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Abstract: In this paper, we give an explicit formula of the S-curvature of homogeneous Finsler space with 

special (𝛼,𝛽)-metric and proved that a homogeneous Finsler space with almost isotropic S-curvature must have 

vanishing S-curvature. We also derived an explicit formula of the mean-Berwald curvature 𝐸𝑖𝑗  of homogeneous 

Finsler space. 
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I. Introduction 

Let (𝑀,𝐹) be a Finsler space, where 𝑀 be the connected smooth manifold and 𝐹 be the Finsler metric. 

(𝛼,𝛽)-metrics are the class of Finsler metrics, for example Randers metric, Kropina metric, Matsumoto metric, 

etc. (𝛼,𝛽)-metrics are of the form 𝐹 = 𝜙(𝑠), where 𝑠 =
𝛽

𝛼
, here 𝛼 is Riemannian metric and 𝛽 is the one form. 

One of the central problems in Finsler geometry is to study curvature properties of special class of Finsler 

spaces such as homogeneous-Finsler spaces with (𝛼,𝛽)-metrics. 

A Finsler space (𝑀,𝐹) becomes homogeneous if the group of isometries 𝐼(𝑀,𝐹) of (𝑀,𝐹) acts transitively on 

𝑀. As described in [7], for homogeneous Finsler space, 𝑀 can be written as a coset space 𝐺/𝐻 with (𝛼,𝛽)-

metric of the form 𝐹 = 𝜙(𝑠), where 𝑠 =
𝛽

𝛼
, with 𝛼 a 𝐺 invariant Riemannian metric on 𝐺/𝐻 and 𝛽 a 𝐺-invariant 

vector field on 𝐺/𝐻. Therefore the Lie algebra g of 𝐺 expressed as composition of  and 𝑚. 

                                                              𝑔 =  + 𝑚   (direct sum of subspaces)                                               (1.1) 

such that 𝐴𝑑   𝑚 ⊂  𝑚,  ∈ 𝐻, and we can identify 𝑀 with the tangent space of (𝐺/𝐻) at the origin 𝑜 = 𝐻. 

Further, the one form 𝛽 corresponds to a vector field  𝑋  on 𝐺/𝐻 which is generated by 𝐴𝑑(𝐻) −invariant vector 

in 𝑚 with length < 1. 

The goal of this paper is to derive an explicit formula for the S-curvature of homogeneous Finsler space with 

special (𝛼,𝛽)-metric 𝐹 =
𝛼2

𝛽
+ 𝛽.The notion of S-curvature for a Finsler space introduced by Z. Shen in [14]. It 

is a quantity to measure the rate of change of the volume form of a Finsler space along the geodesics. Recently 

many geometers studied curvature properties of homogeneous Finsler space [7, 8]. In 2007, S. Deng and Z. Hou 

studied that a homogeneous Finsler spaces with non-positive flag curvature [8]. In 2010, S. Deng obtained the 

explicit formula of S-curvature of homogeneous Randers space with almost isotropic S-curvature must have 

vanishing S-curvature [7]. As for reference, there is an explicit formula for S-curvature in a local standard 

coordinate system by Z. Shen [14]. However, for a homogeneous spaces there should have a formula which 

does not use local coordinates. In this article we are studied curvature properties of homogeneous Finsler space 

with special (𝛼,𝛽)-metric 𝐹 =
𝛼2

𝛽
+ 𝛽  and find the formula for S-curvature and mean-Berwald curvature. 

In the following, we shall use Einstein summation convention unless otherwise stated. 

 

II. Preliminaries 
Finsler space is a smooth manifold possessing a Finsler metric. A standard definition of a Finsler space is 

defined by: 

Definition 2.1. A Finsler space is a triple 𝐹𝑛 =  (𝑀,𝐷,𝐹), where 𝑀 is an 𝑛-dimensional manifold, 𝐷 is an open 

subset of a tangent bundle 𝑇𝑀  and 𝐹  is a Finsler metric defined as a function 𝐹 ∶  𝑇𝑀 → [0,1) , with the 

following properties: 

1. Regular: 𝐹 is 𝐶1 on the entire tangent bundle 𝑇𝑀\{0}. 

2. Positive homogeneous: 𝐹(𝑥, 𝜆𝑦)  = 𝜆𝐹(𝑥, 𝑦). 

3. Strong convexity: The 𝑛 ×  𝑛 Hessian matrix 

𝑔𝑖𝑗 =  𝐹2 
𝑦 𝑖𝑦 𝑗  

is positive definite at every point on 𝑇𝑀\{0}, where 𝑇𝑀\{0} denotes the tangent vector 𝑦 is non zero in the 

tangent bundle 𝑇𝑀. 
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In Finsler geometry, important class of Finsler metrics is (𝛼,𝛽)-metrics [9]. A Finsler metric 𝐹 =  𝐹(𝑥, 𝑦) is 

said to be (𝛼,𝛽)--metric if it can be expressed in the form, 

                                                                    𝐹 = 𝜙 𝑠 , 𝑠 =
𝛽

𝛼
,                                                                                  (2.1) 

where 𝛼 =  𝑎𝑖𝑗  𝑥 𝑦
𝑖𝑦𝑗  is a Riemannian metric and 𝛽 = 𝑏𝑖 𝑥 𝑦

𝑖  is a 1-form. Here  𝜙 = 𝜙 𝑠  is a 𝐶1 positive 

function on an open interval (−𝑏0 , 𝑏0) satisfying, 

                              𝜙 𝑠 –  𝑠𝜙′ 𝑠 +  𝑏2 –  𝑠2 𝜙′′  𝑠 >  0,     | 𝑠 | ≤  0 <  𝑏0,     𝑏 =   𝛽 𝑥   
𝛼

                    

(2.2) 

In this article we considered an important example of such (𝛼,𝛽)-metrics is 𝐹 =
𝛼2

𝛽
+ 𝛽 , expressed in the 

following form, 

                                                     𝐹 = 𝛼 𝑥, 𝑦  
𝛼 𝑥 ,𝑦 

𝛽 𝑥  𝑦 
+

𝛽 𝑥 ,𝑦 

𝛼 𝑥  𝑦 
                                                                          (2.3) 

                                                         = 𝛼𝜙 𝑠 ;   𝜙 𝑠 =
1

𝑠
+ 𝑠,                                                                           (2.4) 

where 𝑠 =
𝛽

𝛼
, 𝛼 =  𝑎𝑖𝑗  𝑥 𝑦

𝑖𝑦𝑗  is the (2.3) and (2.4) Riemannian metric and  𝛽 =  𝑏𝑖 𝑥 𝑦
𝑖  is the 1-form. 

Let 

                                                    𝑟𝑖𝑗 =
1

2
 𝑏𝑖|𝑗 +  𝑏𝑗 |𝑖 ,    𝑠𝑖𝑗 =

1

2
(𝑏𝑖|𝑗  –  𝑏𝑗 |𝑖).                                                     (2.5) 

Clearly, 𝛽 is closed if and only if 𝑠𝑖𝑗 = 0. We put 

                                              𝑟𝑖0  =  𝑟𝑖𝑗𝑦
𝑗  ,   𝑟00 = 𝑟𝑖𝑗 𝑦

𝑖𝑦𝑗  ,   𝑟𝑗 = 𝑏𝑖𝑟𝑖𝑗  ,                                                           (2.6) 

                                              𝑠𝑖0 = 𝑠𝑖𝑗 𝑦
𝑗  ,    𝑠𝑗 = 𝑏𝑖𝑠𝑖𝑗  ,    𝑟0 = 𝑟𝑗𝑦

𝑗  ,    𝑠0 = 𝑠𝑗𝑦
𝑗                                              (2.7) 

For a Finsler metric 𝐹 =  𝐹(𝑥, 𝑦),   the geodesics are characterized by system of second order ordinary 

differential equations, 

                                                 𝑥 𝑖 + 2𝐺𝑖(𝑥, 𝑥 )  =  0,                                                                                       (2.8) 

where 𝐺𝑖 = 𝐺𝑖(𝑥, 𝑦) are called spray coefficients and are given by, 

                                                𝐺𝑖  = 𝑦𝑖 𝜕

𝜕𝑥 𝑖
− 2𝐺𝑖 𝑥, 𝑦 

𝜕

𝜕𝑥 𝑖
                                                                              (2.9) 

in standard local coordinates  (𝑥𝑖 , 𝑦𝑖)   in 𝑇𝑀 , then the spray of 𝐹  is the vector field 𝐺𝑖  = 𝑦𝑖 𝜕

𝜕𝑥 𝑖
−

2𝐺𝑖 𝑥, 𝑦 
𝜕

𝜕𝑥 𝑖
 [9]. 

The S-curvature is an important non-Riemannian quantity introduced by Z. Shen [14], defined with respect to a 

volume form dV = _(x)dx by,  

                                   𝑆 =
𝜕𝐺𝑚

𝜕𝑦𝑚 − 𝑦𝑚  
𝜕

𝜕𝑥𝑚
(𝑙𝑛  𝜍𝐹  (𝑥)).                                                   (2.10) 

Here the volume form can be the Busemann-Housdorff volume form 𝑑𝑉𝐵𝐻 = 𝜍𝐵𝐻(𝑥)𝑑𝑥, where 

                                                    𝜍𝐵𝐻 𝑥 =
𝑉𝑜𝑙  𝐵𝑛  

𝑉𝑜𝑙   𝑦 𝑖 ∈𝑅𝑛  𝐹 𝑥 ,𝑦 <1}
                                                     (2.11) 

or the Holmes-Thompson volume form 𝑑𝑉𝐻𝑇 = 𝜍𝐻𝑇(𝑥)𝑑𝑥, where 

                                                    𝜍𝐻𝑇(𝑥) =
1

𝑉𝑜𝑙  𝐵𝑛  
  𝑑𝑒𝑡(𝑔𝑖𝑗 (𝑥, 𝑦)𝑑𝑦)
𝐹 𝑥 ,𝑦 <1

.                                       (2.12) 

Unless specified, the S-curvature usually defined with respect to the Busemann-Housdorff volume form. 

Definition 2.2. A Finsler space (𝑀,𝐹) is said to have almost isotropic S-curvature if there exists a smooth 

function 𝑐(𝑥) on 𝑀 and a closed 1-form 𝜂 such that: 

                  𝑆 𝑥, 𝑦 =  𝑛 + 1 𝑐 𝑥 𝐹 𝑦 + 𝜂 𝑦 ,   𝑥 ∈ 𝑀,   𝑦 ∈ 𝑇𝑥𝑀.                                         (2.13) 

Note: (1). 𝐹 is of isotropic S-curvature if 𝑐 =  𝑐(𝑥) is a scalar for and 𝜂 =  0. 

          (2). 𝐹 is of constant S-curvature if c is a constant and 𝜂 =  0. 

In [12], authors defined the S-curvature of the  (𝛼,𝛽)--metric 𝐹 = 𝜙(𝑠), in local  coordinate system  by, 

                                     𝑆 =  2𝜓 −
𝑓 ′  𝑏 

𝑏𝑓 𝑏 
  𝑟0 + 𝑠0 − 𝛼−1 Φ

2∆2  (𝑟00  –  2𝛼𝑄𝑠0,                                      (2.14) 

where 

                                    𝑄 =
2+2𝑠

1−𝑠2  
 ,    ∆= 1 + 𝑠𝑄 +  𝑏2 − 𝑠2 𝑄′ ,     𝜓 = 𝑄′/2∆                                           (2.15) 

                                    Φ = −(𝑄 − 𝑠𝑄′) {𝑛∆ +  1 + 𝑠𝑄} − (𝑏2 − 𝑠2)(1 + 𝑠𝑄)𝑄′′                                         
(2.16) 

and the function 𝑓(𝑏) in the formula is defined as follows, 
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𝑓 𝑏 =

 
 
 

 
  sinn−2 𝑡𝑑𝑡

𝜋

0
 

 
sinn−2t

ϕ bcos t n 𝑑𝑡
𝜋

0

                              𝑖𝑓 𝑑𝑉 = 𝑑𝑉𝐵𝐻

  sinn−2t 
𝜋

0
𝑇 bcos t 𝑑𝑡

 sinn−2 𝑡𝑑𝑡
𝜋

0

                     𝑖𝑓 𝑑𝑉 = 𝑑𝑉_𝐻𝑇

  

where 𝑇 𝑠 = 𝜙 𝜙 − 𝑠𝜙′ 𝑛−2 {(𝜙 − 𝑠𝜙′)  +  𝑏2 − 𝑠2 𝜙′′} . Then the volume form 𝑑𝑉  is given by 𝑑𝑉 =

𝑓 𝑏 𝑑𝑉𝛼 , where 𝑑𝑉 =  𝑑𝑒𝑡 𝛼𝑖𝑗  𝑑𝑥, denote the Riemannian volume form of 𝛼. 

 

III. S-Curvature Of Homogeneous Finsler Space 
Two Finsler spaces (𝑀1 ,𝐹1) and (𝑀2 ,𝐹2) are said to be isometric if there exists a diffeomorphism 𝜙 from 𝑀1 

onto 𝑀2, such that 𝐹1(𝑥, 𝑦)  =  𝐹2(𝜙(𝑥),𝜙(𝑦))  for any 𝑥 ∈  𝑀1  and 𝑦 ∈  𝑇𝑥𝑀1 . In 2006 [6], S. Deng and Z. 

Hou proved that the group of isometrics of Finsler space is a Lie transformation group on the original manifold 

which can be used to study homogeneous Finsler spaces. 

A homogeneous Finsler space 𝑀 can be written as a coset space 𝐺/𝐻 with a 𝐺-invariant (𝛼,𝛽)-metric 𝐹 =
𝛼2

𝛽
+

𝛽, where both Riemannian metric 𝛼 and the 1-form 𝛽 are invariant under the action of 𝐺. In [8], S. Deng and Z. 

Hou, specified that, 𝛽  corresponding to a unique vector 𝑢  in 𝑇𝑜(𝐺/𝐻) which is fixed under linear isotropy 

representation of 𝐻 on 𝑇𝑜(𝐺/𝐻) and 𝑜 = 𝐻 is the origin of 𝐺/𝐻. And in [7], S. Deng and X. Wang gives the 

following result, 

Theorem 3.1.[7] Consider an G-invariant (𝛼,𝛽)-metric 𝐹 = 𝜙(𝑠) on the reduction homogeneous manifold 

𝐺/𝐻 with a decomposition of the Lie algebra  

                                                𝑔 =  + 𝑚                                                                                  (3.1) 

Then the 𝑆-curvature of 𝐹 has the form  

                  𝑆 𝑜, 𝑦 = −
1

𝛼 𝑦 

𝛷

2𝛥2
 −𝑐  𝑢, 𝑦 𝑚, 𝑦  − 𝛼 𝑦 𝑄  𝑢, 𝑦 𝑚,𝑢   ,   𝑦 ∈  𝑚,                          (3.2) 

where 𝑢 is the vector in 𝑚 corresponding to the 1-form 𝛽, and we have identified m with the tangent space of 

𝐺/𝐻 at origin 𝑜 =  𝐻. 

According to the above theorem (3.1), in this section we find the formula of 𝑆-curvature for homogeneous 

Finsler space with special (𝛼,𝛽)-metric. By definition (2.1), we can write (𝛼,𝛽)-metric 𝐹 =
𝛼2

𝛽
+ 𝛽  as 𝐹 =

𝜙(𝑠), where 𝜙 𝑠 =
1

𝑠
+ 𝑠. Now, by the equations (2.15) and (2.16) we obtained, 

                                                   𝑄 =
𝑠2−1

2𝑠
 ,       𝑄′ =

𝑠2+1

2𝑠2  ,                                                                  (3.3) 

                                                   Δ =
𝑏2 𝑠2+1 

2𝑠2  ,     Φ =
 𝑛  + 1 𝑏2 1+𝑠2 

2𝑠3  .                                                         (3.4) 

Since (𝐺/𝐻, 𝐹)  is homogeneous, now we have to compute the 𝑆 -curvature at the origin 𝑜 = 𝐻 . Let 

(𝑈, (𝑥1 , 𝑥2, . . . , 𝑥𝑛)) be the local coordinate system. With reference to [5], to find the S-curvature in local 

coordinate system, we need to evaluate the following quantities at the origin: 

1. 𝑟𝑖𝑗 =
1

2
 (𝑏𝑖 ;𝑗 + 𝑏𝑗 ;𝑖)  and 𝑏𝑖’s are defined by  𝛽 = 𝑏𝑖 𝑥 𝑑𝑥

𝑖 , 

2. 𝑠𝑖 = 𝑏𝑗 𝑠𝑖
𝑗
 and 𝑠𝑗

𝑖  are defined by 𝑠𝑗
𝑖 =

1

2
 
𝜕𝑏𝑖

𝜕𝑥 𝑗
−

𝜕𝑏𝑗

𝜕𝑥 𝑖
 , 

3. 𝑠0 = 𝑠𝑖𝑦
𝑖 , 

4. 𝜌0 = 𝜌𝑥 𝑖  𝑦
𝑖 , where 𝜌 =  1 −   𝛽   and | 𝛽 | is the length of the 1-form 𝛽 with respect to 𝛼. 

Let <, > be the inner product on 𝑚 and consider the Levi-Civita connection of  𝐺/𝐻, 𝛼  which will be useful 

to calculate the S-curvature of homogeneous Finsler spaces. Then for 𝑣 ∈ 𝑔 , define a one parameter 

transformation group 𝜙𝑡 ,   𝑡 ∈  𝑅 of 𝐺/𝐻 by  

                     𝜙𝑡 𝑔𝐻 =  𝑒𝑥𝑝 𝑡𝑣 𝑔 𝐻,    𝑔 ∈ 𝐺.                                                                     (3.5) 

Now  𝜙𝑡  generates a vector field on 𝐺/𝐻 which is a Killing vector field (this is called the fundamental vector 

field generated by v in [8]) and we denote this vector field by  𝑣 . In [12] authors defined the following formula, 

                               ∇𝑣1
𝑣2
  𝑜 ,𝑤  =

1

2
  –   𝑣1 , 𝑣2 𝑚 ,𝑤  +    𝑤, 𝑣2 𝑚 , 𝑣1  +    𝑤, 𝑣1 𝑚 , 𝑣2  ,                          (3.6) 

where 𝑣1 , 𝑣2 ,𝑤 ∈ 𝑚, 𝑜 = 𝐻 is the origin of the coset space and  𝑣1 , 𝑣2 𝑚  denote the projection of [𝑣1, 𝑣2] to 𝑚 

corresponding to the decomposition (3.1). 

Now by using the formula (2.5), we have to compute 𝑟00  and 𝑠0. First consider, 

                                              𝑏𝑖 = 𝛽  
𝜕

𝜕𝑥 𝑖
 =  𝑢 ,

𝜕

𝜕𝑥 𝑖
  =  𝑐  

𝜕

𝜕𝑥𝑛
 ,

𝜕

𝜕𝑥 𝑖
 ,                                                              (3.7) 

and by differentiating 𝑏𝑖  we get, 
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𝜕𝑏𝑖
𝜕𝑥 𝑗

 =  𝑐
𝜕

𝜕𝑥 𝑗
  

𝜕

𝜕𝑥𝑛
 ,

𝜕

𝜕𝑥𝑖
  

                                                                                        =  𝑐   ∇ 𝜕

𝜕𝑥𝑗

𝜕

𝜕𝑥𝑛
 ,

𝜕

𝜕𝑥 𝑖
  +  

𝜕

𝜕𝑥𝑛
 ,∇ 𝜕

𝜕𝑥𝑗

𝜕

𝜕𝑥 𝑖
  .                            (3.8) 

 

Hence at the origin we have (here we use the symmetry of the connection  ∇ 𝜕

𝜕𝑥𝑗

𝜕

𝜕𝑥 𝑖
− ∇ 𝜕

𝜕𝑥𝑖

𝜕

𝜕𝑥 𝑗
−  

𝜕

𝜕𝑥 𝑖
 ,

𝜕

𝜕𝑥 𝑗
 =

 0), 

                                                   𝑠𝑖𝑗 (𝑜)  =
1

2
𝑐 𝑐   ∇ 𝜕

𝜕𝑥𝑛

𝜕

𝜕𝑥 𝑗
 ,

𝜕

𝜕𝑥 𝑖
  +  

𝜕

𝜕𝑥𝑛
 ,∇ 𝜕

𝜕𝑥𝑖

𝜕

𝜕𝑥 𝑗
                                           

(3.9) 

Then by equation (3.6) we have, 

                                              𝑠𝑖𝑗  𝑜 =
1

2
  𝑢𝑖 ,𝑢𝑗  𝑚 ,𝑢𝑛  .                                                                                  (3.10) 

Since at the origin we have (𝑎𝑖𝑗 )  =  𝐼𝑛 , we get 

                                            𝑠𝑗
𝑖  (𝑜)  =  𝑎𝑖𝑘  𝑜 𝑠𝑘𝑗 (𝑜)  =  𝛿𝑖

𝑘  𝑠𝑘𝑗  𝑜 
𝑛
𝑘−1  =  𝑠𝑖𝑗 (𝑜).                                        (3.11) 

Hence 

                                             𝑠𝑖(𝑜)  =  𝑏𝑙 𝑜 𝑠𝑖
𝑙(𝑜)  =  𝑐𝑠𝑖

𝑛(𝑜)  =  𝑠𝑛𝑖 (𝑜).                                                       (3.12) 

Now for 𝑦 = 𝑦𝑖𝑢𝑖 ∈  𝑚, we have 

𝑠0(𝑦)  =  𝑦𝑙𝑠𝑙(𝑜)  =  𝑐𝑦𝑙𝑠𝑛𝑙 (𝑜)  =
1

2
𝑦𝑙  𝑢𝑛 ,𝑢𝑙 𝑚 ,𝑢𝑛  

=
1

2
  𝑐𝑢𝑛 , 𝑦𝑙𝑢𝑙 𝑚 , 𝑐𝑢𝑛                         

                                                                 =
1

2
  𝑢, 𝑦 𝑚 ,𝑢𝑖  .                                                                                    (3.13) 

Next we compute 𝑟𝑖𝑗 . Suppose  𝑖 ≥  𝑗. Then we have 

𝑟𝑖𝑗  𝑜 =
1

2
 𝑏𝑖 ;𝑗  +  𝑏𝑗 ;𝑖   𝑜  

                                         =
1

2
(
𝜕𝑏𝑖
𝜕𝑥 𝑗

−  𝑏𝑙Γ𝑗𝑖
𝑙  +

𝜕𝑏𝑗

𝜕𝑥𝑖
−  𝑏𝑙Γ𝑗𝑖

𝑙   𝑜  

                                                                                =
1

2
 
𝜕𝑏𝑖

𝜕𝑥 𝑗
 +

𝜕𝑏𝑗

𝜕𝑥 𝑖
   𝑜  −  𝑐Γ𝑗𝑖

𝑙 (𝑜).                                       (3.14) 

 

By (3.8) we have 

                                                     
1

2
 
𝜕𝑏𝑖

𝜕𝑥 𝑗
 +

𝜕𝑏𝑗

𝜕𝑥 𝑖
   𝑜  =  −

1

2
  𝑢𝑖 ,𝑢𝑗  𝑚 ,𝑢𝑛  , 𝑖 ≥  𝑗.                                         (3.15) 

Combining the above equation (3.15) with the connection coefficients Γ𝑖𝑗
𝑙  defined in [9], we get 

                                                     𝑟𝑖𝑗  𝑜 =  −
1

2
𝑐    𝑢𝑛 ,𝑢𝑗  𝑚 ,𝑢𝑖  +    𝑢𝑛 ,𝑢𝑖 𝑚 ,𝑢𝑗   ,   𝑖 ≥  𝑗.                      (3.16) 

Further 

                                                      𝑟00
  𝑜  =  𝑟𝑖𝑗  𝑜 𝑦

𝑖𝑦𝑗  =  −𝑐   𝑢𝑛 , 𝑦 𝑚 , 𝑦  .                                                 (3.17) 

Now by substituting the above quantities and the values of (3.3) and (3.4) into the equation (3.2) we get the 

formula for S-curvature of homogeneous Finsler space with the special (𝛼,𝛽)-metric  𝐹 =
𝛼2

𝛽
+ 𝛽 at the origin 

as follows, 

                                              𝑆 𝑜, 𝑦 =
𝑐 𝑛+1 𝑠

𝑏2𝛼 𝑦  1+𝑠2 
{𝑐  𝑢𝑛 , 𝑦 𝑚 ,𝑦 +

𝛼 𝑦  𝑠2−1 

2𝑠
  𝑢, 𝑦 𝑚 ,𝑢 ,                       (3.18) 

Summarizing above statements we get, 

Theorem 3.2. Let 𝐹 = 𝜙(𝑠) be a G-invariant (𝛼,𝛽)-metric on the reductive homogeneous manifold G/H, with a 

decomposition of the Lie algebra  

                                                                𝑔 =  + 𝑚.                                                                                       (3.19) 

Then the S-curvature of 𝐹 =
𝛼2

𝛽
+ 𝛽  has the form 

                                       𝑆 𝑜, 𝑦 =
𝑐 𝑛+1 𝑠

𝑏2𝛼 𝑦  1+𝑠2 
{𝑐  𝑢𝑛 , 𝑦 𝑚 , 𝑦 +

𝛼 𝑦  𝑠2−1 

2𝑠
  𝑢, 𝑦 𝑚 ,𝑢                                (3.20) 

where 𝑢 is the vector in 𝑚 corresponding to the 1-form 𝛽, and we have identified 𝑚 with the tangent space of 

𝐺/𝐻 at the origin 𝑜 =  𝐻. 

As a direct application of the above formula we get, 

Theorem 3.3. Let (G/H, F) be as in the above theorem (3.2). Then homogeneous Finsler space with special 

(𝛼,𝛽)-metric 𝐹 has isotropic S-curvature if and only if 𝐹 has vanishing S-curvature. 
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Proof: By using the formula derived in the previous theorem (3.2), it is enough to show the direct part. So, 

suppose 𝐹 has isotropic 𝑆-curvature; 

                                      𝑆 𝑥, 𝑦 =   𝑛 + 1 𝑐 𝑥 𝐹 𝑦 ,    𝑥 ∈
𝐺

𝐻
,   𝑦 ∈  𝑇𝑥(𝐺/𝐻).                                             (3.21) 

Letting 𝑥 = 0 and 𝑦 = 𝑢 then by (3.20) we get 𝑐(0) = 0. Hence 𝑆(𝑜, 𝑦) = 0, ∀𝑦 ∈ 𝑇𝑜(𝐺/𝐻). 

Since 𝐹 is a homogeneous metric, we must have 𝑆 = 0 everywhere. 

 

 

IV. Mean Berwald Curvature Of Homogeneous Finsler Space 
 

           In Finsler geometry, similar to the 𝑆-curvature, one more important non-Riemannian quantity is mean-

Berwald curvature. In this section by using the results of Section 3, we give a formula of mean Berwald 

curvature of homogeneous Finsler space with special (𝛼,𝛽)-metric 𝐹 =
𝛼2

𝛽
+ 𝛽. In [5], X. Cheng and Z. Shen, 

give the mean Berwald curvature for Finsler metrics as follows, 

                                                                       𝐸𝑖𝑗 =
1

2

𝜕2

𝜕𝑦 𝑖𝜕𝑦 𝑗  
𝜕𝐺𝑚

𝜕𝑦𝑚 ,                                                                   (4.1) 

where 𝐺𝑚  =  𝐺𝑚 (𝑥, 𝑦) are the spray coefficients. By (2.10), 𝑆-curvature can be defined as  

                                                                      𝑆 =
𝜕𝐺𝑚

𝜕𝑦𝑚 −   ln𝜍 𝑥  𝑥𝑘𝑦
𝑘  .                                                          (4.2) 

Here, since 𝜍(𝑥) is the function of 𝑥, the second term in the above equation  ln𝜍 𝑥   is also function of x only. 

Therefore, 

                                                                    
𝜕2

𝜕𝑦 𝑖𝜕𝑦 𝑗   ln𝜍 𝑥  𝑥𝑘𝑦
𝑘  =  0. 

Hence, the formula for mean Berwald curvature obtained by direct computation, 

𝜕2𝑆

𝜕𝑦𝑖𝜕𝑦𝑗
=

𝜕2

𝜕𝑦𝑖𝜕𝑦 𝑗
 
𝜕𝐺𝑚

𝜕𝑦𝑚
−  ln𝜍 𝑥  𝑥𝑘𝑦

𝑘  

                                                                             =
𝜕2

𝜕𝑦 𝑖𝜕𝑦 𝑗  
𝜕𝐺𝑚

𝜕𝑦𝑚 = 2Eij .                                                                 (4.3) 

So that, clearly by partially differentiating the expression of 𝑆-curvature derived in section 3, we can determine 

the formula for mean Berwald curvature of the homogeneous Finsler space. i.e., 

                                                                  2Eij =
𝜕2𝑆

𝜕𝑦 𝑖𝜕𝑦 𝑗                                                                                         (4.4) 

Before the computation, we consider the identities, 

                                                             
𝜕2𝑠

𝜕𝑦𝑚 =
1

α
 bm − s

ym

α
 ,   

𝜕𝛼

𝜕𝑦𝑚 =
ym

α
                                                          (4.5) 

Theorem 4.4. Let  
𝐺

𝐻
, 𝐹  be a homogeneous Finsler space with the special  𝛼,𝛽 -metric of the form 𝐹 =

𝛼2

𝛽
+

𝛽, where 𝛼 be a 𝐺-invariant Riemannian metric on 
𝐺

𝐻
 and 𝛽 be a 𝐺-invariant vector field on 𝐺/𝐻. Then the 

mean Berwald curvature of homogeneous Finsler space is of the form 

            𝐸𝑖𝑗 =
𝑛 + 1

𝑏2
 

𝑠

𝛼 𝑦  1 + 𝑠2 
   𝑢,𝑢𝑖 𝑚 ,𝑢𝑗   +    𝑢,𝑢𝑗  𝑚 ,𝑢𝑖  +    𝑢, 𝑦 𝑚 , 𝑦 

𝐴

𝛼5 1 + 𝑠2 3
            

+    𝑢, 𝑦 𝑚 ,𝑢 
1

2
 

𝐵

𝛼3 1 + 𝑠2 3
                                                                                                   (4.6) 

where 𝐴 and  𝐵  are defined in equations (4.17) and (4.18) respectively. 

Proof: Let us consider Finsler  (𝛼,𝛽)-metric 𝐹 = 𝜙(𝑠), where 𝜙 𝑠 =
1

𝑠
 +  𝑠. Put   𝜓 = 𝜙 –  𝑠𝜙, then we have, 

                            𝑄 =
𝜙 ′

𝜓
 =  −

𝑠2−1

2𝑠
, 𝑄′ =

𝑆2+1

2𝑠2  ,   Δ =  1 + 𝑠𝑄 +   𝑏2 − 𝑠2 𝑄′ =
𝑏2 𝑠2+1 

2𝑠2  ,                          

(4.7) 

                            Φ =  − 𝑄 − 𝑠𝑄′ 𝑛Δ +  1 +  𝑠𝑄 −   𝑏2 –  𝑠2  1 +  𝑠𝑄 𝑄′′ =
 𝑛  + 1 𝑏2 1 + 𝑠2 

2𝑠3  .                   

(4.8) 

Letting 𝑐 =  1 in the formula of S-curvature defined in equation (3.20), we get 

𝑆 𝑜, 𝑦 =
 𝑛 + 1 𝑠

𝑏2𝛼 𝑦  1 + 𝑠2 
   𝑢, 𝑦 𝑚 , 𝑦 +

𝛼 𝑦  𝑠2 − 1 

2𝑠
  𝑢, 𝑦 𝑚 ,𝑢   

      =
 𝑛 + 1 

𝑏2
 

𝑠

𝛼 𝑦  1 + 𝑠2 
  𝑢, 𝑦 𝑚 , 𝑦 +

 𝑠2 − 1 

2 1 + 𝑠2 
  𝑢, 𝑦 𝑚 ,𝑢                            4.9   

Now by using (4.4) we obtain, 

2𝐸𝑖𝑗 =
𝜕2𝑆 𝑜, 𝑦 

𝜕𝑦𝑖𝜕𝑦𝑗
,                                                                                                             
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=
 𝑛 + 1 

𝑏2𝛼 𝑦 

𝜕2

𝜕𝑦𝑖𝜕𝑦𝑗
 

𝑠

 1 + 𝑠2 
  𝑢, 𝑦 𝑚 , 𝑦 +

 𝑠2 − 1 

2 1 + 𝑠2 
  𝑢, 𝑦 𝑚 ,𝑢   

=
 𝑛 + 1 

𝑏2

𝜕2

𝜕𝑦𝑖𝜕𝑦𝑗
 

𝑠

𝛼 𝑦  1 + 𝑠2 
  𝑢, 𝑦 𝑚 , 𝑦 +

 𝑠2 − 1 

2 1 + 𝑠2 
  𝑢, 𝑦 𝑚 ,𝑢   

=
 𝑛 + 1 

𝑏2
 

𝜕2

𝜕𝑦𝑖𝜕𝑦𝑗
 
𝑠  𝑢, 𝑦 𝑚 , 𝑦 

𝛼 𝑦  1 + 𝑠2 
 +

𝜕2

𝜕𝑦𝑖𝜕𝑦𝑗
 
 𝑠2 − 1   𝑢, 𝑦 𝑚 ,𝑢 

2 1 + 𝑠2 
                         (4.10) 

Now consider the first term, 

                        
𝜕2

𝜕𝑦𝑖𝜕𝑦𝑗
 
𝑠  𝑢, 𝑦 𝑚 , 𝑦 

𝛼 𝑦  1 + 𝑠2 
 =

s

𝛼 𝑦  1 + 𝑠2 
 

𝜕2

𝜕𝑦𝑖𝜕𝑦𝑗
   𝑢, 𝑦 𝑚 , 𝑦   

                                    +  𝑢, 𝑦 𝑚 , 𝑦 
𝜕2

𝜕𝑦𝑖𝜕𝑦𝑗
 

𝑠

𝛼 𝑦  1 + 𝑠2 
                       (4.11) 

but we get, 

𝜕2  𝑢, 𝑦 𝑚 , 𝑦 

𝜕𝑦𝑖
=   𝑢,𝑢𝑖 𝑚 , 𝑦 +   𝑢, 𝑦 𝑚 ,𝑢𝑖 , 

 

          
𝜕2  𝑢, 𝑦 𝑚 , 𝑦 

𝜕𝑦𝑖𝜕𝑦𝑗
=   𝑢,𝑢𝑖 𝑚 ,𝑢𝑗  +   𝑢,𝑢𝑗  𝑚 ,𝑢𝑖                                               (4.12) 

where, 

𝐴 =  8𝑠2 1 + 𝑠2 𝛼3 − 𝛼3 1 + 𝑠2 2  –𝛼2 1 +  𝑠2 2  + 2𝑠2𝛼2 1 + 𝑠2 − 8𝑠4𝛼3  𝑏𝑖 −
𝑠𝑦𝑖
𝛼
 𝑦𝑗  

− 10𝑏𝑗𝛼
4𝑠 1 +  𝑠2  𝑏𝑖  –

𝑠𝑦𝑖
𝛼
  −  1 + 𝛼 𝛼2𝑠 1 + 𝑠2 2𝛿𝑖

𝑗
 – 𝑏𝑗𝛼

2𝑦𝑖 1 + 𝑠2 2                       

+ 2𝑠𝛼 1 + 𝑠2 + 3 1 + 𝑠2 −  4𝑠3𝛼  1 + 𝑠2 𝑦𝑖𝑦𝑗  +  2𝑏𝑗 𝑠
2𝛼2 1 + 𝑠2 𝑦𝑖                      

                  + 8𝑏𝑗 𝑠
3𝛼4  𝑏𝑖  –

𝑠𝑦𝑖

𝛼
  +  2𝛼3𝑠3 1 + 𝑠2 𝛿𝑖

𝑗
 .                                                                                 (4.14) 

Therefore we have, 

𝜕2

𝜕𝑦𝑖𝜕𝑦𝑗
 
𝑠  𝑢, 𝑦 𝑚 , 𝑦 

𝛼 𝑦  1 + 𝑠2 
 =

𝑠

𝛼 𝑦  1 + 𝑠2 
   𝑢,𝑢𝑖 𝑚 ,𝑢𝑗  +   𝑢,𝑢𝑗  𝑚 ,𝑢𝑖   

                                                                                     +  𝑢, 𝑦 𝑚 , 𝑦 
𝐴

𝛼5𝑠3 1 +  𝑠2 3
                                               (4.15) 

where 𝐴 is defined in the above equation (4.14). Similarly, by direct computation the value of second term of the 

equation (4.10) becomes, 

                           
𝜕2

𝜕𝑦𝑖𝜕𝑦𝑗
 
 𝑠2 − 1   𝑢, 𝑦 𝑚 ,𝑢 

2 1 + 𝑠2 
 =   𝑢, 𝑦 𝑚 ,𝑢 

𝐵

𝛼3 1 +  𝑠2 3
                                                     (4.16) 

where 

𝐵 = 4  1 + 𝑠2 − 4𝑠2 𝑏𝑗𝛼
3  𝑏𝑖  –

𝑠𝑦𝑖

𝛼
  +  8𝑠 𝑠2  − 1 𝛼2  𝑏𝑖  –

𝑠𝑦𝑖
𝛼
 𝑦𝑗  

                                             − 4𝛼2𝑠2 1 + 𝑠2 𝛿𝑖
𝑗

 +  4𝑠2 1 + 𝑠2 𝑦𝑖𝑦𝑗  .                                                    (4.17) 

Hence by substituting equations (4.15), (4.16) into (4.10) we get, 

           𝐸𝑖𝑗 =
𝑛 + 1

𝑏2
 

𝑠

𝛼 𝑦  1 + 𝑠2 
   𝑢,𝑢𝑖 𝑚 ,𝑢𝑗   +    𝑢,𝑢𝑗  𝑚 ,𝑢𝑖  +    𝑢, 𝑦 𝑚 , 𝑦 

𝐴

𝛼5 1 + 𝑠2 3

+    𝑢, 𝑦 𝑚 ,𝑢 
1

2
 

𝐵

𝛼3 1 + 𝑠2 3
                                                                                                (4.18) 

where, 

𝐴 =  8𝑠2 1 + 𝑠2 𝛼3 − 𝛼3 1 + 𝑠2 2  –𝛼2 1 +  𝑠2 2  + 2𝑠2𝛼2 1 + 𝑠2 − 8𝑠4𝛼3  𝑏𝑖 −
𝑠𝑦𝑖
𝛼
 𝑦𝑗  

− 10𝑏𝑗𝛼
4𝑠 1 + 𝑠2  𝑏𝑖  –

𝑠𝑦𝑖
𝛼
  −  1 + 𝛼 𝛼2𝑠 1 + 𝑠2 2𝛿𝑖

𝑗
 – 𝑏𝑗𝛼

2𝑦𝑖 1 + 𝑠2 2 

+ 2𝑠𝛼 1 +  𝑠2 + 3 1 +  𝑠2 −  4𝑠3𝛼  1 +  𝑠2 𝑦𝑖𝑦𝑗  +  2𝑏𝑗 𝑠
2𝛼2 1 +  𝑠2 𝑦𝑖  

                               + 8𝑏𝑗 𝑠
3𝛼4  𝑏𝑖  –

𝑠𝑦𝑖

𝛼
  +  2𝛼3𝑠3 1 + 𝑠2 𝛿𝑖

𝑗
 .                                                                       (4.19) 

            𝐵 = 4  1 + 𝑠2 − 4𝑠2 𝑏𝑗𝛼
3  𝑏𝑖  –

𝑠𝑦 𝑖

𝛼
  +  8𝑠 𝑠2  − 1 𝛼2  𝑏𝑖  –

𝑠𝑦𝑖

𝛼
 𝑦𝑗                               

                     − 4𝛼2𝑠2 1 + 𝑠2 𝛿𝑖
𝑗

 +  4𝑠2 1 + 𝑠2 𝑦𝑖𝑦𝑗  .                                                                   (4.20)      

This is the required formula of mean Berwald curvature of homogeneous Finsler space. This completes the 

proof.      
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V. Conclusion 
𝑆-curvature is an important geometric quantity in Finsler geometry in that it has some mysterious 

interrelations with other quantities such as flag curvature, Ricci scalar, etc. Shen showed that the Bishop-

Gromov volume comparison theorem holds for Finsler spaces with vanishing 𝑆-curvature. Therefore, it is also 

significant to characterize homogeneous Finsler spaces with vanishing 𝑆-curvature. In this paper, we derived an 

explicit formula of the 𝑆-curvature of homogeneous Finsler space with special (𝛼,𝛽)-metric and proved that a 

homogeneous Finsler space with almost isotropic 𝑆-curvature must have vanishing S-curvature. 

We also derived an explicit formula of the mean Berwald curvature 𝐸𝑖𝑗  of homogeneous Finsler space. 
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