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Abstract: In this work we can apply the fixed point theorem of Volterra to the Cauchy problem associated with
1st-order equations:

y' =f(xy) (6]
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I.  Introduction

The Italian mathematician Vito Volterra (May 3, 1860 - October 11, 1940 in Rome), he puts a fixed
point theorem, it uses linear applications and transformation then gives the fixed point in the form of a
convergent series.

There are theorems of existence and uniqueness of the Cauchy problem associated with 1st-order
equations (Cauchy - Lipchitz, BiCart ...) [2,3,6].
In this work we want to apply the fixed point theorem of Volterra to the Cauchy problem associated with 1st-
order equations.

Il.  Fixed Point Of Volterra
1- Theorem: (fixed point of Volterra)

Let E' Banach space, zp € E,and § € L(E) ,as:
1+ Xzs" =A< @)
Then: T transformation defined by:
T(x) =z,+ 5(x)
has a unique fixed point x5 defined by:

xg =2zg + 235 5™(z) 3)
2- Proof:
e Existence :
Suppose : x4 € E| take a suite (X, )21 as:
xn+1 = T[xnj (4)
We have :
%, =T(xy) = 2y + 5(xy)
xz = T(x;) = z5 + S(x,)
x3 =2y +5(z + 5(x,)) = 25+ 5(z5) + 52(xy)
Xy = 2o T ERZIS (zp ) + 5" (xy) 5)
By recurrence: (assume (5) are verified for 1)
S T(x,)
zl} + S(R:n]
n—2
= zp+S5|zp+ ) SH(zp) +5™ M (x,)
k=1
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= 2+ 5(z) #5555 )) + S"(x)

= zu+i5k(zuj+5n(xﬂ

k=1

Therefore (5) is satisfied for (7 + 1),
Finally (5) is verified for every 1. € M, and the existence of suite (x,, ).

e We will study the convergence of the sequence (x,, ) (Cauchy sequence).
By using (5) we have:

n+p—12 n—2
||.'7Cn+,p —xn” = Zo + Z Sk(zﬁ]+5”+?’_1 () — 2, —ZSk(zl}]—S”_i (x;)
k=1 k=1
ntp—12
- D 5HE)+ 5 ) - 57 ()
k=n—1
ntp—2
< Z 15%Cz0 )1+ 1S™2 1z | = 5™ 1112 I
k=n—1
ntp—2

< ) ISFGON izl +Hixl) =2 0
k=n-1

Because the condition (2) we have:

ntp—2 ntp—2 n—1

k —_ k — k —_ =
D Sk = ) S¥GE) - ) SH(z) 2 A-4=0
k=n-1 k=0 k=0

And thereafter (x,, JCauchy in space complete E (Banach).

So: the sequence (x,,) converges to xydefined by:

Xp = lim x,,
n%m

= hm[zu+25 (25 ) +5"71 (x1))

= zD+Z.‘5k(zD]+nli_1>1;1C5”(x1]

k=1

Xg = Zp +Zsk(2u]
k=1

so: (lim,_,.. S™ (x,) = 0)

Furthermore we have:

xp=limx, = lmT(x,_;)
1 —+oo 71 —Foo
— 7T(lim x,,;)
= T(x,)
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Therefore x is a fixed point of application T .
¢ Uniqueness:
We assume two fixed points of T : x4 and y,
Xg— Y = T(xg) — T ()
zp+ 5(xg) — 25 — 5 ()
S(xg — ¥o)

And it was.:
S(xg—v) = 5(5(35&_}’&]):5‘[3’55_}’5:]
= SMmp—w) =

5™(xg—¥) —0
So:

=¥ =0=x, =y
Hence the uniqueness of the fixed point.

Note :
The fixed point xy is a solution of the equation:

xg =T(xg) = 25 + 5(x)

< xp— S5(xp) = Iy
= (1= 5)(xp) = Zp
= Xg = ({—5)"(z0)
(I — S)isreversible, because ||5|| < 1 & X 5" < o)
So:
Xy =2p+ Zeey S5z ) = (I —5)7Y(zy) (6)

e The Condition (2) is equivalent to the existence of the inverse of the operator(I — 57, or ISl < 1.

Therefore the theorem Volterra applied to the fixed point equations in the form:
x = zg+ 5(x)
with: S € L(E) and ||S|l < 1, (E is a Banach space).

I11.  Cauchy Problem

Consider the following problem:
v =f(xy)
{ _ (7)
}’(xuj =M
e Theorem (Cauchy-Lipchitz)[3]
If f € C([a, b]) and if f verified the condition:

Wx € [a, b],Vyy, v, €EC([a,b]),3k = 0
As:
[f e, y1) — £ y2)| < klyy — w7,
Then the Cauchy problem has a solution which on [a, &].

e We use the lemma Gronwall [9], to ensure la'unicité of the solution.
e Theorem :[2]
Let the problem (7)

ol

If f(x, v)and :—j:_ (2, ¥) are continued and bounded at all points (x, ¥) of the rectangle R:
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R= {[:x,}rj E]R::lx_xul = ﬂ’.’l}r_}rﬂll {:b}

Vix,y) €R%L3IM = 0,|f(x.v)| <M, et ‘:—f_ [x,}r:]‘ < M.
Then the problem (7) has a unique solution on the interval:
lx — x| <o, tel que = min(rx,o—c)

And after recurrence converges to the exact solution of the problem.

IV.  Application
Volterra fixed-point theorem is applied to the Cauchy problem associated with the first order equations:

We have :
y' =f(xy)
&£

o f}r"[s:]ds.‘: Jf(s,}r(sjjds

() = y(xg) + f F(s,v(s))ds

Applying the fixed point theorem of Volterra to:
zy = y(xg)
8
SO = [ f(sv())ds ©

e lLemma:
If § &€ L(E),and ||5]| < 1, then the problem (7) has a unique solution defined by:

y(x) =zy+ i.‘i”[zu] = y(xp) +i( ff[s,}rﬂ[_g]]ds]”

V. Examples

1- Example1:
e  Consider the following problem:

{}F'=}F
., ©

X

We have:

o
x

o Y@ =y©@+ [y@ar
—
Zo 0
Six)
V0 = x < a,and E=C([a,b]),z;=y(0)=1€E, S(y) = J v(t)dt.
0
By Volterra theorem equation x = z, + 5(x) has a unique solution given by:
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y = zu+i5”(zuj
= 1+i(f}r(mdr}”
= 1+i[f1.dt]”

o
Direct solution:
}F'I
Ff:}r — —:1ﬁ1n}r:x+k
¥
vix) =c.e”
= {‘ () c=1
y(0) =
So the solution is:
y(x) =e*
Example 2:
Consider the following problem::
{}r’ =x+vy
y(0) =
We have :
[ X
y'=x+y3500 = y(0) + [ (¢ +3(0)de
0
We set :

zp = y(0)

S(y) = f[t +y(t))dt

And according to the Volterra theorem given by the solution:

yo= 5+ ) ShE)
1

y(0) + i(f[t +y(8))dt)"

By integrating n times:

ntl xn

SH(ED) =m+m

And the solution given by:
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) = 14 ) ot

x™ x™
= 1+ E —+ g —
1! !

2 1

= 1+4+(—x—1+e*)+(—1+e%)
finally:
vix) =2 —x—1

e Direct solution :
Let:

homogeneous equation:
y—y=0ey =y y(x)=ke”
the method of variation of the constant is used, it is:
vix)=—x—1+ke"
With the initial condition ¥ (0) = 1, the problem solution given by:
vix) =—x—1+2e*

VI.  Conclusion
The principle of the fixed point is crucial in the area of applications. He took part in the resolution of several
differential equations for the problems of existence and uniqueness.
In this work we approach the application in particular the fixed point theorem of Volterra for solving Cauchy
problems associated with 1st -order equations, with application examples.

But there are obstacles (if the nonlinear operator 5, Volterra theorem does not apply, and the application
57 (zy) in general is difficult to calculate, so we can use a numerical method (a algorithm) to calculate a value

approach with error &).
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