max{supbe(xoz)O(yox) AA (b), /1A (Z)}
Accordingly, A = ({is,14) is a cubic weak implicative hyper BCK-ideal of H.
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Example 2. LetH = {0, a, b}. Consider the following cayley table
o 0 a b

0 {0} {0} {0}

a {a} {0,a} {0,a}

b {b} {a} {0.a}

It follows from [4] that (H,) is a hyper BCK-algebra.

Define a cubic set A = (fiz,A4) on H by ji,(0) = [1,0.8], fis(a) =[0,0.2],fi4(b) =[0.6,0.7] and 14(0) =
0,4(a) = 1,24(b) = 0.4. Then A = (fiy,A4) is a cubic weak implicative hyper BCK-ideal of H but it is not a
cubic implicative hyper BCK-ideal of H, since

ﬁA (a) = [0'02] < [1,08] = ﬁA (0) = rmin{supte(aOO)O(aoa) .aA (t), ﬁA (0)}1

M(@) =1> 0= 24(0) = max{infieqe0)e(aea) 2a (), 24 (0)}.

Theorem 3.5.
(i) Every cubic implicative hyper BCK-ideal of H is a cubic strong hyper BCK-ideal.
(ii) Every cubic weak implicative hyper BCK-ideal of H is a cubic weak hyper BCK-ideal.

Proof. (i) Let A = (fiy,A4) be a cubic hyper implicative hyper BCK-ideal of H. Puttingy =0and z =y in
Definition 2.8(SH2), we obtain

Tu(x) = rmin{ sup  fa(a), fig (y)}
a€(xey)o(0ox)
= Tmin{suPa Exoy .[ZA (a) ’ .[ZA (y)} and

M(x) < max{ inf  A4(b), A4 (}’)}
be€(xoy)eo(0ox)

= max{infye(eey) Aa (0, 24 0} (1)

First we show that for x,y € H,if x « y implies that i, (x) = fi,(y) and A, (x) < 4, (¥).
For this, let x,y € H be such that x < y. Then 0 € x o y and from (1), we get
fia(x) = Tmin{ sup fa(a), fig (y)}

a€xoy

= rmin{fiy (0), @4 (¥)} = fix(y) and
A4 (x) < max {b i(nf )/1,4 (b), A4 (Y)}
E(xoy
= max{24(0),2,(»)} = . (y) (2).

Letx € Handa € x o x. Since x o x < x, then a «< x for all a € x o x and so by (2), we have
fala) = fig(x)and 44(a) < A4(x) forall a € x o x. Hence

inﬁzexox .aA (Cl) = ﬁA (X) and SUPgexox AA (a) < )lA (X) (3)
Combining (1) and (3), we obtain

inﬁzexox .aA (Cl) = ﬁA (X) = rmin{supbexoy .aA (b), ﬁA (y)} and
SUPcexor 2 (€) S A4 (x) < max{infde(xoy) Aa(d), A4 (y)} forall x,y € H.

Thus A = (jiy, A4) is a cubic strong hyper BCK-ideal of H.
(i) Let A = (fiy, A4) be a cubic weak implicative hyper BCK-ideal of H. Putting y = 0 and
z =y in Definition 2.8(SH1), we obtain
fa(x) = rmin{ inf  fu(a), iy (}’)}
a€(xoy)o(0ox)
= rmin{infyerey fla(a), fa(y)}and
(x) < max{ sup (b)), 2y (3’)}
be&(xey)e(0ox)
= max{suppecroy) A (), L4 (3)}.
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Therefore,

fa(0) = fig(x) = Tmin{infae;coy fia(a), @y (y)} and

M(0) <A (x) < max{supbe(xoy)AA (b), 24 (y)} forall x,y € H.
Thus A = (jiy,A4) is a cubic weak implicative hyper BCK-ideal of H.

Theorem 3.6. Let A = (jiy, A4) be cubic subset of H, then the following statements hold:
(i) If A'is a cubic weak implicative hyper BCK-ideal of H then for all §,t € [0,1],

U(fiy; §) # ¢ + L(A4; t) are weak implicative hyper BCK-ideals of H.

(ii) If A'is a cubic implicative hyper BCK-ideal of H, then for all §,t € [0,1],

U(fiy; §) # ¢ + L(A4; t) are implicative hyper BCK-ideals of H.

Proof. (i) Suppose that A = (fis, A4) is a cubic weak implicative hyper BCK-ideal of H.

Lets, t€[0,1]and x,y,z € H besuch that (x o z) o (y o x) € U(fiy; ) and z € U(fiy; S).

Then a € U(jiy; ) for all a € (x o z) o (yeo x)which implies that, fiy(a) =3 and 7i,(z) = § implies that
Nfaexon)o(yex) Ba(@) =8 and fiy(2) = 5. Thus by hypothesis,

fip(x) = rmin{infae(xoz)o(yox) fa(a),fig (z)} > rmin{§, §} = § and thus

x €U(fiy; §). Now let x,y,z € H besuchthat (xoz) o (yox) € L(A4;t)and z € L(A,;t). Then b € L(Ay;t),
and b € (xoz)o (yox)implies A4(b) <t and 44(z) < t implies that supye(yoz)o(yex) Aa(h) < t and A,(z) <
t. Thus by hypothesis, A,(x) < max{supbe(xoz)o(yox) A,(b), 24 (z)} < max{t,t} =t which implies that
x € L(A,4; ).

Hence, U(jfis; §) and L(Ay4; t) are weak implicative hyper BCK-ideals of H.

(ii) Suppose A = (fiz, A4) is a cubic implicative hyper BCK-ideal of H. Then by theorem 3.6(i), A = (fiz, 44) is
a cubic strong hyper BCK-ideal of H and so it is a cubic hyper BCK-ideal of H. For all 5,t € [0,1], U(fis; $) #
¢ # L(A4;t) are hyper BCK-ideals of H. By theorem 4.6(ii) [25], it is enough to show that for x,y,z € H,
xo(yox) KU(fiy;8andx o (yox) K L(Ay;t), x € U(fiy;§) NL(A4;t). To this end, let xo(yox) <
U(fiy; §)forx,y € H. Then for all a € x o (y o x) there exists b € U(fis;§) such thata « band we have
fia(a) = fiy(b) =5 which implies that fiy(a)=5for all a€xo(yox) which implies
that SUPgexo(yox) Ha ((1) =38

Hence by hypOthESiS’ Ha (x) = rmin{supae(xoo)O(yox) Ha (a), Ha (O)} = SUPgexo(yox) Ha (a) =85

That isx € U(fiy;§). Let xo(yox) K L(Ay;t)forx,y € H. Then for all ¢ € x o (yox) there exists d €
L(A4;t) such thatc «< d. Hence we have 4,(c) < A4(d) <t which implies that 1,(c) <tfor all ce xo
(yox) which implies that Nfeexoyer) Aa(€) <t. Hence by hypothesis,
(%) < max{infce(xoo)o(yox)lA(c) ,AA(O)} = iNfeexo(yer) Aa(€) <t. Thatis x € L(44;t). Hence U(f4;3) and
L(Ay4;t) are implicative hyper BCK-ideals of H.

Theorem 3.7. Let H be a positive implicative hyper BCK-algebra. If A = (fiz, A4) is a cubic weak implicative
hyper BCK-ideal of H, then A is a cubic positive implicative hyper BCK-ideal of typel.
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