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1. Introduction 
Throughout ω, χ and Λ denote the classes of all, gai and analytic scalar valued single sequences, respectively.  We write ω3 for 

the set of all complex triple sequences (xmnk), where ℵ∈knm ,, , the set of positive integers.  Then, ω3 is a linear space under the 
coordinate wise addition and scalar multiplication.  

We can represent triple sequences by matrix. In case of double sequences we write in the form of a square. In the case of a triple 
sequence it will be in the form of a box in three dimensional case.  

Some initial work on double series is found in Apostol [1] and double sequence spaces is found in Hardy [7], Subramanian et al. 
[12-14], and many others. Later on investigated by some initial work on triple sequence spaces is found in Sahiner et al. [11] , Esi et al. [2-
6], Subramanian et al. [15-23] and many others.  

Let (xmnk) be a triple sequence of real or complex numbers. Then the series 
, , 1 mnkm n k

x∞

=∑  is called a triple series. The triple 

series 
, , 1 mnkm n k

x∞

=∑ give one space is said to be convergent if and only if the triple sequence (Smnk) is convergent, where  

 
, ,

, , 1

( , , 1, 2,3,...)
m n k

mnk ijq
i j q

S x m n k
=

= =∑  . 

A sequence ( )mnkx x= is said to be triple analytic if  
1

, ,
m n k

m n k mnksup x + + < ∞  

The vector space of all triple analytic sequences are usually denoted by Λ3. A sequence ( )mnkx x= is called triple entire 

sequence if  
1

0m n k
mnkx + + →  as , ,m n k →∞  

The vector space of all triple entire sequences are usually denoted by Γ3. Let the set of sequences with this property be denoted 

by 
3∧  and 

3Γ   is a metric space with the metric  
 

1

, ,( , ) : , , :1, 2,3,... ,m n k
m n k mnk mnkd x y sup x y m n k+ +

⎧ ⎫= −⎨ ⎬
⎩ ⎭

   (1.1) 

for all x = {xmnk} and y = {ymnk} in Γ3.  Let φ = {finite sequences}. 
Consider a triple sequence ( )mnkx x= . The (m,n,k)th section x[m,n,k] of the sequence is defined by 

, ,[ , , ]
, , 0

m n km n k
ijq ijqi j q

x x δ
=

= ∑  for all m,n,k∈ℵ , where δmnk is a three dimensional matrix with 1 in the (m,n,k)th position and zero 

otherwise.  
 

2. Definitions and Preliminaries 
A triple sequence ( )mnkx x=   has limit 0 (denoted by p  - limx=0)  

(i.e) ( )( )1/
! 0

m n k
mnkm n k x

+ +
+ + →  as m,n,k → ∞.  We shall write more briefly as P – convergent to 0.  

2.1 Definition 

A modulus function was introduced by Nakano [24]. We recall that a modulus f is a function from [ ) [ )0, 0, ,∞ → ∞  such that  

(1) f ( )x =0 if and only if x=0  
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(2) ( ) ( ) ( ) ,f x y f x f y+ ≤ +  for all x ≥ 0,y ≥ 0,  

(3) f is increasing,  
(4) f is continuous from the right at 0. Since ( ) ( ) ( ) ,f x f y f x y− ≤ −  it follows from here that f is continuous on [ )0, .∞   

 
2.2 Definition 
Let ( )A aµν

κ ,= l  denote a four dimensional summability method that maps the complex double sequences x into the double sequence Ax 

where the ( )thk l, term of Ax is as follows:  

( ) 1 1
mn
kl mnm n

Ax a x
κ

∞ ∞

= =
= ∑ ∑l

 

such transformation is said to be non-negative if ( )mn
kla  is non-negative.  

The notion of regularity for two dimensional matrix transformations was presented by Silverman and Toeplitz. Following 
Silverman and Toeplitz, Robison and Hamilton presented the following four dimensional analog of regularity for double sequences in which 
both added an adiditional assumption of boundedness. This assumption was made since a double sequence which is −p convergent is not 
necessarily bounded.  

Let λ and µ be two sequence spaces and ( )mn
kla  be a four dimensional infinite matrix of real numbers ( )mn

kla , where 

ℵ∈l,,, knm .  Then, we say A defines a matrix mapping from λ into µ and we denote it by writing :A λ µ→  if for every sequence 

( )mnkx x λ= ∈  the sequence ( ){ }Ax Ax
κ

= ,
l

 the A transform of x, is in µ. By ( ): ,λ µ  we denote the class of all matrices A such 

that :A λ µ→  Thus ( ):A λ µ∈  if and only if the series converges for each ., ℵ∈lk  A sequence x is said to be A – summable to α 

if Ax converges to α which is called as the A – limit of x.  
Let ( )mnkq  be a sequence of positive numbers and  

 

                                            ( )∑∑∑
= = =

ℵ∈=
a

m

b

n

c

k
mnkabc cbaqQ

0 0 0
,,                                                          (2.1) 

  

Then, the matrix ( )qq mnk
abcR r=  of the Riesz mean is given by  

 ( )
( )

0 ; ; ; ;

0 ; ;

mnk
qmnk

abcabc

q
if m n k a b c

Qr
if m n k abc

⎧ ≤ ≤⎪= ⎨
⎪ >⎩

 (2.2) 

2.3 Definition 

A function 
+++ ℜ×ℜ×ℜ→ℜ×ℜ×ℜ 000:f  is called a distribution if it is non-decreasing and left continuous 

with ( ) 0tinf f t∈ × × =  and ( )
O O O

1.
t

sup f t+ + +∈ × ×
=  We will denote the set of all distribution functions by D.  

 
2.4 Definition 

A triangular metric, briefly t-over probabilisitic −p metric spaces, is a binary operation on [0,1] which continuous, 
commutative, associative, non-decreasing and has 1 as neutral element, that is, it is the continous mapping * : [0, 1] × [0, 1] × [0, 1] → [0, 1] 
× [0, 1] × [0, 1] such that [ ], , 0,1 :a b c∈   

(1) a * 1=1,  
(2) a * b = b * a  
(3) c * d ≥ a * b if c ≥ a and d ≥ b,  
(4) (a * b) * c = a * (b * c). 
2.5 Definition 

A triple ( ), ,X P ∗  is called a probabilistic p - metric space or shortly PP - space if X is a real vector space, P is a mapping from 

X X X D D D× × → × ×  (for x∈X, the distribution function P(x) is denoted by Px  and ( )xP t  is the value of Px at  

( ℵ×ℵ×ℵ∈t ) and  is a t- p- metric satisfying the following conditions:  

(i) ( )1 1| ( ( ,0),..., ( ,0)) | 0x n n pP d x d x =  if and and only if ( )1 1( ,0),..., ( ,0)x n nP d x d x  are linearly dependent, 

(ii) ( )1 1| ( ( ,0),..., ( ,0)) | 1x n n pP t d x d x =  is invariant under permutation,  

(iii) ( ) ( )1 1 1 1|| ( ( ,0),..., ( ,0)) ||  | | || ( ( ,0),..., ( ,0)) || , \ {0}.x n n p x n n pP d x d x P d x d xα α α= ∈  

(iv) ( ) ( )( )1/
1 1 2 2 1 2 1 2(( , ),  ( , )...( , )) ( , ,... ( ( , ,... ) )p p p

x p n n x X n x Y nP d x y x y x y P d x x x P d y y y= +  for 1 ≤ p < ∞; (or)  

(v) ( )( ) { }( ){ }1 1 2 2 1 2 1 2( , , ( , ),...( , )) : sup ( , ,... ) ) ( , ( , ,... ) ,p
x n n x X n x Y nP d x y x y x y P d x x x P d y y y= + for x1,x2, ... xn ∈ X, y1, 

y2, ... yn ∈ Y. 
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2.6 Definition 

A triple ( ), ,X P ∗  be a PP- space. Then a sequence ( )mnx x=  is said to convergent 0∈X with respect to the probabilistic p-

metric P if, for every ∈ > 0 and θ ∈ (0, 1), there exists a positive integer m0n0 such that ( )0 1
mnkxP θ− ∈ > −  whenever 0 0 0, .m n m n k≥  It 

is denoted by P-limx= 0  or 0
P

mnkx →  as , , .m n k →∞   

2.7 Definition 

A triple ( ), ,X P ∗  be a PP- space. Then a sequence ( )mnkxx = is called a Cauchy sequence with respect to the probabilistic 

p - metric P-if, for every ∈>0 and θ∈(0,1) there exists a positive integer m0n0k0 such that ( ) 1
mnk rstx xP θ− ∈ > −  for all 0 0 0,m n m n k≥  

and 0 0 0, , .r s t r s t>   

 
2.8 Definition 

A triple ( ), ,X P ∗  be a PP- space. Then a sequence ( )mnkxx =  is said to analytic in X, if there is a ℵ∈u   such that 

( ) 1 ,
mnkxP u θ> −  where ( )0,1 .θ ∈  We denote by Λ3P the space of all analytic sequences in PP- space.  

 
2.9 Definition 

Two non-negative sequences ( )mnkx x=  and ( )mnky y=  are asymptotically equivalent 0  if  

0mnk
mnk

mnk

x
lim

y
=  

and it is denoted by x ≡ 0 .  
 
2.10 Definition 

Let K be the subset of  ℵ×ℵ×ℵ  , the set of natural numbers. Then the asymptotically density of K, denoted by δ(K), is 
defined as  

{ }, ,
1( ) lim , , , , : , ,a b cK m n k a b c m n k K

abc
δ = ≤ ∈ , 

where the vertical bars denote the cardinality of the enclosed set.  
 
2.11 Definition 

A number of triple sequence ( )mnkx x= is said to be statistically convergent to the number 0  if for each ∈>0, the set  

{ }1/
( ) , , : 0

m n k

mnkK m a n b k c x ε
+ +

∈ = ≤ ≤ ≤ − ≥ has asympototic density zero  

 ( ){ }1/1lim , , : 0 0
m n k

abc mnkm a n b k c x
abc

ε
+ +

≤ ≤ ≤ − ≥ =   

In this case we write St-lim x = 0 .   
 
2.12 Definition 

The two non-negative triple sequences ( )mnkx x=  and ( )mnky y=  are said to be asymptotically double equivalent of multiple L 

provided that for every ∈ > 0,   
                   

                               ( ) .0,,:,,1lim =
⎭
⎬
⎫

⎩
⎨
⎧

≥∈−≤≤≤ L
y
xckbnamknm

abc mnk

mnk
abc  

and simply asymptotically double statistical equivalent if L=1. Furthermore, let rst

LSθ  denote the set of all sequences ( )mnkx x=  and 

( )mnky y=  such that x is equivalenttoy.  

2.13 Definition 

Let ( ){ }, ,rst r s tm n kθ =  be a triple lacunary sequence; the two triple sequences ( )mnkx x=  and ( )mnky y=  are said to 

be asymptotically triple lacunary statistical equivalent of multiple L provided that for every ∈ > 0,  

( ), , , ,
, ,

1 , , : 0mnk
r s t r s t

r s t mnk

x
lim m n k I L

h y
ε

⎧ ⎫⎪ ⎪∈ − ≥ =⎨ ⎬
⎪ ⎪⎩ ⎭

 

and simply asymptotically triple lacunary statistical equivalent if L=1.  Furthermore, let rst

LSθ  denote the set of all sequences ( )mnkx x=  and 

( )mnky y=  such that xisequivalenttoy.  
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2.14 Definition 

Let ( ){ }, ,rst r s tm n kθ =  be a triple lacunary sequence; the two triple sequences ( )mnkx x=  and ( )mnky y=  are said to be 

strong asymptotically double lacunary equivalent of multiple L provided that  

( ) , ,
, , , , ?

, ,

1 0,
r s t

mnk
r s t m n k I

r s t mnk

x
lim L

h y
− =∑  

that is x is equivalent to y and it is denoted by rst

LNθ  and simply strong asymptotically triple lacunary equivalent if L=1. In addition, let rst

LNθ  

denote the set of all sequences ( )mnkx x=  and ( )mnky y=  such that x is equivalent to y.  

 
2.15 Definition 

The triple sequence ( ){ }i j i jm n kθ , , = , ,l l  is called triple lacunary if there exist three increasing sequences of integers such that  

 

0 10, i i rm h m m −= = − → ∞  as i → ∞ and  

0 0,n h n n −1= = − → ∞l l l
 as l → ∞ 

0 10, j j jk h k k −= = − → ∞  as j → ∞ 

 Let , , , ,, ,i l j i l j i l j i l jm m n k h h h h= =  and θi,l,j is determined by 

 , , 1 1 1{( , , ) :     }i l j i i l l j jI m n k m m m and n n n and k k k− − −= < < < < < ≤ ,  

 
1 1 1

, , jk l
k l j

k l j

km n
q q q

m n k− − −

= = = . 

 
2.16 Definition 

Let M be an sequence of Orlicz functions.  The two non-negative triple sequences ( )mnkx x=  and ( )mnky y=  are said to be 

strong M-asymptotically double equivalent of multiple 0  provided that 
3

1 2 1,|| ( ( ,0), ( ,0),..., ( ,0) || ( )F
M n pd x d x d x F xµ−⎡ ⎤Γ =⎣ ⎦  

, ,
1lima b c abc→∞=  

1/

1 2 11 1 1
0 , ( ( ,0), ( ,0),..., ( ,0) 0

m n k
a n c mnk mnk

abc n pm n k
mnk

x
M f d x d x d x

y

+ +

−= = =

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎢ ⎥⎜ ⎟− =⎨ ⎬⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎝ ⎠⎣ ⎦⎩ ⎭
∑ ∑ ∑  

, ,
1lima b c abc→∞=  

 

( )( )( ) ( ) ( ) ( )( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

+++ ∑∑∑
= = =

−

+
a

m

b

n

c

k
n

nKm

mnk

mnkmnk
abc xdxdxd

y
x

fM
cbaf 1 1 1

121

/1

0,,...,0,,0,,0
333

1

 
and 

3
1 2 1,|| ( ( ,0), ( ,0),..., ( ,0) || ( )F

M n pd x d x d x F xη−⎡ ⎤Γ =⎣ ⎦  

, ,
1supa b c abc

=  

1/

1 2 11 1 1
0 , ( ( ,0), ( ,0),..., ( ,0)

m n k
a n c mnk mnk

abc n pm n k
mnk

x
M f d x d x d x

y

+ +

−= = =

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎢ ⎥⎜ ⎟− < ∞⎨ ⎬⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎝ ⎠⎣ ⎦⎩ ⎭
∑ ∑ ∑  

, ,
1supa b c abc

=  
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( )( )( ) ( ) ( ) ( )( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−+++ ∑∑∑
= = =

−

+
a

m

b

n

c

k
n

nKm

mnk

mnkmnk
abc xdxdxd

y
x

fM
cbaf 1 1 1

121

/1

0,,...,0,,0,,0
1333

1

 
 

it is denoted by 
0[ ]M  and simply M-asymptotically triple. 

2.17 Definition 
Let M be an sequence of Orlicz functions and ( ){ }, ,rst r s tm n kθ =  be a triple lacunary sequence; the two triple sequences 

( )mnkx x=  and ( )mnky y=  are said to be strong M-asymptotically double equivalent of multiple 0  

3
1 2 1,|| ( ( ,0), ( ,0),..., ( ,0) || ( )F

M n pd x d x d x F xµ−⎡ ⎤Γ =⎣ ⎦  

, ,
, ,

1limr s t
r s th→∞=  

, , , , , ,

1/

1 2 10 , ( ( ,0), ( ,0),..., ( ,0)
r s t r s t r s t

m n k
mnk mnk

abc n pm I n I k I
mnk

x
M f d x d x d x

y

+ +

−∈ ∈ ∈

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎢ ⎥⎜ ⎟−⎨ ⎬⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎝ ⎠⎣ ⎦⎩ ⎭
∑ ∑ ∑  

, ,
, ,

1limr s t
r s th→∞=  

 
 
 
 

( )( )( ) ( ) ( ) ( )( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−+++ ∑∑∑
= = =

−

+
a

m

b

n

c

k
n

nKm

mnk

mnkmnk
abc xdxdxd

y
x

fM
cbaf 1 1 1

121

/1

0,,...,0,,0,,0
1333

1

 
and 

( ) ( ) ( )( )[ ] ( )xF
pnxdxdxdM

F
η=∧ − 0,,.....,0,,0,,

3
121 , ,

, ,

1supr s t
r s th→∞=  

, , , , , ,

1/

1 2 10 , ( ( ,0), ( ,0),..., ( ,0)
r s t r s t r s t

m n k
mnk mnk

abc n pm I n I k I
mnk

x
M f d x d x d x

y

+ +

−∈ ∈ ∈

⎧ ⎫⎡ ⎤⎛ ⎞⎛ ⎞⎪ ⎪⎢ ⎥⎜ ⎟−⎨ ⎬⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎝ ⎠⎣ ⎦⎩ ⎭
∑ ∑ ∑  

, ,
, ,

1supr s t
r s th→∞=  

 
 
 
 

( )( )( ) ( ) ( ) ( )( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−+++ ∑ ∑ ∑
∈ ∈ ∈

−

+

rst rst rstIm In Ik
n

nKm

mnk

mnkmnk
abc xdxdxd

y
x

fM
cbaf

0,,...,0,,0,,0
1333

1
121

/1
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( )( )( ) ( ) ( ) ( )( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−+++ ∑ ∑ ∑
∈ ∈ ∈

−

+

rst rst rstIm In Ik
n

nKm

mnk

mnkmnk
abc xdxdxd

y
x

fM
cbaf

0,,...,0,,0,,0
1333

1
121

/1

 

provided that is denoted by 
0

, ,

[ ]
r s t

MNθ and simply strong M-asymptotically triple lacunary. 

Consider the metric space 
3

1 2 1,|| ( ( ,0), ( ,0),..., ( ,0) ||F
M n pd x d x d x −⎡ ⎤Λ⎣ ⎦  with the metric    

d(x, y) = supabc{M(Fη(x) – Fη(y)) : m, n, k = 1, 2, 3,...} 
Consider the metric space  

3
1 2 1,|| ( ( ,0), ( ,0),..., ( ,0) ||F

M n pd x d x d x −⎡ ⎤Γ⎣ ⎦  with the metric 

d(x, y) = supabc{M(Fη(x) – Fη(y)) : m, n, k = 1, 2, 3,...} 
 

3. Almost asymptotically lacunary convergence of  
PP-Triple Sequence Spaces 

 
 The idea of statistical convergence was first introduced by Steinhaus in 1951 and then studied by various authors.  In this paper 
has studied the concept of statistical convergence in prababilistic p-metric spaces. 
3.1 Definition. 
 A triple ( ), ,X P ∗  be a PP- space. Then a sequence ( )mnx x=  is said to statistically convergent to 0  with respect to the 

probabilistic p-metric P-provided that for every ε > 0 and γ ∈ (0,1) 

                                  ( ) ( ){ }( ) 01:,, /1 =−≤∈ℵ∈ ++ γδ knm
mnkx

Pknm  

or equivalently 

 { }1/(| |)

1lim , , : ( ) 1 0m n k
mnk

abc x
m a n b k c P

abc
ε γ+ +≤ ≤ ≤ ≤ − =  

In this case we write StP – limx = 0 . 
 
3.2 Definition 

 A triple ( ), ,X P ∗  be a PP- space. Then a sequence ( )mnkxx = and ( )mnkyy =  are said to be almost asymptotically 

statistical equivalent of multiple 0  in PP-space X if for every ε > 0 and γ ∈ (0,1). 
 

                                  
( )

( ) 01:,,
0

/1 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧ −≤∈ℵ∈

−
++ γδ knm

mnkx
Pknm  

or equivalently 
 

( ) 01:,,1lim
0

/1 =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−≤≤≤≤
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
++ γεknM

mnk

mnk

y
xabc Pckbnam

abc
. 

 

In this case we write 

( )
.

  
y

PPS
x ≡

∧

θ
 

 

3.3 Definition A triple ( ), ,X P ∗  be a PP- space and ( )tsr knm=θ  be a lacunary sequnce. The two non-negative triple sequences 

( )mnkxx = and ( )mnkyy =  are said to be a almost asymptotically lacunary statistical equivalent of multiple 0  in PP- space X if 

for every 0∈>  and ( )1,0∈γ  
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( )

( ) 01:,,
0

/1 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧ −≤∈∈

−
++ γδθ knm

mnkx
rst PIknm   …    . . .       . . .            (3.1) 

or equivalently  

( ) 01:,,1lim
0

/1 =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−≤∈
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
++ γεknM

mnk

mnk

y
xrst

rst
rst PIknm

h
. 

In this case we write 

( )
.

  
y

PPS
x ≡

∧

θ
 

 
3.4 Lemma. A triple ( ), ,X P ∗  be a PP- space. Then for every ε > 0 and γ ∈ (0, 1), the following statements are equivalent. 

(1) ( ) 01:,,1lim
0

/1 =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−≤∈
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
++ γεknM

mnk

mnk

y
xrst

rst
rst PIknm

h
 

 

 (2) 
( )

( ) 01:,,
0

/1 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧ −≤∈∈

−
++ γδθ knm

mnkx
rst PIknm  

 

(3) 
( )

( ) 11:,,
0

/1 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧ −≤∈∈

−
++ γδθ knm

mnkx
rst PIknm  

 

 (4) { }1/(| |)

1lim , , : ( ) 1 1m n k
mnk

rst x
rst

m a n b k c P
h

ε γ+ +≤ ≤ ≤ ≤ − =  

4. Main results 
4.1 Theorem 

 A triple ( ), ,X P ∗  be a PP- space.  If two sequences ( )mnkxx = and ( )mnkyy = are almost asymptotically lacunary 

statistical equivalent of multiple 0  with respect to the probabilistic p-metric P, then 0 is null sequence. 
Proof: 

 Assume that 

( )
.

  
y

PPS
x ≡

∧

θ
 For a given λ > 0 choose γ ∈ (0, 1) such that (1 - γ) > 1 - λ.  Then, for any ε > 0, define the 

following set: 

1/, ,
0

, , : ( ) 1m n k
mnk

mnk

r s t x
y

K m n k I P ε γ+ +
⎛ ⎞

−⎜ ⎟⎜ ⎟
⎝ ⎠

⎧ ⎫
⎪ ⎪= ∈ ≤ −⎨ ⎬
⎪ ⎪⎩ ⎭

 

Then, clearly 

0lim 1rst
rst

K
h
∩

− = , 

so K is non-empty set, since 

( )
.

  
y

PPS
x ≡

∧

θ
 δθ(K) = 0 for all ε > 0, which implies ( ) 1=− Kεδθ  .  If ℵ∈nm, - K, then we 

have 

1/0
0

( ) ( ) (1 ) 1m n k
mnk

mnk

x
y

P Pε ε γ λ+ +
⎛ ⎞

−⎜ ⎟⎜ ⎟
⎝ ⎠

= > − ≥ −  

since λ is arbitrary, we get 0 ( ) 1P ε = . 

This completes the proof. 
 
4.2 Theorem 
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 A triple ( ), ,X P ∗  be a PP- space.  For any lacunary sequence θ = (mrnskt), ˆ ˆ( ) ( )S PP S PPθ ⊂  if lmsuprstqrst < ∞. 

Proof: 

 If limsuprstqrst < ∞ then there exists a B > 0 such that qrst < B for all r, s, t ≥ 1.  Let 

( )
.

  
y

PPS
x ≡

∧

θ
 

and ε > 0.  Now we have to prove ˆ( )S PP .  Set 

1/, ,
0

, , : ( ) 1m n k
mnk

mnk

rs r s t x
y

K m n k I P ε γ+ +
⎛ ⎞

−⎜ ⎟⎜ ⎟
⎝ ⎠

⎧ ⎫
⎪ ⎪= ∈ ≤ −⎨ ⎬
⎪ ⎪⎩ ⎭

 

Then by definition, for given ε > 0, there exists Ktsr ∈000  such that 

2
rst

rst

K
h B

ε
<  for all r > r0, s > s0 and t > t0 

Let M = max{Krst: 1 ≤ r ≤ r0, 1 ≤ s ≤ s0, 1 ≤ t ≤ t0} and let uvw be any positive integer with mr-1 < u ≤ mr, ns-1 < v < ns and kt-1 < w ≤ kt Then 

1/

0

1 , , : ( ) 1m n k
mnk

mnk

x
y

m u n v k w P
uvw

ε γ+ +
⎛ ⎞

−⎜ ⎟⎜ ⎟
⎝ ⎠

⎧ ⎫
⎪ ⎪≤ ≤ ≤ > − ≤⎨ ⎬
⎪ ⎪⎩ ⎭

 

1/

01 1 1

1 , , : ( ) 1m n k
mnk

mnk

r s t x
r s t y

m m n n k k P
m n k

ε γ+ +
⎛ ⎞

−⎜ ⎟− − − ⎜ ⎟
⎝ ⎠

⎧ ⎫
⎪ ⎪≤ ≤ ≤ > − =⎨ ⎬
⎪ ⎪⎩ ⎭

 

{ }111 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1

1 ...
3 3rst rst

r s t r s t r s t

M MK K r s t q r s t
m n k m n k B m n k

ε ε

− − − − − − − − −

+ ≤ + ≤ +  

This completes the proof. 

4.3 Theorem. A triple ( ), ,X P ∗  be a PP- space.  For any lacunary sequence θ = (mrnskt), ˆ ˆ( ) ( )S PP S PPθ ⊂  if limin f frstqrst > 1. 

Proof: If limin frstqrst > 1, then there exists a β > 0 such that qrst > 1 + β for all sufficiently larger r, s, t which implies 

1
rst

rst

h
K

β
β

≥
+

 

Let

( )
y

PPS
x ≡

∧

  θ
, then for every ε > 0 and for sufficiently large r, s, t we have  

1/

0

1 , , : ( ) 1m n k
mnk

mnk

r s t x
r s t y

m m n n k k P
m n k

ε γ+ +
⎛ ⎞

−⎜ ⎟⎜ ⎟
⎝ ⎠

⎧ ⎫
⎪ ⎪≤ ≤ ≤ > − ≥⎨ ⎬
⎪ ⎪⎩ ⎭

 

1/

0

1 , , : ( ) 1m n k
mnk

mnk

rst x
r s t y

m n k I P
m n k

ε γ+ +
⎛ ⎞

−⎜ ⎟⎜ ⎟
⎝ ⎠

⎧ ⎫
⎪ ⎪∈ > − ≥⎨ ⎬
⎪ ⎪⎩ ⎭

 

1/

0

1 , , : ( ) 1 .
1 m n k

mnk

mnk

rst x
rst y

m n k I P
h

β ε γ
β + +

⎛ ⎞
−⎜ ⎟⎜ ⎟

⎝ ⎠

⎧ ⎫
⎪ ⎪∈ > −⎨ ⎬+ ⎪ ⎪⎩ ⎭

  Therefore 

( )
.

  
y

PPS
x ≡

∧

θ
 

This completes the proof. 
4.4. Corollary. A triple ( ), ,X P ∗  be a PP- space.  For any lacunary sequence θ = (mrnskt), with 1 < limin f frstqrst ≤ limsuprstqrst < ∞, then 

( ) ( )PPSPPS =
∧

θ . 

Proof: The result clearly follows from Theorem 4.2 and Theorem 4.3. 
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