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Absract: Recently, Esi [2] defined the statistical analogue for double difference sequences 𝑥 =  𝑥𝑘 ,𝑙  as 

follows: A double sequence 𝑥 =  𝑥𝑘 ,𝑙  is said to be 𝑃 −statistically ∆ −convergent to 𝐿 provided for each 휀 > 0 

𝑃 − 𝑙𝑖𝑚
𝑚 ,𝑛

1

𝑚𝑛
 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓  𝑘, 𝑙 :𝑘 < 𝑚, 𝑙 < 𝑛,  ∆𝑥𝑘 ,𝑙 − 𝐿 ≥ 휀 = 0. 

Using this definition, Esi [2] introduced and studied lacunary statistical convergence for difference double 

sequences and also gave some inclusion theorems. In this paper we in analogy to Esi, defined and proved some 

inclusion theorems for lacunary Ces𝑎 ro 𝐶,1.1 −statistical convergence of difference double sequences. 
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I. Introduction 

A double sequence 𝑥 =  𝑥𝑘 ,𝑙   has a Pringsheim limit 𝐿 (denoted by 𝑃 − 𝑙𝑖𝑚𝑥 = 𝐿) provided that 

given an 휀 > 0 there exists an N∈ ℕ such that  𝑥𝑘 ,𝑙 − 𝐿 < 휀 whenever 𝑘, 𝑙 > 𝑁. We shall describe such 

a 𝑥 =  𝑥𝑘 ,𝑙  is “𝑃 −convergent” Pringsheim [7]. The double sequence 𝑥 =  𝑥𝑘 ,𝑙  is bounded if there exists a 

positive number 𝑀 such that  𝑥𝑘 ,𝑙 < 𝑀 for all 𝑘 𝑎𝑛𝑑 𝑙, 

 𝑥 = 𝑠𝑢𝑝 𝑥𝑘 ,𝑙 < ∞  
It should be noted that in contrast to the case for single sequences, a convergent double sequence need not be 

bounded. The concept of statistical convergence was introduced by Fast [3]. A complex number sequence 

𝑥 =  𝑥𝑘  is said to be statistically convergent to the number 𝐿 if for every 휀 > 0 

lim
𝑛

1

𝑛
 𝑘 ≤ 𝑛:  𝑥𝑘 − 𝐿 ≥ 휀 = 0 

where the vertical bars indicate the number of elements in the enclosed set. Mursaleen and Edely [6] defined the 

statistical analogue for double sequence 𝑥 =  𝑥𝑘 ,𝑙  as follows: A real double sequence 𝑥 =  𝑥𝑘 ,𝑙  is said to be 

𝑃 −statistical convergence to 𝐿 provided that for each 휀 > 0 

𝑃 − lim
𝑚 ,𝑛

1

𝑚𝑛
  𝑘, 𝑙 : 𝑘 < 𝑚, 𝑙 < 𝑛,  𝑥𝑘 ,𝑙 − 𝐿 ≥ 휀 = 0. 

In this case, we write S𝑡2 − lim𝑘 ,𝑙 𝑥𝑘 ,𝑙 = 𝐿 and we denote the set of all 𝑃 −statistical convergent double 

sequences by S𝑡2. 
By a lacunary 𝜃 =  𝑘𝑟 , 𝑟 = 0,1,2,… where 𝑘0 = 0, we shall mean an increasing sequence of non-negative 

integers with ℎ𝑟 = 𝑘𝑟 − 𝑘𝑟−1 → ∞ as𝑟 → ∞. The intervals determined by 𝜃 will be denoted by 𝐼𝑟 = (𝑘𝑟−1, 𝑘𝑟 ]. 

The ratio 
𝑘𝑟

𝑘𝑟−1
 will be denoted by 𝑞𝑟 . The space of lacunary strongly convergent space 𝑁𝜃  was defined by 

Freedman et. al. [4] as follows: 

𝑁𝜃 =  𝑥 =  𝑥𝑘 : lim
𝑟

1

ℎ𝑟
  𝑥𝑘 − 𝐿 = 0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐿

𝑘∈𝐼𝑟

 . 

The double sequence 𝜃𝑟 ,𝑠 =   𝑘𝑟 , 𝑙𝑠   is called double lacunary sequence if there exist two increasing sequence 

of integers such that 

                                   𝑘0 = 0, ℎ𝑟 = 𝑘𝑟 − 𝑘𝑟−1 → ∞   as 𝑟 → ∞ 

and 

                                   𝑙0 = 0, ℎ 𝑟 = 𝑙𝑠 − 𝑙𝑠−1 as 𝑠 → ∞. 
Notations: 𝑘𝑟 ,𝑠 = 𝑘𝑟 𝑙𝑠 , ℎ𝑟ℎ 𝑟     𝑎𝑛𝑑   𝜃𝑟 ,𝑠 is determined by 

𝐼𝑟 =   𝑘, 𝑙 : 𝑘𝑟−1 < 𝑘 ≤ 𝑘𝑟  𝑎𝑛𝑑 𝑙𝑠−1 < 𝑙 ≤ 𝑙𝑠 , 

𝑞𝑟 ≔
𝑘𝑟

𝑘𝑟−1
, 𝑞 𝑠 =

𝑙𝑠

𝑙𝑠−1
 𝑎𝑛𝑑 𝑞𝑟𝑞 𝑠 . Savas and Patterson [9] 

The set of all double lacunary sequences denoted by 𝑁𝜃𝑟 ,𝑠
 and defined by Savas and Patterson [10] as follows: 
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                 𝑁𝜃𝑟 ,𝑠
=  𝑥 =  𝑥𝑘 ,𝑙 :𝑃 − lim𝑟 ,𝑠

1

ℎ𝑟 ,𝑠
  𝑥𝑘 ,𝑙 − 𝐿 = 0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐿 𝑘 ,𝑙 ∈𝐼𝑟 ,𝑠

 . 

 

Lacunary Statistical convergence of Difference Double Sequences 

The following definitions and results are by Esi [2]. 

Definition 2.1(Esi [2]): The double sequence 𝑥 =  𝑥𝑘 ,𝑙  is ∆ −bounded if there exists a positive number 𝑀 such 

that  ∆𝑥𝑘 ,𝑙 < 𝑀 for all 𝑘, 𝑎𝑛𝑑 𝑙, 

 𝑥 ∆ =
𝑠𝑢𝑝
𝑘, 𝑙

 ∆𝑥𝑘 ,𝑙 < ∞. 

Where ∆𝑥𝑘 ,𝑙 = 𝑥𝑘 ,𝑙 − 𝑥𝑘 ,𝑙+1 − 𝑥𝑘+1,𝑙 − 𝑥𝑘+1,𝑙+1. We will denote the set of all bounded double difference 

sequences by 𝑙∞
𝑛 ∆ . 

Definition 2.2: (Esi [2]) A real double sequence 𝑥 =  𝑥𝑘 ,𝑙  is said to be 𝑃 −statistical ∆ −convergence to 𝐿 

provided that for each 휀 > 0 

𝑃 − lim
𝑚 ,𝑛

1

𝑚𝑛
   𝑘, 𝑙 : 𝑘 < 𝑚, 𝑙 < 𝑛,  ∆𝑥𝑘 ,𝑙 − 𝐿 ≥ 휀  = 0. 

In this case, we write S𝑡2 − lim𝑘 ,𝑙 𝑥𝑘 ,𝑙 = 𝐿 𝑎𝑛𝑑  we  

Definition 2.3:(Esi [2]) The double sequence 𝑥 =  𝑥𝑘 ,𝑙  is strong double diference Ces𝑎 ro summable to 𝐿 if 

𝑤∆
𝑙𝑙 =  𝑥 =  𝑘, 𝑙 :𝑃 − lim

𝑚 ,𝑛

1

𝑚𝑛
  ∆𝑥𝑘 ,𝑙 − 𝐿 = 0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐿 ∈ ℂ

𝑚 ,𝑛

𝑘 ,𝑙=1,1

 . 

The class of all strongly double difference Ces𝑎 ro summable sequences is denoted by 𝑤∆
𝑙𝑙 . 

Definition 2.4. (Esi [2]): Let 𝜃𝑟 ,𝑠 be a double lacunary sequence. The double number sequence 𝑥 =  𝑥𝑘 ,𝑙  is 

𝑁𝜃𝑟 ,𝑠
∆ − 𝑃 −convergent to 𝐿 provided that for every 휀 > 0 

𝑃 − lim
𝑟 ,𝑠

1

ℎ𝑟 ,𝑠

  ∆𝑥𝑘 ,𝑙 − 𝐿 = 0.

 𝑘 ,𝑙 ∈𝐼𝑟 ,𝑠

 

We will denote the set of all 𝑁𝜃𝑟 ,𝑠,
∆ − 𝑃 −converngent sequences by 𝑁𝜃𝑟 ,𝑠,∆

. We now consider the double 

difference lacunary statistical convergence. 

Definition 2.5(Esi [2]): Let 𝜃𝑟 ,𝑠  be a double lacunary sequence. The double number sequence 

𝑥 =  𝑥𝑘 ,𝑙  𝑖𝑠 𝑆𝜃𝑟 ,𝑠
∆ − 𝑃 −convergent to 𝐿 provided that for every 휀 > 0 

𝑃 − lim
𝑟 ,𝑠

1

ℎ𝑟 ,𝑠

   𝑘, 𝑙 ∈ 𝐼𝑟 ,𝑠:  ∆𝑥𝑘 ,𝑙 − 𝐿 ≥ 휀  = 0. 

We will denote the set of all 𝑆𝜃𝑟 ,𝑠,
∆ − 𝑃 −converngent sequences by 𝑆𝜃𝑟 ,𝑠,∆

. 

Theorem 2.1: Let 𝜃𝑟 ,𝑠 be a double lacunary sequence. Then 

 𝑖    𝑁𝜃𝑟 ,𝑠,∆
 ⊂ 𝑆𝜃𝑟 ,𝑠,∆

  and the inclusion is strict, 

(ii)    If 𝑥 =  𝑥𝑘 ,𝑙 ∈ 𝑙∞
𝑛 ∆ ∩ 𝑆𝜃𝑟 ,𝑠,∆

 then 𝑥 =  𝑥𝑘 ,𝑙 ∈ 𝑁𝜃𝑟 ,𝑠,∆
 

 (iii)    𝑙∞
𝑛 ∆ ∩ 𝑆𝜃𝑟 ,𝑠,∆

 = 𝑙∞
𝑛 ∆ ∩ 𝑁𝜃𝑟 ,𝑠,∆

 . 

Theorem 2.2: Let 𝜃𝑟 ,𝑠 be a double lacunary sequence. Then 

(i) S𝑡2,Δ ⊂ 𝑆𝜃𝑟 ,𝑠,∆
  if  lim 𝑖𝑛𝑓𝑞𝑟 > 1 and   lim 𝑖𝑛𝑓 𝑞 𝑠 > 1. 

(ii) 𝑆𝜃𝑟 ,𝑠,∆
⊂ S𝑡2,Δ if  lim 𝑖𝑛𝑓𝑞𝑟 < ∞ and lim 𝑖𝑛𝑓 𝑞 𝑠 < ∞, 

(iii) S𝑡2,Δ = 𝑆𝜃𝑟 ,𝑠,∆
 if 1 < lim 𝑖𝑛𝑓𝑞𝑟 < ∞ and 1 < lim 𝑖𝑛𝑓 𝑞 𝑠 < ∞. 

3.  Lacunary ces𝒂 ro 𝑪𝟏.𝟏 −Statistical convergence of difference double sequences. 

Let 𝐴 = [𝑎𝑗𝑘
𝑚𝑛 ]𝑗 ,𝑘=0

∞  be a doubly infinite matrix of real number for 𝑚,𝑛 = 1,2,… forming the sum  

𝑦𝑚𝑛 =   𝑎𝑗𝑘
𝑚𝑛 𝑥𝑗𝑘                                                (1)

∞

𝑘=0

∞

𝑗=0

 

Called the 𝐴 −means of the double sequence 𝑥 yielded a method of summability. We say that a sequence 𝑥 is 

𝐴 −summable to the limit S of the A mean exist for all 𝑚,𝑛 = 0,1,… and converges in pringsheim sense 

lim
𝑝𝑞→∞

  𝑎𝑗𝑘
𝑚𝑛 𝑥𝑗𝑘 = 𝑦𝑚𝑛

𝑞

𝑘

𝑝

𝑗

 

And 

lim
𝑚 ,𝑛→∞

𝑦𝑚𝑛 = 𝑠 

A two dimensional matrix transformation is said to be regular if it maps every convergent sequence 

with the same limit. Robison [8] presented a form dimensional analogue of regularly for double sequences in 

which he added an additional assumption of boundedness. A four dimensional matrix A is said to be bounded 
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regularly on 𝑅𝐻 −sequence if it maps every bounded 𝑝 −convergent sequence (or convergent in Pringsheim 

sense) into a 𝑃 −convergent sequence with same limit (see Hamilton [5] and Robison [8]). 

Define the first means 

𝜎𝑚𝑛
𝑥 =

1

𝑚𝑛
  𝑥𝑗𝑘

𝑛

𝑘=0

       𝑎𝑛𝑑

𝑚

𝑗=0

 

𝐴𝜎𝑚𝑛
𝑥 =

1

𝑚𝑛
  𝑎𝑗𝑘

𝑚𝑛

𝑛

𝑘=0

𝑚

𝑗=0

 

We say that 𝑥 =  𝑥𝑗𝑘   is statistical summable (𝐶, 1.1) to ℓ, if the sequence 𝜎 =  𝜎𝑗𝑘
𝑥   is statistically convergent 

to ℓ in Pringsheim’s sense, that is, 𝑠𝑡2 − lim𝑚𝑛 𝜎(𝑖𝑗 )
𝑥 = ℓ. We denote by 𝐶1.1 𝑠𝑡2 , the set of all double sequence 

which one statistically summable 𝐶, 1.1 . 
Definition 3.1: A double sequence 𝑥 = 𝑥𝑘𝑙  is 𝐶,1.1 ∆ −bounded if there exists a positive number M such that  

 ∆𝜎𝑘𝑙  < 𝑀    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘 𝑎𝑛𝑑 ℓ 

 𝜎 ∆ =
𝑠𝑢𝑝
𝑘𝑙

 ∆𝜎𝑘𝑙  < ∞. 

Where 

∆𝜎𝑘𝑙 = 𝜎𝑘𝑙 − 𝜎𝑘 ,𝑙+1 − 𝜎𝑘+1,𝑙 + 𝜎𝑘+1,𝑙+1 . 
We denote by 

𝑙∞
𝜎 ∆ , the set of all bounded double 𝐶,1.1−statistically convergent difference sequences. 

Definition 3.2: A real sequence 𝑥 = (𝑥𝑘 ,𝑙) is said to be 𝐶,1.1−Statistical ∆ −convergent to 𝑙 provided that for 

each 휀 > 0. 
𝑝 − lim

𝑚𝑛
 { 𝑘, 𝑙 :𝑘 < 𝑚, 𝑙 < 𝑛;  ∆𝜎𝑘𝑙 − 𝑙 ≥ 휀} = 0 

and we write 

𝐶,1.1  𝑠𝑡2,∆ − lim
𝑘 ,𝑙

𝜎𝑘𝑙 = 𝐿. 

we shall denote the set of all 𝐶,1.1−statistical ∆ −convergent double sequences by 𝐶,1.1 (𝑠𝑡2,∆). 

Definition 3.3: A double sequences 𝑥 = (𝑥𝑘𝑙 ) is strongly double difference Ces𝑎 ro summable to 𝐿 if  

𝐶,1.1
𝜔 𝑙𝑙

 𝑠𝑡2,∆ =  𝑥 =  𝑥𝑘𝑙  :𝑃 − lim
𝑚𝑛

 ∆𝜎𝑘 ,𝑙 − 𝐿 = 0 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝐿 ∈ ℂ  

We denote by 𝐶,1.1
𝜔 𝑙𝑙

 𝑠𝑡2,∆ , the class of all strongly double difference Ces𝑎 ro summable sequences.  

Definition 3.4: Let 𝜃𝑟 ,𝑠 be a double lacunary sequence. The double sequence 𝑥 = (𝑥𝑘𝑙 ) is 𝑁𝜃𝑟 ,𝑠,∆
−

𝐶,1.1−convergent to L provided that for every 휀 > 0, 

𝑃 − lim𝑟 ,𝑠
1

ℎ𝑟 ,𝑠
 ∆𝜎𝑘 ,𝑙 − 𝐿 = 0. 

denote by 𝐶,1.1𝑁𝜃𝑟 ,𝑠,∆
, the set of all 𝑁𝜃𝑟 ,𝑠,∆

− 𝐶,1.1−convergent sequences.  

Definition 3.5.: Let 𝜃𝑟 ,𝑠  be a double lacunary sequence. The double sequence 𝑥 = (𝑥𝑘𝑙 ) is 𝑆𝜃𝑟 ,𝑠,∆
−

𝐶,1.1−convergent to L if for every 휀 > 0, 

𝑃 − lim𝑟 ,𝑠
1

ℎ𝑟 ,𝑠
   𝑘, 𝑙 ∈ 𝐼𝑟 ,𝑠:  ∆𝜎𝑘 ,𝑙 − 𝐿 ≥ 휀  = 0. 

we shall denote by 𝐶,1.1𝑆𝜃𝑟 ,𝑠,∆
, the set of all 𝑆𝜃𝑟 ,𝑠,∆

− 𝐶,1.1−convergent sequences.  

Theorem 3.1: Let 𝜃𝑟 ,𝑠 be a double lacunary sequence. Then: 

i. 𝐶,1.1(𝑁𝜃𝑟 ,𝑠,∆
) ⊂ 𝐶,1.1(𝑆𝜃𝑟 ,𝑠,∆

) 

ii. If 𝜎 = 𝜎𝑘𝑙 ∈ 𝑙∞
𝜎(∆) ∩ 𝐶,1.1(𝑆𝜃𝑟 ,𝑠,∆

) then, 𝜎 = 𝜎𝑘𝑙 ∈ 𝐶,1.1(𝑁𝜃𝑟 ,𝑠,∆
)  

iii. 𝑙∞
𝜎(∆) ∩ 𝐶,1.1(𝑆𝜃𝑟 ,𝑠,∆

) ∩ 𝑙∞
𝜎(∆) ∩ 𝐶,1.1(𝑁𝜃𝑟 ,𝑠,∆

)  

Proof: (i) Since 

   𝑘, 𝑙 ∈ 𝐼𝑟 ,𝑠:  ∆𝜎𝑘 ,𝑙 − 𝐿 ≥ 휀  ≤   ∆𝜎𝑘 ,𝑙 − 𝐿 

 𝑘 ,𝑙 ∈𝐼𝑟𝑠  &  ∆𝜎𝑘 ,𝑙−𝐿 ≥휀

≤   ∆𝜎𝑘 ,𝑙 − 𝐿 

 𝑘 ,𝑙 ∈𝐼𝑟𝑠

 

and so if 𝜎 =  𝜎𝑘 ,𝑙 ∈ 𝐶,1.1(𝑁𝜃𝑟 ,𝑠,∆
) then we have 𝜎 =  𝜎𝑘 ,𝑙 ∈ 𝐶,1.1(𝑆𝜃𝑟 ,𝑠,∆

). To show the inclusion is strict, we 

define 𝜎 =  𝜎𝑘 ,𝑙  as follows: 
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∆𝜎𝑘 ,𝑙 =

 

 
 
 
 
 
 
 
 

1     2     
2   2     
.     .   

3 ⋯
3 ⋯
. .

[ ℎ𝑟 ,𝑠]
3

0 0 ⋯

[ ℎ𝑟 ,𝑠]
3

0 0 ⋯
. . .   .

       

. .

. .

2 [ ℎ𝑟 ,𝑠]
3

      .       .
      .        .

[ ℎ𝑟 ,𝑠]
3

       ⋯

. . .   .

. . .   .

[ ℎ𝑟 ,𝑠]
3

0 0 ⋯

0   0
.   .
.
.   

.

.

0 ⋯
. .
.
.

.

.

  0        0   0 ⋯
.    . .   .
.
.     

.

.

.   .

.   .  

 
 
 
 
 
 
 
 

 

It is clear that  𝜎 =  𝜎𝑘 ,𝑙  is not ∆ −bounded double sequence and for 휀 > 0  

𝑃 − lim𝑟 ,𝑠
1

ℎ𝑟 ,𝑠
   𝑘, 𝑙 ∈ 𝐼𝑟 ,𝑠:  ∆𝜎𝑘 ,𝑙 − 𝐿 ≥ 휀  = 𝑃 − lim𝑟 ,𝑠

1

ℎ𝑟 ,𝑠

[  ℎ𝑟 ,𝑠
3 ]

ℎ𝑟 ,𝑠
= 0  

So 𝜎 =  𝜎𝑘 ,𝑙 ∈ 𝐶1.1 𝑆𝜃𝑟 ,𝑠,∆
 . But  

𝑃 − lim
𝑟 ,𝑠

1

ℎ𝑟 ,𝑠

  ∆𝜎𝑘 ,𝑙 − 𝐿 =

(𝑘 ,𝑙)∈𝐼𝑟 ,𝑠

𝑃 − lim
𝑟 ,𝑠

1

ℎ𝑟 ,𝑠

  ℎ𝑟 ,𝑠
3     ℎ𝑟 ,𝑠

3     ℎ𝑟 ,𝑠
3  + 1  

2ℎ𝑟 ,𝑠

=
1

2
. 

Therefore, 𝜎 =  𝜎𝑘 ,𝑙 ∉ 𝐶1.1𝑁𝜃𝑟 ,𝑠,∆
. Hence the proof for (i). 

(ii) Suppose that 𝜎 =  𝜎𝑘 ,𝑙 ∈ 𝑙∞
𝜎(∆) ∩ 𝐶,1.1(𝑆𝜃𝑟 ,𝑠,∆

). Then  ∆𝜎𝑘 ,𝑙 < 𝑀 for all 𝑘 and 𝑙, also for given 휀 > 0 and 

sufficiently large 𝑟 and 𝑠, we obtain the following 

lim
𝑟 ,𝑠

1

ℎ𝑟 ,𝑠

  ∆𝜎𝑘 ,𝑙 − 𝐿 =
1

ℎ𝑟 ,𝑠

  ∆𝜎𝑘 ,𝑙 − 𝐿 

 𝑘 ,𝑙 ∈𝐼𝑟 ,𝑠&  ∆𝜎𝑘 ,𝑙−𝐿 ≥휀(𝑘 ,𝑙)∈𝐼𝑟 ,𝑠

+
1

ℎ𝑟 ,𝑠

  ∆𝜎𝑘 ,𝑙 − 𝐿 ≤
𝑀

ℎ𝑟 ,𝑠

   𝑘, 𝑙 ∈ 𝐼𝑟 ,𝑠:  ∆𝜎𝑘 ,𝑙 − 𝐿 ≥ 휀  + 휀

 𝑘 ,𝑙 ∈𝐼𝑟 ,𝑠&  ∆𝜎𝑘 ,𝑙−𝐿 ≤휀

. 

Therefore, 𝜎 =  𝜎𝑘 ,𝑙 ∈ 𝑙∞
𝜎(∆) ∩ 𝐶,1.1(𝑆𝜃𝑟 ,𝑠,∆

) implies 𝜎 =  𝜎𝑘 ,𝑙 ∈ 𝐶,1.1(𝑁𝜃𝑟 ,𝑠,∆
). 

(iii) It follows from (i) and (ii). 

Theorem 3.2: Let 𝜃𝑟 ,𝑠 be a double lacunary sequence. Then,  

(i) 𝐶1.1(𝑆𝑡2,∆) ⊂ 𝐶1.1(𝑆𝜃𝑟 ,𝑠,∆
) if lim inf 𝑞𝑟 > 1 and lim inf 𝑞𝑠 = 1 

(ii) 𝐶1.1(𝑆𝜃𝑟 ,𝑠,∆
) ⊂ 𝐶1.1(𝑆𝑡2,∆) if lim inf 𝑞𝑟 < ∞ and lim inf 𝑞𝑠 < ∞ 

(iii) 𝐶1.1(𝑆𝑡2,∆) ⊂ 𝐶1.1(𝑆𝜃𝑟 ,𝑠,∆
) if 1< lim inf 𝑞𝑟 < ∞ and 1< lim inf 𝑞𝑠 < ∞ 

Proof: (i) Suppose that lim inf 𝑞𝑟 > 1 and lim inf 𝑞𝑠 = 1. then exists a 𝛿 > 0 such that both 𝑞𝑟 > 1 + 𝛿 and 

𝑞𝑠 > 1 + 𝛿. This implies that 
ℎ𝑟

𝑘𝑟
≥

𝛿

1+𝛿
 and 

ℎ𝑠   

𝑙𝑠
≥

𝛿

1+𝛿
. If   

𝜎 =  𝜎𝑘 ,𝑙 ∈ 𝐶1.1 𝑆𝑡2,∆ , then for each 휀 > 0 and for sufficiently large r and s we obtain the following 
1

𝑘𝑟 ,𝑠
   𝑘, 𝑙 ∈ 𝐼𝑟 ,𝑠: 𝑘 ≤ 𝑘𝑟  𝑎𝑛𝑑 𝑙 ≤ 𝑙𝑠 ,  ∆𝜎𝑘 ,𝑙 − 𝐿 ≥ 휀  ≥

1

𝑘𝑟 ,𝑠
   𝑘, 𝑙 ∈ 𝐼𝑟 ,𝑠:  ∆𝜎𝑘 ,𝑙 − 𝐿 ≥ 휀  =

ℎ𝑟 ,𝑠

𝑘𝑟 ,𝑠

1

ℎ𝑟 ,𝑠
   𝑘, 𝑙 ∈

𝐼𝑟,𝑠: ∆𝜎𝑘,𝑙−𝐿≥휀≥𝛿1+𝛿21ℎ𝑟,𝑠𝑘,𝑙∈𝐼𝑟,𝑠: ∆𝜎𝑘,𝑙−𝐿≥휀. 

Therefore, 𝜎 =  𝜎𝑘 ,𝑙 ∈ 𝐶1.1 𝑆𝜃𝑟 ,𝑠,∆
 . 

(ii) Suppose that lim inf 𝑞𝑟 < ∞ and lim inf 𝑞𝑠 < ∞, then there exists 𝐾 > 0 such that 𝑞𝑟 ≤ 𝐾 and 𝑞𝑠 ≤ 𝐾 for 

all r and s. Let 𝜎 =  𝜎𝑘 ,𝑙 ∈ 𝑆𝜃𝑟 ,𝑠,∆
 and 𝑁𝑟 ,𝑠=   𝑘, 𝑙 ∈ 𝐼𝑟 ,𝑠:  ∆𝜎𝑘 ,𝑙 − 𝐿 ≥ 휀  . So given 휀 > 0 there exists a 

positive integer 𝑟0  such that 
𝑁𝑟 ,𝑠

ℎ𝑟 ,𝑠
< 휀 for all 𝑟, 𝑠 > 𝑟0. Let 𝑀 = max 𝑁𝑟 ,𝑠: 1 ≤ 𝑟, 𝑠 ≤ 𝑟0 . Let 𝑚 𝑎𝑛𝑑 𝑛 be such 

that 𝑘𝑟−1 < 𝑚 ≤ 𝑘𝑟  and ; 𝑙𝑠−1 < 𝑛 ≤ 𝑙𝑠 . therefore, we obtain  
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  𝑘 ≤ 𝑚 𝑎𝑛𝑑 𝑙 ≤ 𝑛:  ∆𝜎𝑘 ,𝑙 − 𝐿 ≥ 휀  ≤
1

𝑘𝑟−1𝑙𝑠−1

   𝑘, 𝑙 ∈ 𝐼𝑟 ,𝑠: 𝑘 ≤ 𝑘𝑟  𝑎𝑛𝑑 𝑙 ≤ 𝑙𝑠 ,  ∆𝜎𝑘 ,𝑙 − 𝐿 ≥ 휀  

=
1

𝑘𝑟−1𝑙𝑠−1

 𝑁𝑖 ,𝑗 ≤
𝑀𝑟0

2

𝑘𝑟−1𝑙𝑠−1

+
1

𝑘𝑟−1𝑙𝑠−1

𝑟 ,𝑠

𝑖 ,𝑗=1,1

 𝑁𝑖 ,𝑗 =

𝑟 ,𝑠

𝑖 ,𝑗=1,1

𝑀𝑟0
2

𝑘𝑟−1𝑙𝑠−1

+
1

𝑘𝑟−1𝑙𝑠−1

 𝑁𝑖 ,𝑗
ℎ𝑖 ,𝑗

ℎ𝑖 ,𝑗
≤

𝑟 ,𝑠

𝑖 ,𝑗=1,1

𝑀𝑟0
2

𝑘𝑟−1𝑙𝑠−1

+
1

𝑘𝑟−1𝑙𝑠−1

 
𝑠𝑢𝑝

𝑖, 𝑗 ≥ 𝑟𝑜𝑟𝑜

𝑁𝑖 ,𝑗

ℎ𝑖 ,𝑗
   ℎ𝑖 ,𝑗

𝑟 ,𝑠

𝑖 ,𝑗=𝑟𝑜+1,𝑟𝑜+1

 

≤
𝑀𝑟0

2

𝑘𝑟−1𝑙𝑠−1

+ 휀  ℎ𝑖 ,𝑗 ≤
𝑀𝑟0

2

𝑘𝑟−1𝑙𝑠−1

+ 휀𝐾2.

𝑟 ,𝑠

𝑖 ,𝑗=𝑟𝑜+1,𝑟𝑜+1

 

and the results follows immediately 

(iv) The proof of (iii) follows from combining (i) and (ii). 
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