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Abstract: A linear stability analysis is carried out for triple diffusive convection in Oldroyd-B liquid. The
expressions of Rayleigh number for stationary and oscillatory convection has been obtained. The neutral curves
for oscillatory mode for different values of stress relaxation parameter, strain retardation parameter, solute
Rayleigh numbers, ratio of diffusivity of solutes and heat diffusivity and Prandtl number has been examined. It
is found that the oscillatory triple diffusive convection sets in earlier in system with Oldroyd-B liquid as
compared to Newtonian liquid system.
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I.  Introduction

In the standard Rayleigh Bénard problem, the instability is driven by a density difference caused by the
temperature difference between the upper and lower plates bounding the liquid. If the liquid additionally has salt
dissolved in it, then there are potentially two destabilizing sources for the density difference, the temperature
field and salt field. The solution behaviour in the double-diffusive convection problem is more interesting than
that of the single component situation in so much as new instability phenomena may occur which is not present
in the classical Bénard problem. When temperature and two or more component agencies, or, temperature and
two more different salts of different diffusivity are present then the physical and mathematical situation becomes
increasingly richer. Very interesting results in triply diffusive convection have been obtained by Pearlstein et al.
[1]. The results of Pearlstein et al., are remarkable. They demonstrate that for triple diffusive convection linear
instability can occur in discrete sections of the Rayleigh number domain with the liquid being linearly stable in a
region in between the linear instability ones. This is because for certain parameters the neutral curve has a finite
isolated oscillatory instability curve lying below the usual unbounded stationary convection one.

The problem under investigation also has many physical applications in solidification of alloys, the
materials processing, underground of chemical pollutants and petroleum reservoirs. The problems of triple
diffusive convection are studied by Pearlstein et al. [1], Lopez et al. [2], Rudraiah and Vortmeyer [3],
Poulikakos [4], Suresh Chand [5 - 7], Sumithra [8] andRionero [9].

The study of non-Newtonian liquids has gained tremendous interest because of its usage as a working
media in many engineering and industrial applications. Viscoelastic liquids which exhibit both solid and liquid
properties have applications in such diverse fields as geothermal energy modeling, material processing, thermal
insulation material, cooling of electronic devices, transport of chemical substances, crystal growth, injection
moulding and solar receivers. Other applications are found in the petroleum industry, chemical and nuclear
industries, geophysics, bioengineering and so on.

The rheological equation for viscoelastic liquid usually involves either one or two relaxation times.
They possess both elasticity (associated with solids) and viscosity (associated with liquids) which leads to
unique instability patterns such as over stability that is not predicted or observed in Newtonian liquids. Hence,
Rayleigh—Bénard convection in a thin rectangular layer of viscoelastic liquid heated from below has been the
focus of many studies over the past few decades. Many researchers like Riahi [10], Siddeshwar et al. [11],
Narayana et al. [12, 13], Malashetty et al. [14] and recently Bhadauria and Kiran [15] have considered
viscoelastic liquids.

With the motivation directed by the applications, the main aim of this paper is to study triple-diffusive
convection in Oldroyd-B liquids.

Il.  Mathematical Formulation
Consider a layer of Oldroyd-B liquid confined between two infinite horizontal surfaces separated by a
distance d apart. The uniform is directed along the z-axis. A Cartesian system is taken with origin in the lower
boundary and z-axis vertically upward (see figure 1). Let AT, AS;and AS, be the differences in temperature and
solute concentrations, respectively of the liquid between the lower and upper plates. Appropriate single-phase

heat and two-phase solute transport equations are chosen with effective heat capacity ratios and effective
thermal diffusivity.
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Figure 1: Physical configuration

The governing equations in Oldroyd-B liquid in triple diffusive convection are:

V§=0, (1)
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where, q is velocity, p is pressure, pgis the constant density, p is density, g is gravitational force, Tis
the stress tensor, A, is the stress relaxation time, A, is the strain retardation time, p is viscosity, T is
temperature, S; is solutel, S,is solute2, y is the thermal diffusivity, yg; is solutel diffusivity, yg, is solute2
diffusivity, o, is coefficient of thermal expansion to determine how fast the density decreases with temperature,
o is the coefficient of solutel expansion and og, is the coefficient of solute2 expansion.

It is to be noted that the convective acceleration term (G.V)q has been dropped in equation (2) in

comparison with the heat advection term (G.V)T vowing to the assumption that thermally induced instabilities

dominate hydrodynamic instabilities. This also implies that the present analysis is restricted to small scale
convective motions.

Operating divergence on equation (3) and using (2), we get,

0 aq - 0 2=
1+ — —+Vp+poK |=p{1+Ay, — | VAQ. 8
[ 1&}("”& ppg]u( Zatj q ®)
Equations (1) — (7) are solved for free-free velocity, isothermal and isoconcentration boundary conditions:
2
w=a—‘2’=T=sl=82=0atz:0,1. )
oz

The basic state of the liquid is assumed to be quiescent and is described by:
dp =(0,0,0), p=pp(2), p=pp(2), T =Tp(2), S =51,(2), S =Sp, (2), (10)
where the subscript ‘b’ denotes the basic state. Substituting equation (8) into equations (1) to (7),we get,
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The stability of the basic state is analysed by introducing the following perturbation:
q=0p+q,p=pPp+P,p=pp+p",

. . e (12)
T =Tb +T 'Sl =Slb +Sl,82 =Szb +SZ
where, the prime indicates that the quantities are infinitesimal perturbations.

Substituting equation (12) in equations (1) to (7), using basic state solutions (11) and by
nondimensionlisingusing the following definitions:

*  K*  * X' ' Z' * t‘ * '
(le!z)z(_ y J!t =_q q

XY i)
2 ' ' *h - Y : (13)
« o d? T s, S,
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We obtain the following dimensionless equations by eliminating the pressure term and also by introducing
stream function  (after dropping the asterisk):

o)1 0(2 o0 Obsy Os2 0 \ga
1+ A= || = Z(V2y)-| ~RaZ + Ry 5L+ R,y 2252 | | =[ 14 A, = [V, 14
( 1ath>rat( v) ( ox | STox T S2Toy 25 ) Y (14)
§+Z—1}=V26, (15)
a(t% + ;ﬂx = Tlvz(])Sl! (16)
o
% + éﬂx =1,V 20s an

Ao .
where, Ay = % is stress relaxation parameter or Deborah number,

Ao . . .
Ay =22 is strain retardation parameter,

d2
Pr=—""is Prandtl number,
PoX
ATd®
Ra= PogATd” is Rayleigh number,
KX
AS,d® .
Rg = Po%919%1T o solutet Rayleigh number,
ux
AS,d° .
Rgo = Po%s202520 is solute2 Rayleigh number,
ux
T = 281 s ratio of diffusivity of soluteland heat diffusivity and
X
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Ty = L82 s ratio of diffusivity of solute2 and heat diffusivity.

X

Eliminating 0, ¢g; and ¢, from equations (14) — (17), we get the equation of y in the form of:

2

where, X, = (1+A12ji2_(1+,\22)v2 ,
ot ot

Pr ot
(6 VZJ,
ot

62
[lexgxzx1 —(RaX4X3 —RgX Xy — chgxz)ax—lw =0 (18)

X
N
[

In dimensionless form, the boundary conditions (9) for solving equation (18) are obtained in the form:
B azw - 64\1/ B 66\;/ B 68W B alow B ol2

v _
= =0at z=0,1. (19)
oz ozt e e a0 ot

At the lowest mode, let
v =y sin(rz)expli(lx + my)+ot]. (20)

Substituting equation (20) in equation (18), we get,
(G +k? )(G + k2 )(G +1.k? ){(1+ Alc)% +(1+ Azc)kz} k2

+ RS]_(G + kz)(c + rzkz)az +Rg) (G + kz)(c + rlkz)az

(G + rlkz)(c5+ rzkz)az

Ra= (1)

2.1 Stationary convection
For stationary convection, ¢ in equation (21) must be real and the corresponding Rayleigh number Ra™

for stationary convection is obtained by putting o =0 in equation (21) in the form:

6
Ratt = R Rs2  K° (22)
1 T2 a’ ’
wherek? =7 +a® and a® =12.

2.2 Oscillatory convection
To study oscillatory motions we putc=iw, where e R, in equation (21), we obtain the expression

of Rayleigh number for oscillatory convection as
oc _ RS]_(T1k4 + (,02)+ RSZ (T2k4 + 602) (1+ A1A2(,02 )k6 + (Al —A2)0)2k4 0)2k2

(lek4 +(;)2) (‘c%kA +(;)2) (1+ A%wz)az (1+ A%coz)az a’pr
and frequency,
Ac® +Bo* +Co? +D =0, (24)

2,4
where, A:A1A2k4 +% ,
r
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I11.  Results And Discussion
The onset of three-component convection in viscoelastic Oldroyd-B liquid heated and salted from
below has been investigated using linear theory. Analytical solution for Rayleigh number is obtained using
linear theory. The primary objective of this study was to determine the effect of viscoelastic parameters like
stress relaxation parameter and strain retardation parameter on the onset of triple diffusive convection. The
stationary critical Rayleigh number is found to be independent of the viscoelastic parameters A;and A, , and
this reduces to the classical results of triply diffusive fluid layer (see [1]).
Figure 2 shows the neutral curves for different values of stress relaxation parameter, strain retardation
parameter, solute Rayleigh numbers, ratio of diffusivity of solutes and heat diffusivity and Prandtl number.
Figure 2(a) depicts the neutral curves for stress relaxation parameter A;. We note that the effect of increase in

the stress relaxation parameter, decreases the critical oscillatory Rayleigh number, indicating that the stress
relaxation parameter advances the onset of triple diffusive convection, hence destabilises the system. On the
other hand, figure 2(b) shows that the increase in strain retardation parameter A, , increases the critical

oscillatory Rayleigh number, thus stabilises the system. Further, we observe from figures 2(a) and 2(b) that
critical Rayleigh number for stationary mode (Newtonian liquid) is higher than that of oscillatory mode. Since
all the curves lie below that of a Newtonian liquid curve, this indicates that the oscillatory convection sets in
earlier in system with viscoelastic liquid as compared to Newtonian liquid system.

Figure 2(c) and 2(d) are the neutral curves for different values of solute Rayleigh numberl Rg and

solute Rayleigh number2 Rg,, respectively. Here we observe that as Rg and Rg, increases, the oscillatory
Rayleigh number also increases thus Rg and Rg, stabilises the system.Since we solute from below, the

concentration of the solutes settles at the bottom without disturbing the system and hence the solute Rayleigh
numbers enhances the stability of the system. Positive values of Rg;and Rg, are considered and in such a case,

one gets positive values of Ra and these signify the assumption of a situation heating from below. The heating
expands the liquid at the bottom of the layer, this expands the liquid thereby enhance the motion due to thermal
convection, on the other side, the heavier salts at the lower part of the layer have exactly the opposite effect and
these act to prevent motion through convective over turning. Thus these two effects are competing each other
and hence onset of convection is delayed.

Figure 2(e) and 2(f) are the neutral curves for different values of ratio of diffusivity of solutel and heat
diffusivity t; and ratio of diffusivity of solute2 and heat diffusivity t, , respectively. It is observed that

increasing the values of t; and t, , decreases oscillatory Rayleigh number, indicating that the ratio of

diffusivity of solutes and heat diffusivity advances the onset of triple diffusive convection and hence destabilises
the system. This is because, the diffusivity of heat is more than the diffusivity of solutes and therefore, solute
gradient augments the onset of convection.Figure 2(g) is the neutral curves for different values of Prandtl
number Pr. Here we do not see much significant change, however, as Pr increases, the oscillatory Rayleigh
number decreases and advances the onset of triple diffusive convection thus destabilises the system.
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Figure 2: Neutral curves for oscillatory mode for different values of (a) A, (b) A, (c) Rg
(d) R, (€) 1 () T, (9) Pr
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V. Conclusion

Following conclusions are drawn from the present study:

Stress relaxation parameter and solute Rayleigh numbers advances the onset of triple diffusive convection.
Strain retardation parameter,ratio of diffusivity of solutes and heat diffusivity and Prandtl number delays
the onset of triple diffusive convection.

The oscillatory triple diffusive convection sets in earlier in system with viscoelastic liquid as compared to
Newtonian liquid system.
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