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Abstract: In this paper, the generalized analytic difference sequence space defined by Musielak-Orlicz
function, are introduced, and some of their algebraic and topological properties are explored. Few inclusion
relations involving the introduced spaces are also discussed.
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I.  Introduction
A complex sequence, whose k" term is denoted by (x;).A sequence x= (x;) is said to be analytic, if

1 - - - -
supy |x, [F < oo .The vector space of all analytic sequences will be denoted by A. A sequence is entire sequence,

if lim;, |x; |kl = 0. The vector space of all entire sequences will be denoted by T'.

The notion of difference sequence space was introduced by Kizmaz [1], who studied the difference sequence
spaces £,,(A), c(A) and ¢y (A). Kizmaz defined the following Difference Sequence Spaces:

Z(A) = {x = (x}) : Ax € Z} where Ay= (A )=y = (Xk — Xk+1)k=1-

Here Z stands for one of the spaces ¢, ¢ and ¢,,.
The notion was further generalized by Et and Colak [2] by introducing the spaces c(A™), ¢,(A™) and £, (A™)

Let m, v be non-negative integers, then for z = { £, c, ¢}, We have sequence spaces

ZAAT) ={x=(x) Ew: (A'xy) € Z} (see Raji et al [3])
where AT x = (ATx,) = (AT 1x, — A" 1x, 1) and Adx, = x,,V k € N, which is equivalent to the following
binomial expansion
AT x = Xito(—1)! (T)xkﬂ'v

Taking v = 1, we have the spaces which were studied by Et and Colak [2].
Taking m = v = 1, we get the spaces which were introduced and studied by Kizmaz [1].

An Orlicz function M : [0, ) — [0, %) is a continuous, non decreasing and convex function such that M (0)
=0,M(x)>0,forallx >0and M (x) » 0 as x — .

Lindenstrauss and Tzafriri [4] used the idea of Orlicz function to define the following sequence space:

ty={x € w zf=1M(";—k') < w),

where w = {all complex sequences}, which is called an Orlicz sequence space. Also ¢, is a Banach space
with norm

I x || = infifp > 0: ¥2_, M (";—k') <1}
It was proved that every Orlicz sequence space £), contains a subspace isomorphic to £,(1 < p < «)

I1.  Definitions And Preliminaries
Definition 2.1: Let M, be an Orlicz function. The space consisting of all these sequences x in w, such that

1
supy (Mk <@>> < oo for some arbitrary fixed p > 0 is denoted by A, and is known as the space of analytic

sequence defined by a sequence of Orlicz function.
Definition 2.2 (see (Musielak [5]): A sequence space E is said to be solid or normal if (a,x,) € E, where
(x) € E and for all sequence of scalars (a;,) with |, | < 1.
Definition 2.3: Let V be a vector space over scalar field K. A seminorm v on V is a real valued function on V
so that

1. v(xX)=0,forallx €V

2. Vv(ax) = |a|v(x),foralla € k,x €V

3. v(x+y)<v(x)+ v(y)foralx,y eV
Definition 2.4 (Maddox [6]): Let X be a linear metric space. A function p : X — R is called paranorm, if

1. p(x)=0,vx€EX,

2. p(—x) =pkx),Vx€EX,

3. plx+y)<px)+p(,Vxy €X.
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4. If (4,) is a sequence of scalars with 4, - Aasn — o« and (x,) is a sequence of vectors with p(x,, —
x—0as 77—, then pirnxn—Ar— 0 as n—o.
Remark 2.1: The following inequality will be used throughout the paper.
Let p = (p,) be a sequence of positive real numbers with 0 < p,, < sup(p,) = G, K = max(1,2¢71), then
lay + by [P* < K{|ag|Pk + |by [Pk}, (2.1)

where ay, b, € C. Also |a|P* < max(1,|a|¢)foralla € C.
Definition 2.5 (Musielak [5]): Musielak-Orlicz function is defined to be a sequence of Orlicz functions.
Definition 2.6: Let M = (M,,) be a sequence of Orlicz functions, X be locally convex Hausdorff topological
linear space whose topology is determined by a set of continuous seminorms g. The symbols A(X)and I'(X)
denote the space of all analytic and entire sequences, respectively defined over X.

Now we define a new sequence space:
Pk

i 1
Ay (AT, p,q,5) ={x € A(X):supn%z k=5 |M,| q <m’n%lk) < oo, for some p > 0}
k=1
Remarks 2.2: We get the following analytic sequence spaces from the above space by giving particular values

to p ands.
Taking p, = 1, for all n € N,we have

1
Ay (87, q,5) ={x € AX): sup,~Yp_1 k~° [Mk (q <'A‘T%'k)>
If we take s = 0, we have
1
Ay (A}, p,q) = {x € AX): sup,=¥i_y [Mk (q (M))

If wetake s =0, m=v =1, we get

Ap(Ap,q,) ={x € AX): Supnyl—lzzq [Mk (q <|Axk|%>>

< oo, for some p > 0} (Abbas and Kamel [7])

Pk
< oo, for some p > 0} (Rajetal [3])

Pk

) < oo, for some p > 0}

(Lindenstrauss and Tzafriri [4])

I1l.  Main Results
The following results are obtained in this work.
Theorem 3.1: Let M=(M;) be any Musielak Orlicz function, and p = (p,) a sequence of strictly positive real
numbers,then A, (AT, p, q, s) is a linear space over the set of complex numbers C.
Proof. Let x = (x), v = (y) € Ay (A, p,q,5) and a, B € C,then we have

NS
Sup YRk [Mk <q <|Al'3;%|k)> < oo, for some p; > 0 (3.11)
NN
Supnrl_z R kTS [Mk (q <'A'Tp%'k>> < oo, for some p, >0 (3.12)

Since M = (M,) is a non decreasing modulus function, g seminorm and A7 is linear, then

N\ TPk
g
Supy Tt K [Mk (q (enor ))

1 1
where p; = maxiflalpy, [Bl<p2}.
Now,

1 Pk
Sup, =i k= [Mk <q <W43+ﬁyk>l">>]

|alf| apx i |BIF| a7yt
P3 * P3

< oo, for some p; > 0 (3.13)

Pk

n
1
< supnr—lz k=S |M| q
k=1

Pk

1 1
1y —s a7 xg [k AT yi |k
< Ksupnzzkzl k Mk q< o + 02

DOI: 10.9790/5728-1204014246 www.iosrjournals.org 43 | Page



Generalized Analytic Difference Sequence Spaces Defined By Musielak-Orlicz Function

Px
1 1
1 _ AT xp |R ATy, |k
< Ksup, s Tit k™ M, q(—' D)) + M (g2 pyj')
Py

ImI

|A }’k|

n
1
SKsuanZk_s M ——)) + Ksup,— Zk [M, (q(

This proves that AM(A,, ,P,q,s) is a linear space.
Theorem 3.2: Let M = (M) and M'" = (M,)) be Musielak- Orlicz functions. Then

A (85, 0,0,8) NN (85, D,0,5) € Appriar(BY, D, G, ). (3.21)
Proof. Letx € A, (Av ,0,q,5) NA,, (AU , D, q,s).Then there exist p;and p, such that
1
SUpn= Yoy k75 [M,, (q <'A¥;%'k)>]pk < oo, for some p; > 0 (3.22)
m L
SUp = Yo k7 [My, (q <%)>]pk < o, for some p, > 0 (3.23)

Let p = min (p— E) Then we have
Pk n Pk

1 o
sty 0t (B2) )| < i o o (2221
k=1 k=1

1
+Ksup, - Xk—1 k~° [M/Q (q <'A‘Tp’;"'k)>

Pk

Pk
<

by (3.21) and (3.21). Then

1
| (M + M) (q <—'N‘31;"‘"‘)>

Therefore, x € Ay, 0 (AY, D, q,5).
Theorem 3.3: The sequence space Ayq (A7, p, q, s) is solid.
Proof. Letx = (x;) € Ay (AT, D, q,5), then

1
Sup,~¥p_ k~* IMk (q <|Ag[;klk)>

Let (a;) be a sequence of scalars such that |a;| < 1, V k € N, then we have
Pk Pk

n 1 n 1 1
1 _ Al x|k 1 _ k|AT x|k
Supngz ks Mk q (|ak l:)xkl ) < supn;z ks Mk q (lak| |pv X | >
k=1 k=1

sup,~Yi_i k < oo for some p > 0

Pk
< 00,

1
< supnii‘.'ﬁ:l k™ My | q (M) <o
Hence, (a,x;) € Ay (AT, 1,4, ).

1 Pk
Theorem 3.4: Suppose sup,~ ¥i_; k™ [Mk (q <'A‘T+"‘)>l < |x[F, then A © Ay (A™,p, q, 5).

Proof. Let x € A.Then we have,
1
sup|x | < oo. (3.41)

1 Dk L
sup, LB kS [Mk (q <""—')>l < suplx, [F

by our assumption. It implies that
1 Pk
SUPpy L1 k~° [Mk (q (lAvm;klk)>] S

by (3.41). Then x € Ay (AT, p,q,5) and A € Ay (AT, p,q,5).

But
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Theorem 3.5: Let 0 < p, <1, and{ ;—’;} be bounded. Then A, (AT, 1, q,s) € Ay (AT, b, q,5).
Proof. Letx € Ay (AT, 1,q,s), then

1
Sup LYy kS [Mk (q (W"T’“'k»
1 9k

ty = Supn%27<1=1 kK~ [Mk (q <—|A¥L;klk)>l

and A, = ’ri. Since py <1,, wehave 0 < 1, < 1.
k
Take 0 < A < 4. Define

Tk

< . (3.51)

Let

C(te ift>1
e = {0, ifte <1
and
. {0, ift,>1
o e, ifte <1
t, = u, + vy, tklk = uk’lk + 'Uklk. It follows that uklk Su, <t Uklk < Ukl. Since tklk = uk’l’f +

Uk;{k, then tk;{k < tk + Uk)l. Thus
1Tk

Ak . 1
1 s | AR x; |*
< sup,— k=S |M| q
k=1

k=1 P
_ . Pk r 1 17k
1 k|r =
N\ s | AR x| ‘ N s AL x|
= supnzz k=5 |M,|q < supnzz k= IM, | q
k=1 P k=1 p
r 1 Tk1Pk 1 Tk
N\ s | AR x| N\ s | AR x [%
= supnzz k=5 |M,| q < supngz k™5 IM, | q
k=1 ] p ) p

N
But, sup,~ Yi_1 k=5 | My q<M> < oo,

TPk

ST

A% x|

Therefore, sup,,~¥i_1 k™ [ M, q<T> < oo,

Hence x € Ay (AT, p,q,s). From ( 3.51), we get
A (B3, 1,q,5) € Ay (BT, 0,9, 5).
Theorem 3.6 (i) Let 0 < infp, < p, < 1. Then, A (AT, p,q,5) € Ay (AT, q,5s)
(i) Let 1 < p, < sup p, < . Then Ay (AT, q,s) € Ay (AT, p,q,5)
Proof. (i) Letx € Ay kAT, p,q,s). Then

1
SUp,~Yp_ k= IMk (q <|Ag[;klk)>

Since 0 < infp, <p, <1,

Pk
<w (3.61)

Pk

1 1
1 _ Al x|k 1 _ Al x|k
Sup,~ Sy k= | My q(%) < sup, > Xio k7 | My q(%) < (3.62)

From (3.61) and (3.62), it follows that x € A, (AT, q,5).Thus A (AT, p,q,5) © A (AT, q, 5).
(ii) Let p, = 1 for each k and sup p, < oo, and let x € A,;(A7, q,s).Then

1
supy, Sha k7 M, q(W"T') < (3.63)

Since 1 < p;, < supp, < o, we have
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n p

k 1
1 n =

m. (i 1 Al x, |k

supn%Z k=M, q <M> < supn—z k= M| q 18 x %
=1 ned p

N RV
1 _ A x|

=>supn1—le5Mk q(l";“) »0asn —-ow
=

This implies that x € A, (AT, p, q,s). Therefore, Ay (AT, q,s) € Ay (AT, D, q,S).

V. Conclusion

We conclude that the sequence space that we have introduced, namely
Pk

1
Ay (A", p,q,5) = {x € A(X): supnizy{‘zl kKoM, q (%) < o, for some p > 0}

is not only a linear space but is also solid. The space extends the results of Raj et al [3] and Abbas and Kamel
[7]. It further open doors for the extension of similar types of result for other spaces defined by Musielak-Orlicz
functions.
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