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Abstract: A new class of probability distribution namely Weighted Marshall-Olkin Bivariate Exponential
Distribution is considered in this paper. The distribution of concomitant of order statistics and joint distribution
of two concomitant of order statistics has been obtained. Further explicit expression for single moment of
concomitant of order statistics is obtained. Explicit expression for moment generating function of concomitant
of order statistics has been obtained also.
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I.  Introduction
The concept of concomitant of order statistics was first introduced by David (1973). Let

(Xi,Yi);i =1,2,...,n be a random sample drawn from an arbitrary bivariate distribution with cumulative
distribution function (cdfy F(X,y) and probability density function (pdf) (X, Y). If the marginal X
then the accompanying Y observation in an

nn’

observations in the sample are ordered as X, X, ,..., X

is called the concomitant of the '™ order statistics X, and is

ordered pair with X observation equal to X . n

n

denoted by Y-

The most important use of concomitant arises in the selection procedures, when K(1<k <n)
individuals are chosen on the basis of their X values, then the corresponding Y values represent the
performance on an associated characteristic, which is hard to measure or can be observed only later. For example;
if the top K out of N rams, as judged by their genetic make-up are selected for breeding, then Y[In],...,Y[n:n]
might represent the quality ofthe wool of a corresponding female offspring in the cross. Another application of

concomitant of order statistics may be competitive exams in which X may be score in preliminary test and Y
may be the corresponding scores in main test.
Jamalizadeh and Kundu (2013) proposed a four parameter Weighted Marshall-Olkin bivariate

exponential model denoted by WMOBE (e, 4;, 4,, 4,,)as an improvisation over Marshall-Olkin bivariate
exponential model or Marshall-Olkin bivariate Weibull model, providing comparatively better fit in certain cases.
They established the properties of this new Weighted Marshall-Olkin bivariate exponential distribution whose
marginal has univariate weighted exponential (\NE) Distribution. The Weighted Marshall-Olkin bivariate
exponential is established as follows:

Univariate weighted exponential distribution with parameters & > 0 and A > 0 has pdf and cdf as follows

f(x,a,A) =(a—ﬂJie‘“(1—e‘““);x>0,a,/1>0 (1.1)
(04
e—ﬂ,x
F(x a,A) :1+(—][e‘“’“ —(a+1)] (1.2)
94

Now, the bivariate random vector (&, £,) has Marshall-Olkin bivariate exponential distribution if it has the joint
pdf
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ﬂl(ﬂ? +/112)e*21§1e*(/12%2)§z; 51 < 52
f(fpfz) — /12(/11 +ﬂlz)e’z'zfze*(iﬁﬂiz)§l; é:z < 51
ﬂ,lze_(ﬂ“ﬂ?”“)g; é:l — 52 — 5

and is denoted by MOBE (4, 4,,4,,)

If U;,U,and U ,are the independent exponential random variables with parameters A, 4,, 4, respectively,
such that

(&, &) dImin(U,,U,);min(U,,U,)]
Then the random vector (X,Y) is said to have WMOBE distribution with parameter 0 = (&, 4, A,, 4,,) , if

xd f—vl<min(§1,éz)

and

vd %< min(&,, &,)

where
W [ exp(«)
It is denoted by
(X,Y)OWMOBE(at, 4, 4,, 4,)
with corresponding joint cdf as
F(xy), if O0<x<y
F(x,y)=<F(xy), if 0<y<x
F()(Xa y), if y=X >0

where
F (X y) :1_[0!—”) ef(ﬂixsz%zy) (1_e—a><) + L e—(}vzyﬂﬂyﬂlxmx) . M e—(aM)y (1.3)
e a a+l (a+A)(a+4)
F (X Y) :1_(0“{'/1) e—(ﬂqy%X%zX) (1_efay)+ a e—(ﬂvzyﬁazxﬁqﬂay) _ a(ﬂz +/112) ef(w)x (1.4)
2 a a+i, (a+A)(a+4,)
F(X,Y) :1—[‘1 +/1j[e‘“) 1-e) +(—a je‘“”ﬂ’x} (15)
a a+A
where A=A + 4, +4,,
and the corresponding joint pdf of WMOBE (¢, 4, 4,, 4,,) iis given as
f,(x,y); if 0O<x<y
f(x,y)=1f,(x,y); if O0<y<x
f,(x,y); if y=x>0
where
O e R e as)
a
f,(x,y) = [a MJ%(A + Ay, )8 e (1) (17)
a
fo(x,y) = (“”]ﬂue‘“ (1-e) (1.8)
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Jamalizadeh and Kundu (2013) proved that when(X,Y)JWMOBE(a, 4, 4,,4,), then

a—+
X [TWE [21 jf A+ 2,12] having the marginal pdf and marginal cdf of X as follows:
+

2

f(x)= ( ar Z J(& + Ay e e L e M) x>0 (L.9)
e —(A+432)X
0= l+( ﬂz)K“%)e*“”ﬁ“—(aﬂ)l, x>0 (1.10)

Therefore the conditional pdf of Y | X is as follows
f,(y|x); if 0O<x<y

f(y[x) =1 f,(y|x); if 0<y<x
f,(y|x); if y=x>0

where
f.(y|x) = ’11(“+(j12)(25/112) g ArgUathaligUat i) (1 _ g [ g (@] L (111)
f,(y|x)= ﬂQ(OHA?)e’”ﬂy(1—e‘“y)[1—e’(“”?)x]‘l (1.12)
112( ﬂz) —ApX —ax —(a+2,)x1-
f 1- 1- 1.13
o(yX) = 7T Aﬂ)e A-e*)1-e I (1.13)

The theory of concomitant of order statistics was introduced by David (1973). Several authors discussed
the concomitant of order statistics. Balasubramanian and Beg (1998) discussed the concomitant of order statistics
in Gumble's bivariate exponential distribution. In this sequence of study, Begum and Khan (2000) and Begum
(2003) obtained the expressions of concomitant of order statistics from Marshall and Olkin's bivariate Weibull
distribution and from bivariate Pareto Il distribution. Aleem (2006) obtained the expression for concomitant of
order statistics from bivariate inverse Rayleigh distribution. Chacko and Thomas (2011) developed the theory of
estimation of parameters using concomitant of order statistics from Morgenstern type bivariate exponential
distribution. Philip and Thomas (2015) obtained the concomitant of order statistics from extended Farlie-Gumble-
Morgenstern bivariate logistic distribution and discussed it's application in point estimation.

In the present article, we have studied the properties of Y., if the random variables (X;,Y;),i=12,...,nare
independently and identically distributed (iid) and followsWMOBE (e, 4, 4,,4,,). Rest of the paperis
organized as follows. In section 2, we have obtained the pdf and cdf of r'" order statistics X,,, and we have

obtained the joint density of r"order statistics and S" order statistics, 1< r<s<n, when

o+
X UOWE (21 j: A+ 2,12] with pdf and cdf given in (1.9) and in (1.10) respectively. In section 3, we have
+ 2

obtained the density of concomitant first order statistics Y[ln] and using this density, we have deduced the pdf of
concomitant of " order statistics Y[r:n].SubsequentIy, in section 4, we have computed the moments of

concomitant of ™" order statistics in explicit and exact form. In section 5, we have obtained the exact expression
for moment generating function of concomitant of " order statistics Y[r .- Finally, in section 6, we obtained the

joint distribution of concomitant of two order statistics Y[m] and Y[s ]

Il.  Distribution of Order Statistics
Let X;, X,,..., X, be the Niid observations from the population having cdf F(X)and pdf f(X) then the

pdf of " order statistics X.,., isgiven as

fr:n (X) = Cr:n [F (X)]r_l[l_ F (X)]n_r f (X)
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n!
o (r DI(n-r)!
Thus if X;, X,,..., X, be the Niid observations from a population having pdf f(X) and cdf F(X) given in

Where C,

(1.9) and (1.10) respectively, then the pdf of r™ order statistics is given as

fr:n (X) — Cr:n (a + ﬂv)(ﬂi +n112) e—(ﬂﬁﬂqz)x[l_ e—(aMz)X][(a + l)e—(ﬂﬁ%z)x N (21 + ﬂlz)ef(am)x]n—r
(a+4,) 2.1)

[(a+2,) + (A + A, )e " = (a+ ) ™

Putting I =1 in (2.1), we get the pdf of first order statistics X,

fln( )_ n(“*‘;t)(/%*‘/llz) —(il%z)x[l e (a+ﬂq)x][(a+l)e (A+Aa)X (ﬂ1+ﬂ1 )e (a+/1)x]n -1 2.2)

(a+4,)

The joint pdf of X, and X, (1<r <s<n) isgivenas

fr,s:n (X1’ XZ) = Cr,s:n [1_ 'E(Xl)]ril[lf(xl) - 'E(Xz)]sqil)[lf(xz)]nis f (Xl) f (XZ)

nl
T (r=D!s—(r+D]in—s)!

Thus, if X;, X,,..., X,, be the Niid observations from the population having pdf f (X) and cdf F(X) given

Where F(x) =[1—F(x)] and C.,

in (1.9) and (1.10) respectively, then the joint pdf of X . and X, is given by

fr,s:n (X1' XZ) = Cr,s:n (Z +j; \] (Z-l n /11 ) (%Miz)(xwxz)[1_e—(au,z)xl][l_e—(aﬂ,z)xz]
r1s—r1r —1\(s—r—-1 1 l+n-r+1
-1 I+q A —(At+Aa)% —(a+A)% l+s-r-g+1
><|:o 4=0 [ j( q J( ) [a-i-ﬂzj e+ )e (h+Ag)e ] (2.3)

X[(O{+ﬂ,)e_(ll+ﬂ12)xz _(ﬂ‘l +212)e—(a+i)x2]nfs+q

I11.  Distribution of Concomitant of Order Statistics
In this section, we have deduced the result for the pdf of concomitants of order statistics when random
variables (X;,Y;); i=12,...,n are iid and follows WMOBE (e, 4, 4,,4,,) . First we have obtained the pdf of first

concomitants of order statistics Y[In] and utilizing pdf of Y[ln] , We have obtained the pdf of r'" concomitants of

order statistics Y[r:n]. The pdf of concomitant of first order statistics Y[l:n] is given by

y ©
G (V) = [, (Y 1) iy (b [ 7,0y 1) iy ()bt £y 130 £ (9

The pdf of concomitant of first order statistich[lzn] , When random variables (X;,Y;);i=12,..,n are iid and
follows WMOBE (e, 4,, 4,, 4,,) is given by

n + e (h+42) Y, T o e s
g[tn](y) ﬂq(ﬂ?(a fi) = J.e AXg (4+Ay) (1 e )[l e —(a+1y) ] 1[1 e —(a+l,) ]
><[(a+/1)e (A+12) X _(ﬂl—l'ﬂ'lz)e (aM)x]n ldX

n e%’zy 1_e—ay T —(a+ )X 11 o= (A +A42) X —(a+4,)x —(A+A0)X —(a+A)xn-
L A ) [l—erter s PG g (g 4+ A)e A - (4 + Ay )e Tl
ala+4,)

s nA,(a+A)e ™ (1-e
ala+ 1)

e+ e 4~ 4 2 )e
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Now denoting A, =n(4, +4,) +(a+4,)p, thisimplies that

1
G )= S S )p[ j(aw“p(mau)p
o)y _ g~ Aty ) ((a-(hrda)y _ g-(Aptato)y

A, — A, A +a-14,

“(Ath)y _ g (Ayratia)y

-1 n-p p+1 €
a(aMz)an( )[ ](aﬁu) (4 +4,) A

p

L (2 +4) < -1 np pra-(Ati)y  o—(Agtatzy)y
a(a+ﬂ,z) _12( P ( J(OH/U (4 +4,)°[e e ]

It is well known that cdf of order statistics are connected by the relation (see David; 1981)

Frn(X) = Z(l)' "”1( j[?jFﬂ(x);lgrSn

i=n—r+1
This relation also holds for pdf of concomitant of order statistics as (see Balasubramanian and Beg; 1998).

Therefore, the pdf of concomitant of I order statistics Y[r ] IS given as

g[r:n](y) = i (_1)i—n+r—1( | _1j(nj g[:l_|](y)

3.2)

Gen9)= 2 ZZ( gy ( j( j[ j'{jz“? ;j)ﬂ)(aw "y + 1)’
[ ~(atig)y _ p=(AptA)y J (ewwz)y_e—mnmww}
A ﬂlz A +a—k, 3
n i-1 nerep |_1 /lz o bt e (Apt+2)y _e—(AeraM,z)y
+i:§+1;( -1) (n—rj( J( ja( YRE (a+A)P(4L+4,) [ A }
St gy [T E1) i, i-p ARy _ g(yrarin)y
$EEer (S e e !

V. Moment of Concomitant of Order Statistics

In this section, we have deduced the explicit expression for the moment of concomitant of r™ order
statistics when random variables (X;,Y;); i=12,...,n are iid and follows WMOBE(, 4,, 4,, 4,,) .Utilizing these

. . h .. .
results, we can compute means and varainces of concomitant of r'™ order statistics. The jth moment about

origin of concomitant of '™ order statistics Y, [rn] 1S given by

=Y (y)dy
Using (3.3), we have
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\ Il |n+r+p1 i i-1 |/11(/12+/112) i-p p
[rn] - (n rj( j( j Ot+/12 |1(a+/q’) (’11'}"112)

r+l p:O

XHIH)F@+@>W”4%+@>“] F@+a (A rarh) “]
Ap_ilZ Ap+a_ﬂ'12

P> e

(A (A +a+l) '”]
A

nooid ) i-1 i-1 i . . )
+ZZM““C]@&}fﬂﬂwwwmawwww%wmwwﬂ

i=n-r+1 p=0 n-r a 0[+/12)

V.  Moment Generating Function of Concomitant of Order Statistics
In this section, we have obtained the exact expression for the moment generating function (mgf) of

concomitant of " order statistics when random variables (X.,Y,);i=12,..,n are iid and follows

w+zr%4+azwrj+l{%

WMOBE (a, 4, 4,, 4,,) - The mgf of concomitant of r™ order statistics Y[..ny is given by

_ tY[r:n] N ty
My, ®=Ele ™ 1= ["eYgy_ (y)dy
Thus in view of (3 3), we have

o0 3 Z( J( j(i:]( oot 1) gy P

i=n—r+1p=0 a(a+ 2)

[[(12 +/112 —t)_ —(Ap +/12 _t)_l\J_[(/’LZ +/112 —t)_l —(Ap +0.’+/12 —t)_l \J:|

Ap—ﬂlz Ap +0(—ﬂ]_2

T o ) . nl -l
) Z[' 1][.”]['p1]<—1)"”*”“ 1—( LIRS p[“\"% Vet }

i=n-r+1p=0\" ! +1p) Ay

* i Z( J[ j( ) j p)inerep 1(wzi_l(lﬁ/llz)p(am)ip[(Ap+/12—t)1—(Ap+a+,12 -t)7Y (5.1)

i=n-r+1p=0 a(a+7,)
Equation (5.1) can be utilized to compute the moment about origin of any order.

VI.  Joint Density of Concomitants of Two Order Statistics
In this section, the joint density of Y[m]andY[Sn] , 1<r<s<n, when random variables

(X,Y),1=12,...,n are iid and follows WMOBE (&, A, 4,, 4,,), has been deduced. Let Yirng @nd Yign

be the concomitant of r'" and s™ order statistics, respectively. Then the joint pdf of Y rnjand Y[s ]+ I8 given by

© X

Oy (Vs Y2) = | | F ORI T (9516, 4 (3, %, )lxgolx,

where f_ . (X, X,) is the joint pdf of two order statistics X and X, . Since, the joint pdf is given for three
different conditions. So, in this case the joint density of concomitants of two order statistics will be given as;
Otenn (Vo ¥2) = 1(¥0r ¥2) + 1 (Y0, Vo) + 15 (Y0 Yo ) + 1a (Vs ¥V2) + 15 (Y0, Vo) +16 (Ve Y2) + 17 (Y, ¥2)
where, 1,(Y;,Y,), - 1;(Y,,Y,) are the joint densities under different mutually exclusive conditions and are

define below;
Case I: When X <Y
We have three case as
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6.1 I:0<X <Yy, <X,<Y,<o0
Then on using (1.11) and (2.3), we get

r-1s-r-1 — —1
(Y2 ¥2) = Qs (Y2 ¥2) =Cr (a;lj AP (A, +Ap)e (ot ) (Y1 +Y2) Z Z( 1)|+q( ](S r j

1=0 -0 q

l+n-r+1 Yo
x[ 1 J J’{efﬂm (1-e ) (a+ /1)ﬂ—5+qef(ﬂl+ﬂqz)(n75+q)x2 {1_[11 +4,
a+4, A

" a+

I+srq+1 +s—-r—-qg+1 ! )
z ( 1)u [ . q ](ﬁl + /112 J J' p A (1_ P! )e’(’“l*jfn)“*s’r’q*l)xl e"“”’”“xldxi}dxz
0

u=0 a+l
after some algebraic simplification, we get

Oprsm (Vs ¥2) =C ‘:ﬂl(]?+ﬂ'12):| i) S S Sl qmiq 1)I+q+u+v[n_s+q](|+S_r_q+1]
r,s.n 1 r,sin

=0 g0 u=0 v=0 v u

S—;—lj[ j(a_l_i)lm r-u V+3(/11+A12)u+v( jﬂ?j _

plararAtiy l+s—r-gH)Ha+Z)uly o lat(irdp)(1+s-r-gsl)+{a+Z)ulyy :|

X_ﬂl+a+(ﬂl+ﬂlz)(l+s—r—q+1)+(a+/12)u_/11+(/11+212)(I+s—r—q+1)+(a+iz)u

[ e*”ﬁ(}ﬂ*}ﬂz)(”*SW)*(O‘MQ)V])Q _ e*%*(ﬂ'ﬁ;ﬂ)(n*3+Q)+(a+;Vz)V]yZ e*[/ﬁ*a*(/ll*/llz)(n*SW)*(aﬁvz)V] i e*VN‘HUN%z)(”*SW)*(GVQ)V]YZ :|

n-s+q
je(a+ﬂq)x2:| (a + l)l+s—r—q+1

X

A+ (A +2,)(n=5+0) + (o + 4)v Ahta+(A+A)n=-s+0)+(a+ AV
6.2. If: 0<X <X, <Yy, <Y, <00
Again, on using (1.11) and (2.3), we get

L(Y,Y,) = g[r,s:n](yl’ Y,) =C o (a;/lj ﬂi (L+4, )Ze‘(ﬂq%z)(yﬁyz)isil( 1)|+q[ j(s r-— 1)

1=0 g0 q
I+n-r+l n-s+q
o 2 J‘{e’) Yo (1—e ) (o + A)" S He traneraie g (—ﬂl + je(“”?)xz
a+4, 0 a+i

l+s—r—q+1 |+ s—r—qg+1 u X
X((Z + /1)I+s—r—q+1 Z (_l)u ( ’ q j(ﬂi + //112 j J. e—/lixi (1_ e—ax1 )e—(lﬁ-ﬂu)(I+s—r—q+1)x1e—(a+ﬂ,z)uxldxl}dxz
0

u=0 a+A
on solving which, we get

r-1 s—r-11+5—r—q+1n-s+q _ | —r—-a+1
g[r,s:n](yllyz)zcr,s: |:ﬂ’1(2’2+212)j| Varalne ZZ z Z (_1)I+q+“+v(n \S/+q][ - q+ j

1=0 g=0  u=0 v=0 u

s—r-1)(r-1 |+n—r-u-v+3 u+v 1 A
X( q j[ | j(lﬁﬂ) (4 +4,) [aM?j

1 e—[Zﬂ;ﬁo&(ﬂ»ﬁﬂﬂ)(I+n—r+1)+(a+)vz)(u+v)+20¢]y1
: A+a+(A+4,)1+s-r-g+D)+(@+ L | 24 +a+ (A +A,)(+n-r+D)+(a+4,)(u+V)+ 2

p 12t (A )T +{a+ 4 )(u+v)lyy

1
_221+(11+212)(I+n—r+1)+(a+22)(u+v)}_/11+a+(11+212)(l+s—r—q+l)+(a+ﬂ,2)u
@ (2 Ut A In-r0) (et 2 usv)+alyy @ 12+ Uit g I+n-r+ D)+ 2 Yu)ly,
X{221+(/11+/112)(I+n—r+1)+(a+/12)(u+v)+a_2/11+(/11+/112)(I+n—r+1)+(a+/12)(u+v)H
63. If: 0<X <X, <Y, <Yy, <o
Again, on using (1.11) and (2.3), we get
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r-1s-r-1 1
|3(y11y2):g[r,s:n](yl'yZ):Cr,s; [a+ﬂj 21 22 /112 2 —ﬂq%z Yi+Y,) ZZ I+q( j[s r— ]

1=0 g=0 q
l+n-r+1 Y, + n-s+(q
% J'{e JXy (1 e—axz)(a_l_l)n s+qe (A +/47)(n-5+4)X, (,11 Alzje (a+y)%
a+/, 0 A
l+s-r—q+1 |+S—I’—q+1 21 +ﬂ’1 U
% (l-l'ﬂ, l+s-r-g+1 —1 u 2 e—ﬂixl _a]__e—ozx1 e—()vl+ﬂm)(l+s—r—q+1)x1e—(a+)¢2)ux1d dX
(a+4) g()[ ) )[—M j ) K,

on solving which, we get

2 11 s—r-11+5-r-q+1n-s+q n—s+ |+s-r—-g+1
g[r,s:n](yli yz) = Cr,s:n |:/11(/12ﬂ,+ /112):| e—(/lzqu)(yﬁyz) Z I+Q+u+v [ qj[ ! j

1=0 qg=0  u=0 v=0 v u

S_r_l r_l l+n-r-u-v+3 u+v 1 S 1
X[ q )[ ' j(a+/1) (it o) [asz Lﬁcﬂ (A +A,)(1+5-r-q+1D)+(ax+A)u

o (2 it ) +n-rd) (@) 2aly, N O (e e A (R
>< —
24 +(A+A)+n-r+D)+(@+4)u+Vv)+2a 24+ (A + ) +n-r+1)+(a+1,)(u+v)
1 { e—[ZA‘qu(/LlMﬂ)(I+n—r+1)+(a+}q)(u+v)+a]y2

_21+a+(/11+112)(l+s—r—q+1)+(a+/??)u 24 +(4L+A)+n-r+D)+(a+4,)u+V)+a

N AP L A A H

_221+(/11+212)(I+n—r+1)+(a+/7?)(u+v)

Case II: When X >Y
Again we have three case as

6.4. 1f:0<y, <X <Y, <X, <00
Then on using (1.12) and (2.3), we get

|4(y1'y2)zg[r,s:n](yl’yZ)ZCr,s: (a;;{) /12 (Xl-l_j’l) e—ﬂg()’ﬂ-yZ (1 € ayl)(l € ayz)

l+n-r+1 fms+q
r-1s-r-1 S—r—l
XZ Z ( 1)I+q[ j( j a+ﬂ’ J-{e (%*‘%z)xze (A+2,)(n-s+q X2|: (ﬂl-i-ﬂlzje (a+2y)x :|
1=0 g=0 q a+4, a+l

Y2
l+s-r—q+1
Ie Cerraing-Guraalissr-asn | 1 _[ At A |-t dx, d,
a+A
Y1
on solving which, we get

r-1 s—r-11+s-r-gq+1n-s+q _
g[r,s:n](yl'yz):cr,s;n {@} g2l - 1-e™) Z Z (- 1)I+q+u+v[n S+q]

=0 g0 u=0  v=0 v

l+s—r-q+1\(s—r-1)(r-1 N o1 ten-r o [t )n-s+ Q) (e iy W]y,
[ u j[ q Ilj(“”) et [aw] {(A+Az)(n—s+q+1)+(a+ﬂz)v}

e—[(ﬂ.ﬁ}qz)(l+s—r—q+2)+(oz+ﬂq)u]y1 _e—[(ﬂ,ﬁ/vlz)(I+s—r—q+2)+(a+ﬂ,z)u]y2 :|

A+ A)1+5-1r-q+2)+(a+4,)u
6.5 If:0<y, <Yy, <X <X, <00
Again on using (1.12) and (2.3)
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2
a+i

J 1+ 2 &0 (e ) (L)

|5(y1' y2) = g[r,s:n](yll y2) = Cr,s:n (

r1sr e l+n-r+l n-s+q
xi Zl( ) |+q[ )(S (; 1][ 0‘+ij [ {erteriarmg-umbo-sian {1_(/1#/22 je(awm}
a+ a+

1=0 =0 Yo

a+l

%o l+s—r—q+1
XJ‘ e_(j'l'*'liz)Xie_(}‘l*'j'lz)(l*'s_r_q*'l)xi |:1_ ( ﬂ’l + ﬂ’lz )e_(a*'jz)xi j| dxl} dx2

Y2
on solving which, we get

2 r-1 s—r-1l+s—r-g+ln-s+q
g[r,s:n](ylv yz) = Cr,s:n |:/12(/111+ /112)} e_ﬂ?(yﬁyZ) (1_e—ay1)(1_e—ayz)z Z Z ( 1)I+q+u+v (n > qJ
v=0

1=0 g=0 u=0

X(I +s—r—q+1}[s—r—1j(r—1j(a+/1)”n,um( 1 j (A +4,)"
u q | a+ A, L+A)0+s—-r—g+2)+(a+A4,)u

|: g {a+A)(+n—r3)+(a+ 2 )(u+v)ly, g [t )(1+n-r+3)+(a+2)(u+V)]ly, :|

* (ﬂ1+ﬂ12)(n—s+q+1)+(a+22)v_(ﬂ1+/112)(l+n—r+3)+(a+/12)(u+v)
6.6. I: 0<y, <y, <X <X, <
Again on using (1.12) and (2.3)

Ie(yl' yZ) = g[r,s:n](yl' y2) = Cr,s:n(

l+n-r+1 n=s+q
sl r-1\(s-r-1 T(
x> Y (-1t at+h I {e—(@wz)xze—mwz)(n—wq)xz 1_(4 A, j o-(@rh)n
I q a+a, a+A

1=0 q=0 Y1

% l+s-r—q+1
N I - Vat i) g=Urt g 1 +s-1-a+1)x {1_(Mj e-(awm} dxl} dx,

a+l

2
a+A

j T+ e 00 (- )1 )

Y1
on solving which, we get

2 r-1 s—r-1l+s—r-g+ln-s+q _
+ - + -a -a +Q+U+V n S+q
g[r,s:n](yl' yz) :Cr's:n [%} e 2o (1 YZ)(l_e Y1)(1_e YZ)Z Z z z ( l)l q ( v J

1=0 q=0 u=0
l+n-r+1 v
) l+s—r—q+1)(s—r-1)(r-1 (4 2 1 (A +4,)"
u q | a+4, A+A)(d+s-r—-qg+2)+(a+4,)u
o (U )11 43) a2y )(u )]y o U2 )(1n-r43) a2y )(u )]y
X[(A+ﬂiz)(n—s+q+1)+<a+ﬁz)v_<A+ﬂ12)(l+n—r+3)+(a+lz)(u+v)}

Case I1l: When X =Y
Then

|7(y1’ yz) = fs(yl | X1) fs(yz | Xz) fr,s:n (Xl’ Xz)
On using (1.13) and (2.3) we have

’ ? &S s—r-1\r-1

1=y 2D it g e nya-e )y S (- 1)'*“[ J( | j
o 1=0 ¢=0

X[(a+ﬂ)ef(ﬂi+llz)yl _(ﬂl+ﬂlz)e—(owﬂ)yl]I+sfrfq+l[(a+/1)e (A+42)Y, _(/'il_i_/filz)ef(wri)yz ]n—s+q

Onadding 1, ..., |, we get the required joint density of two concomitant of order statistics.
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