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Construction of BIBD’s Using Quadratic Residues
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Definition: Let v, k, and A be positive integers such that v > k > 2. A (v, k, )-balanced incomplete block
design (which we abbreviate to (v, £, 4)-BIBD) is a design (X,A) such that the following properties are
satisfied:

1 [X|=v,

2. Each block contains exactly k points, and

3. Every pair of distinct points is contained in exactly A blocks.

Property 3 in the definition above is the “balance” property. A BIBD iscalled an incomplete block design
because k < v, and hence all its blocks are incomplete blocks.

A BIBD may possibly contain repeated blocks if 2 > 1

Example: 1. A (7, 3,1)-BIBD. X={1, 2, 3, 4, 5, 6, 7}, and

A = {123, 145, 167, 246, 257, 347, 356}.

The blocks of the BIBD are the six lines and the circle in this diagram.

2.A(9,3,1)-BIBD.X={1,2,3,4,5,6,7,8, 9}, and

A = {123, 456, 789, 147, 258, 369, 159, 267, 348, 168, 249, 357}.

The 12 blocks of the BIBD are depicted as eight lines and four triangles. Observe that the blocks can be
separated into four sets of three, where each of these four sets covers every point in the BIBD.

3. A(10, 4, 2)-BIBD.

X={0,1,23,4,5,6,7,8, 9}, and A = {0123, 0145, 0246, 0378, 0579, 0689, 1278, 1369, 1479, 1568, 2359,
2489, 2567, 3458, 3467}.

4. A (7, 3, 2)-BIBD containing a repeated block.

X={0,1,2,3,4,5, 6}, and A = [123, 145, 167, 246, 257, 347, 356,123, 147, 156, 245, 267, 346, 357].

In a (v, k, 1)-BIBD, every point occurs in exactly r = A(v — 1)/ k — 1 blocks.

. Quadratic Residues

Consider the congruence ax 2 ibx+c=0 modp ...oooeveniiiininine, 1
Where p is an odd prime and p does not divide a. i.e. g.c.d (a, p) =1.since p is an odd prime we have

(4a,p) =1, 4a(ax2 + bx + ¢) = 0 mod p using 4a(ax2 +bx +c¢) = (2ax + b)2 - (b2 —4ac)
The given congruence can be written as (2ax + b)2 = (b2 — 4ac) mod p
Put X = 2ax +b andN=b? - 4ac

We get X Z_N F10701¢ I o OO 3}
if x = xg(mod p)isasolution of (1) then X = 2ax, + b (mod p) satisfies (2).
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Conversely if y = y,(mod p) is a solution of (2) then 2ax = y; —b(mod p) can be solved to obtain a
solution of (1). Finding a solution of (1) is equivalent to finding a solution to x 2 _ a(mod p).

If the congruence x 2 n(mod p) where pisan odd prime and p does not divide n Then we say that nis a
quadratic residue mod p and we write n R p. If the congruence has no solution then we say that n is a quadratic
non residue mod p and we write nR p.

Example: To find quadratic residues mod 11 we square the numbers 1. 2, 3,...... 10 and reduce to mod 11.
12=1,2%=4,3"=9,4°= 16 =5, 5" =25=3, 6° =36 = 3, 7° = 49 = 5, 8°=64=9, 10°= 100 =1
Therefore quadratic residues mod 11 are 1, 3, 4, 5, 9 and the quadratic non residues are 2, 6, 7, 8, 10.

-1
Theorem: Let p an odd prime then every reduced residue system mod p contains exactly d

quadratic
residues and exactly quadratic non residues mod p.The quadratic residues belong to the residue classes

containing the numbers 12, 2%, 3%........ (—)

P2 1ay<Pt

Proof: the numbers given above are distinct mod p. For 1<x <

2

if x Eyz(mod p) = (x+ y)(x—y)=0modp.=x -y = 0modp (since 1 <x+y <p)

hence x = y. Since (p - k)2 = k2 (mod p) every quadratic residue is congruent mod p to exactly one of
the numbers.

Legendre’s Symbol: Let p be an odd prime. If p does not divide n, we define Legendre symbol (n/ p) as
follows:

(n/p)=1ifnRpand (n/p)= _1ifnR p. if n=0 mod p we define (n / p)=0

For example(1/ p)=1, (m2 / p): 0,(7/11)=-1,(2/11)=0

Also (m / p)=(n/ p)whenever m = n(mod p).so (n/ p) is a periodic function of n with period p. From

little Fermat’s theorem we have n P ! = 1(mod p) if p does not divide n.

p_l p_l p—l

nP™l_1-(n 2 —1)(n 2 +1)Thereforen

Eil(l’T‘Od p)

p-1

Euler’s criterion: let p be an odd prime. Then forallnwe have (n/ p)=n 2 (mod p)

Proof: clearly the result is true when n = 0(mod p)since both the humbers are congruent to 0 mod p.
Suppose (n /p) =1 =3 an x such that x’= n (modp) and hence
p-1 p-1

n? = (xZ)T: x"? =1=(n/p) modp

Suppose (n/p) = -1 and consider the polynomial f (X) = X

p-1 p-1

Since f (x) has the degree p-1/2 f(x)=0 (mod p) has at most , 2

solutions but the quadratic residues

pt
n 2
mod p are solutions so the non-residues are not. hence is incongruent to 1 mod p is (n/p) =-1. But
p-1

= +1(mod p)
2 s0
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n 2 =—-1(mod p)=(n/p)mod p

L
~(n/p)=n 2 (mod p)
Definition:We define a semi-primitive root mod mas follows:Suppose ‘a’ is any integer and m is a positive
$(m)

integer such that (a, m ) = 1.We say that ‘a’ is a semi-primitive root mod m if exp, a = .
2

We know that there exists asemi-primitive root for mod m whenever m = p*,2p®,2%.p®,2°% for o> 3 also for m
= py.p2 Where p; and p; are distinct odd primes and at least one prime is of the form 4n+3.In these cases it was
found to be convenient to define a function A(m)called universal exponent of mod m A(m) is defined as
follows:
M) =1
A29 = (2% =2"tfa =12

= (2%)/2 = 27 if a>2.
AMp%) = ¢ (p*) where p is an odd prime.

A@5p Py ) = [227) 2 () 2(P1)]
Where p;, p; ps, -—-- pr are distinct odd primes and [a ,B]denotes L.C.M of o and f.An integer, whose
exponent mod m is A(m), is called A- primitive root of m.
Existence of semi-primitive roots: Now we establish some results on existence of Semi-primitive roots.
Theorem: There exists a semi-primitive root for mod (p“ ) and for mod 2 p* for a>2.
Proof: let m = p* and a>2.
We know that from the properties of exponents that if exp,a = t then exp,a" = t/(n,t)
Suppose ‘a’ is primitive root mod m. Then exppa = ¢(m).expya’ = e(M)/(2, p(m)) = @(m)/2
Therefore whenever a is a primitive root, a?is a semi-primitive root. As there exists
primitive roots for mod p® and for mod 2 p* we have, there exists a semi-primitive root
for mod p* and for mod 2 p*.

o

Theorem2: There exists a semi-primitive root for mod m where m = 2%p
Proof: From the definition of A- primitive root, there exists a A- primitive root for
mod 22.p%.

o(m) = 9(2%p%) = 2.p*(p-1).

p(m) _, 4(P°) _

¢ (p%
2
...i(m):¢(m)
2 a 2 w 22 . a
A(m) = A[2°) A(p) = [4(2°). 4 (p )]zw
($(2°).6(P“)

Hence there exists a semi-primitive root for mod 2%.p*

Theorem 3:There exists a semi-primitive root for mod 2%if a>3.

Proof: There exists a A-primitive root for mod 2“if a>3.i.e for every ‘a’ relatively primeto 2°suppose m = 2* we
have

exp . a= A(2%)
_ $(p”) _¢(m)
2

Hence there exists a semi-primitive root for mod 2°.
Theorem 4: There exists a semi-primitive root for mod m when m =p,p, where p; and p,

A(m) =1(2°)
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are distinct odd primes and at least one prime is of the form 4n+3.
Proof: Let m = pyp, Then

Now /l(m):wif(pl—l,p2 -1)=2

2
¢(m) = ¢(p1)¢(p2) = (pl_l)( p2 _l)
#(m) (0, ~D(p,~1)
2 2

¢(p.)-¢(p,)

A(m) =[A(p,). A(p,)]=1[4(p,). ¢(p,)]=
(#(p,). ¢(p,))

_ 6(p) 4(p,)
(pl_lr p2 _1)

Clearly (p1-1,p-1) =2
If at least one of py,p, is of the form 4n+3.Therefore there exists a semi-primitive root for
mod m when m =p;p, where p; and p,are distinct odd primes and at least one prime is of
the form 4n+3.
Theorem: If ‘a’ is semi-primitive root mod p then ‘a’ is a quadratic residue mod p.
p-t
Proof: a is a semi primitive root modp =>a 2 =1(mod p)
Since p is an odd prime p has a primitive root say g.

Since (a. p) =1 we have a = gk (mod p)l<k <g(p)

p-1 p-1
2

1=a 2 =(g“)  (md p)

-1
=Since g is a primitive root mod p we have p -1 divides k. L
2

k. . ok
= —is an integer ie —=m
2 2

~a=(g m )2(mod p)= g9 ™ is a solution  of x2 = a(mod p)
Therefore a is a quadratic residue mod p.

p-1
2

Definition: Let G be an additive abelian group of order v. A subset S of G of order k is called a difference set in
G with parameters (v, k,A) if for each non zero ae G, there are exactly A ordered pairs (X, y) of elements in S
suchthata=x-y.
Example: Let G = Z; be the additive group of integers modulo 7. Let S= {1, 2, 4}.Show that S is a difference
set in G, and find its parameters.
Solution: Writing the non zero differences of all of all ordered pairs of elements in S, We have
1-2=6,1-4=4,2-1=1,2-4=5,4-1=3,4 -2 =2 Thus we see that each non zero element in G Occurs
exactly once as a difference of two elements of S. Hence S is a difference set in with parameters (7, 3, 1).
Theorem: Let S be a difference set in a group G with parameters (v, k,A) ,then k(k-1) =1 (v-1).
Proof: Because S has k elements, the number of ordered pairs (X, y) e SxS such that x=y is equal to k(k-1). On
the other hand, G has v-1 non zero elements, and for each non zero element ae G, there are A ordered pairs (X,
y)e SxS such that a = x —y. Hence k(k-1) =A(v-1).

Given a subset S of G and an element g in G, we writeg + S= {g +s: seS}

It is clear that if S is a (v, k,A)- difference set , then for every g € G, g + Sis also a

(v, k,A)- difference set in G. we havea=x-y< (g+X) - (g +Y)

Thus S determines v difference setsg+ S, g € G
Theorem:Let S = {s;,%,...... skybe a difference set in a group G = {g1,0,....... g, ywith parameters (v, k, A). For
eachI=1.2,...... v. let B; = g+ S = S=g;+s :5€S}. Then

However converse is not true as there are ¢(d(p)/2 semi-primitive roots and quadratic residues.
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D ={By,B,,...... B\} is a symmetric BIBDonthe set withparameters(v, k, ).
Example:We have seen that S = {1, 2, 4} is a (7, 3, 1)-difference set in the additive group
Z;={0,1, 2, 3, 4,5, 6}. Now we find the symmetric BIBD with the following blocks as follows:
0+S={1,2,4}, 1+45S={2,3,5},2+5S=={3,4,6},3+S={4,5,0},4+S={5,6,1}, 5+ S={6, 0, 2}, 6+S =
{0,1, 3}
SoD={{1, 2, 4}{2, 3,5}{3, 4, 6},{4, 5, 0},{5, 6, 1}, {6, 0, 2} {0, 1, 3}} is a symmetric BIBD on the set Z,
with parameters (7, 3, 1). It was proved in [ 6 ] that
Theorem: Let p be an odd prime such that p = 3(mod4).Then Q, is a difference set in the additive group Z,
-1 -3
with parameters ( p, p—, P W .
\ 2 4 )
Proof: we first show that -1¢ Qp. If possible suppose -1=x* for some XeZy*.

Since p = 3(mod4), we have P is an odd integer. Hence working in the field Z,, we have

2

p1 i)
-1=(-1) 2 = (x2) 2 xPt ButZ,*is a group of order p-1 and hence x P~ _ _1, a contradiction.
Thus -1 cannot be a quadratic residue modulo p.
Let aeZ,*.If a €Q,, then —a=(-1)a ¢ Q,. If, on the contrary , a¢ Q,, then —a = (-1)a €Q,. Thus for any a in
Z,* either a eQp or -aQ),.
We now show that Q, is a difference set in the additive group Z,. For any nonzero a in Zy, let S(a) denote the
set of ordered pairs (X, y) such that x, y €Q,, x -y =a. We claim that there is a one to one correspondence
between S(1) and S(a).
Consider first the case where acQ,,. Let (X, y) € S(1).Then 1= x- y and hence a = a(x- y) = ax-ay. Now a, X, y
€Qp and hence ax, aye Q,. So ax, ay € S(a).
Conversely let (x',y’ )e S(a). then a=x’-y’, and hence 1 = ata=a’ (x'—y") = a tx' - afly’ .
Since Qp is a sub group of Zj* a'e Qp, So ( a tx' - a’ly’ )eS(1).Thus we have a one to one
correspondence between S(1) and S(a), given by (X, y)— (ax, ay).
Now suppose ag¢ Q,, . Then—a € Q,. If (X, y)e S(1)., Then a = a(x — y) = ax —ay = (-a)y — (-a)x.
Hence (-ay, -ax) €S(a). Conversely if (x',y") e S(a) : Then
l=ata=a ‘(x~y)=(-a )y —(-a Hx’
Since a ¢ Qp,a'le Qp and hence -a'e Qp. Thus (—a’ly',—a’lx’) € S(1) .So there is a one to one
correspondence between S(1) and S(a), given by (x, y)— (-ax, -ay). i.e for every non zero a in Z,, there is one
to one correspondence between S(1) and S(a).
We write 1 = |s (1)| . Then|s (a)| = A foreverynonzeroainZ,

Hence , for every non zero a in Z, there are exactly A ordered pairs of elements in Z, such that a = x- y. this
proves that Q, is a difference set in the additive group Z,,

-1
Now ‘Zp‘z p and ‘Qp‘: p—.
2
p-1 p-1 p-3
Thereforewe have A(p -1) = (——)(——-1) = 1 =
2 2 4
. . . ( p-1 p-3
Thus Q, is a difference set with parameters | p, ——, .
\ 2 4 )
Il.  Result:

For every positive integer t such that 4t + 3 is a prime, there exists a symmetric BIBD with
parameters (4t + 3, 2t +1, t)
Example: Find the set of quadratic residues modulo 11, and construct the symmetric BIBD determined by it.
Solution: The quadratic residues modulo 11 are {1, 4, 9, 5,3}. Since 11=3 (mod 4), Qy; is a difference set with
parameters (11, 5, 2) in the additive group Z;,.The blocks of the symmetric design D on the set Z;; determined
by the difference set S=Qy; are its,i=0, 1, ...... 10.
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So D ({1,3,4,5,9},{2,4,5,6,20},{3,5,6,7,0},{4,6,7,8,1},{5,7,8,9,2} )
0 =
116.8,9.10,3},{7,9,10,0,4},{8,10,0,1,5},19,0,1,2,6},{10 1,2,3,7}, {0,2,3,4,8}JF

D is a symmetric BIBD with parameters (11, 5, 2).
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