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Abstract: Inventory models play a major role in analysing the situations arising at places like food, vegetable 

markets, ware houses, textile markets, etc.  In this paper we consider an inventory model for deteriorating 

products having demand which is function of a non linear function of time. and the cycle length of successive 

replenishments is a variable in the planning period. It is assumed that the cycle length in each cycle decreases in 

Arithmetic Progression. Shortages are allowed and are completely backlogged. The instantaneous state of 

inventory with shortages is derived. The total cost function of the horizon is obtained with suitable costs. The 

optimal pricing and ordering policies of the model are derived. The objective is to determine a replenishment 

policy that minimizes the total inventory cost. The model is illustrated with some numerical results. It is observed 

that the variable cycle length has a significant influence on optimal operating policies.  This model also includes 

several models of the previous models for various values of the parameters. 

Keywords: Perishable Inventory, Cycle Length, Demand Rate and Cost Function, Optimal Ordering Policies 

and Sensitivity Analysis. 

 

I. Introduction 

Much emphasis is given on developing and analyzing inventory models of deteriorating items. Many 

researchers have studied the effect of lifecycle of goods under consideration on  the inventory control. Nahimias 

(1982), Rafat (1991), Giri and Goyal (2001) have reviewed the Inventory models of deteriorating items. Roy 

and Chauduri, (2007); have developed an EOQ model for deteriorating items with price dependent demand and 

special sales. Pal, M. & Ghosh, S. K. (2008) have studied an Inventory Model with Stock Dependent Demand 

and General Rate of Deterioration under Conditions of Permissible Delay in Payments. Sankar Sana, (2007)  

studied an EOQ model for seasonal goods. Panda, Senapathi and Basu, (2009); have developed a single cycle 

perishable inventory model with time dependent quadratic ramp type demand and partial backlogging. They 

assumed that deterioration of inventory starts after a certain time. Roy and Chauduri, (2010); have studied an 

inventory model for a perishable item assuming that the demand rate depend not only on time but also on the 

selling price of the item. In all these models it is customary to consider that the cycle length (time lapse between 

two successive replenishments) of the system is fixed.  However in many of the inventory situations arising at 

places like market yards dealing with food grains, food and vegetable markets, beverages it is a common 

phenomenon that the cycle length is  not fixed and is a variable.  Very little work has been reported in literature 

regarding inventory models with variable cycle lengths, except the works of Datta & Paul in 1992, Bunia and 

Maitti in 1997.They have considered that the demand is a linear function of the form 0,0,  batba .  But 

in some situations the demand is a non-linear function of time.  Hence in this paper we develop and analyse an 

inventory model for demand as a non-linear function of time of the form 10,0,)(  baeatR tb . It is also 

further assumed that the cycle length in each cycle is a variable and the cycle lengths have a pattern of declining 

in Arithmetic progression.  Using the differential equations, the instantaneous state of Inventory at each cycle is 

derived with suitable cost considerations.  The total cost function is obtained.  By minimizing the total cost 

function, the optimal cycle lengths and ordering quantities are derived.    This model also includes several of the 

earlier models as particular cases for specific and limiting cases of the parameters. 

 

I. Assumptions And Notations 
1. We have considered an inventory model with the following assumptions and notations  

2. The demand rate R(t) at any instant “t” is of the form 10,0,)(  baeatR tb   

3. Replenishment is instantaneous. 

4. The entire planning Horizon of the system was taken as H units of time and is known.  Inventory level is 

zero at times t = 0 and t = H. 
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5. Lead time is zero. 

6. Shortages are allowed and are fully backlogged and shortages are not allowed in the final cycle. 

7. Ti is the total time elapsed up to and including the i
th

 cycle (i=1,2,…,m), where m denotes the total number 

of replenishments to be made during the prescribed time horizon H.  Hence T0 = 0 and Tm = H.  

8. ti is the time at which the inventory level in the i
th

 cycle reaches zero       ( i = 1, 2, …, m-1). 

9. T is the length of first replenishment cycle and w is the rate of reduction of the successive cycle lengths. 

10. The on hand inventory deteriorates at a constant rate   (0 < < 1) per unit time and there is neither repair 

nor replenishment of the deteriorated inventory during H. 

11. The inventory holding cost c1 per unit per unit time, the shortage cost c2 per unit time, the unit cost c and 

the replenishment cost (ordering cost) c3 per replenishment are known and constant during the planning 

time horizon H. 

 

II. Development Of The Model 

Let Ii (t) denotes the inventory at time “t” during the i
th

 cycle ( mittT ii ...2,1;1  ) 

The differential equations governing the system during the i
th

 cycle are  

     tItRtI
dt

d
ii    

This implies     mittTeatItI
dt

d
ii

bt
ii ...2,1;; 1    ……..(1) 

and   1...2,1;;  miTtteatI
dt

d
ii

bt
i    ……..(2) 

with the initial conditions   0tIi  at t = ti  for all i =1,2,…,m-1. 

From (1)     tb

i

t aetIe
dt

d    

Using the initial condition and solving the above equation we get 

      ii

i
ttbtt

bt

i ee
b

ea
tI










 

mittT ii ,...2,1;1        ….…(3) 

Solving the equation (2) and using the initial condition we get 

     1,....2,1;;1
b




miTtte
b

ea
tI ii

tt
bt

i
i

i

   ……..(4) 

Now 
 

1,...,2,1,0,
2

1
. 


 miw

ii
TiTi     ……..(5) 

  and Ti - Ti+1 =T-(i-1)w     ……..(6) 

Also  



m

i

HwiT
1

1       ……..(7) 

Hence  
 

m

H
w

m
T 




2

1
      ……..(8) 

Let D (Ti) denote the number of deteriorated items in the i
th

 cycle (Ti-1, Ti) for all i = 1,2,….m-1. 

Hence    



i

i

t

T
ii dttITD

1

   

  
    dtee

b

ea i

i

ii

i t

T

ttbtt
bt










1

.. 




   ……..(9) 

The number of deteriorated items in the last cycle (Tm-1,Tm) i.e. (Tm-1,H) is  

   dttITD
H

T
mm

m





1

  

 
    dtee

b

ea H

T

HtbtH
bH

m




 



1

.. 




    .…..(10) 

The loss of revenue due to deterioration in the i
th

 cycle is  )(
i

TL .  Then by  equation (9) 

)(.)( ii TDCTL   
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    dtee

b

eac i

i

ii

i t

T

ttbtt
bt










1

... 




                   .…..(11) 

The back log in the i
th

 cycle ),( 1 ii TT   is   tb
iii eatTTB .)(              .…..(12) 

Hence the ordering quantity in the i
th

 cycle ),( 1 ii TT   is 

Qi = Deterioration in the i
th

 cycle + Demand in the i
th

 cycle + Back log demand in the (i-1)
th

 cycle. 

=   )()( 1 tRtttD iii   

Using the equation (9) we get 

    dtee
b

ea
Q

i

i

ii

i t

T

ttbtt
bt

i 








1

.. 




 

  bt

ii eatt 1         ……..(13) 

For the m cycles ordering cost = 
3

.Cm       ……..(14) 

Inventory during the i
th

 cycle ( 11  mi ) 

    dtee
b

ea
ii

i

i

i
ttbtt

t

T

bt





 




1

                            ……..(15) 

Inventory in the last cycle (Tm-1, H) 

 
    dtee

b

ea HtbtH
H

T

bH

m

 


 




1

    ……..(16) 

From the equation  (15) and equation  (16) we get the hold cost of the inventory in all cycles as  

 
     
















 

1

1

1

1

.m

i

ttbtt
t

T

bt
dteee

b

ca
ii

i

i

i 


 

 
    dteee

b

ca HtbtH
H

T

bH

m

 


 




 1

1.
                  ……..(17) 

From the equation (11) the loss of revenue due to deterioration in the i
th

 cycle  
i

TL   ( 11  mi ) is 

      dtee
b

eac
TL

i

i

ii

i
t

T

ttbtt

bt

i 








1

... 




        ……..(18) 

 Loss of revenue due to deterioration in the last cycle ),(
1

HT
m   

 
    dtee

b

eac H

T

HtbtH
bH

m




 



1

... 




   ……..(19) 

By the equations (18) and (19), we get the loss of revenue due to deterioration in all the m cycles as  

  
   

 
















 

1

1 1

...m

i

t

T

ttbtt
bt

i

i

ii

i

dtee
b

eac 




 

  
    



 



H

T

HtbtH
bH

m

dtee
b

eac

1

... 




   ……..(20) 

Shortage cost in the i
th

 cycle  ( 11  mi ) 

 
  



i

i

ii
T

t

ttbbt
dtee

b

a
c 12    

Hence the total shortage cost for m cycles 

  







i

i

ii
T

t

ttbbt
m

i

dtee
b

a
c 1

1

1

2       ……..(21) 

(Because the last cycle does not contain the shortages) 

Hence the total cost function, 

     












1

1

1
3

1

.
.),,(

m

i

ttbtt
t

T

bt

ii dteee
b
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cmTtmk ii

i

i

i 


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    dteee
b

ca HtbtH
H

T

bH

m

 


 




 1

1.
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
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


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T
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m
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   




 






dtee
b

a
c
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i
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ttbbt
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1
1

1

2  

       


















1

1

1
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1
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i

ttbtt
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T
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i

i
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   dtee

b

ac i

i

ii
T

t

ttbbt




 12
 

 
      



 





H

T

HtbtHbH

m

dteee
b

cca

1

1 




   …….(22) 

 

III. Optimal  Ordering Policies of The Model 
The optimal ordering policies of the Inventory system are obtained by minimising the total cost function given 

in the equation (22).  For a fixed m the corresponding optimal values of ti (i=1,2,…m-1) are obtained as the 

solutions of the system of (m-1) equations  

        0,,and1,....,2,10,,
2

2










ii

i

ii

i

Ttmk
t

miTtmk
t

      

 

 

Hence for a fixed i, 

   0,, 



ii

i

Ttmk
t

 

 















 







 



 











 b
ee

b
e

b

ca
iiii Ttbtbt 1

v. 2
 

 
2

1
2  vwhere0

c

cc
tTeac ii

bti


  

Expanding 
 1 ii Tt

e


we get  

mi
TT

t ii
i ,...2,1;

v1

.v 1 



 

       ……(23) 

This gives the optimal values of ti for which the total cost function is minimnum. 

From the equation (22) we have  

       


















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




 
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1
3
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m
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i
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i

e
b

e
e

e

b
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


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
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Expanding by 
       HTbTHtTbTt mmiiii eeee

  1111 ,,,


by using the power series expansion and neglecting 3
rd

 

and higher powers and on simplification we get  

 
 









1

1

2

1
1

3
2

.),,(
m

i

ii

bt

ii Tte
cca

cmTtmk i


 

 
 

 21
1

1

1

22

22

..













  m

bH
m

i

ii

bt
THe

cca
tTe

bca
i


   ……(24) 

Substituting for ti from (23) in the above equation, ),,(
ii

Ttmk  will become a function of two variables m and 

Ti only and hence we denote this by k(m,Ti). 

Hence  
   

 












1

1
2

2

11

3
v12

.),(
m

i

ii

bt

i

TTecca
cmTmk

i
 

 
 

 
 21

1
1

1
2

2

12

2v12

..






 






  m

bH
m

i

ii

bt

THe
ccaTTebca i 

   …….(25) 

Substituting for  
2

w
1-i. iTiTi   and  w1-i1   TTT ii  in (25) the total cost of function will 

become a function of three variables Tm ,w,  is given  by  

 
 
 

  










1

1

2

2

1

3
w1

v12
.,w,

m

i

bt
iTe

cca
cmTmk i


 

 
  









1

1

2

2

2

2 w1
v12

.v.. m

i

bt
iTe

bca
i  

 
    

2

1

2

w
21T1

2











 mmmHe

cca bH
   ……(26) 

Substituting  
m

H

2

w
1  mT , the cost function will become a function of two variables m and w only. Let 

it be  wm,k  .  Here m is a discrete variable and w is a continuous variable. If m0>1 is a given value of m, then 

for this m0, the total cost function  wm,k  will become a function of w.  The optimal value of w can be obtained 

by 
 

0
dw


wkd

such that the total cost function  wk  is minimum for this w.   

Solving the equation 
 

0
dw


wkd

.  The optimal value w* of w can be obtained.  The corresponding optimal 

value of  wm,k  is  *,k 0 wm  and is obtained from the equation (25). The optimal value of T(=T*) and 

 1,...2,1,T *

i  miTi  can be obtained from the equations (8) and (5) respectively.  Expanding 
   ii ttbtt 

e,e


 

and neglecting second and higher powers and on simplification we get  

    bt

iiii

bt

i eattTt
ea

Q
i

.
2

..
1

2

1  


     …..(27) 

From the equations (26) and (27), the optimal ordering quantity of the i
th

 cycle, total cost and cycle lengths for 

various values of the parameters  ,m and costs c1, c2, c3,c for a = 25, H = 12, b = 1 are computed and presented 

in the Table No.1.  From this table we observe that w* (The successive rate of reduction in cycle lengths) is an 

increasing function of  , the rate of deterioration, when other parameters and costs are fixed.  As “ ” increases 

the optimal ordering quantity in each cycle is decreasing.  However, total cost is increasing. When the ordering 

cost increases, w* is increasing, but the ordering quantity in each cycle is decreasing when other parameters and 

costs are fixed.  It is very interesting to note that the increases in ordering cost has no effect on successive 

reduction of cycle lengths and ordering quantities.  However, the total cost is increasing for each cycle when 
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other parameters and costs are fixed.  If the cost per a unit increases the successive rate of reduction in each cycle 

w* is increasing and the total cost is also increasing when the other parameters and costs remain fixed.  When the 

penalty cost increases the rate of reduction in successive cycle lengths is increasing.  This increases is very small 

when comparative to the other costs.  It is also observed that the ordering quantities in each cycle is increasing 

significantly even though the cycle length is decreased.  This is due to the non-linear growth (Exponential 

growth) of demand over time.  This is the reason the total inventory cost is increasing significantly even though a 

slight increase in associated costs. 

  

Table -1 (Optimal values of the parameters of the model with shortages a = 25, H = 12) 
Θ M C1 C2 C3 C w* T1* Q1* T2* Q2* T3* Q3* K* 

0.02 3 0.2 5 9 2 2.625 6.625 18148 10.6 120091 12 5153310.47 2524386.88 

0.01 3 0.2 5 9 2 2.625 6.562 19544 10.5 127767 12 95424839.56 1561917.23 

0.01 3 0.1 5 9 2 2.375 6.375 95981 10.3 129974 12 41714229.11 1358641.76 

0.01 3 0.2 5 9 2 2.562 6.562 19544 10.5 127767 12 95424839.56 1561917.23 

0.01 3 0.2 4 9 2 2.552 6.552 18405 10.5 105559 12 50808177.50 1286072.94 

0.01 3 0.2 5 9 2 2.562 6.562 19544 10.5 127767 12 95424839.56 1561917.23 

0.01 3 0.2 5 9 2 2.562 6.562 19544 10.5 127767 12 95424839.56 1561917.23 

0.01 3 0.2 5 10 2 2.562 6.562 19544 10.5 127767 12 95424839.56 1561200.23 

0.01 3 0.2 5 9 2 2.562 6.562 19544 10.5 127767 12 95424839.56 1561917.23 

0.01 3 0.2 5 9 3 2.875 6.875 17509 10.8 164786 12 98869573.89 2473087.37 

 

IV. Particular Cases 
Case (i) : 

For m = 1, the system reduces to a single period with finite time horizon.  In such case the total cost for the 

period H is fixed and is  

 
  bHeH

cca
ck .

2
1* 1

3


   It is obtained by substituting m =1 in the equation (26). 

The optimal ordering quantity Q* is 
2

..
*

2Ha
Q


 . 

Hence this model reduces to the usual inventory model for deteriorating items with fixed lengths.   

Case (ii) : 

If the rate of deterioration 0 in the above model, we obtain 
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The total cost function for the entire horizon H can be obtained from (26) and is 
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 This gives the optimal total cost for the inventory model for non-deteriorating items with variable cycle lengths.  

Putting  = 0 in the equation (27), the optimal ordering quantity
*

iQ  is     

  miaettQ bt

iii ,...,2,1,1

*      

V. Inventory Model Without Shortages 
When we assume that the shortages are not allowed there is no necessity of having backlog fulfillment.  

Then the parameter ti (The time at which shortages occur) considered earlier becomes Ti (i=1,2,…,m-1) and the 

shortage cost  c2 is to be considered as 
2

C ,then the total cost function becomes. 
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If m is fixed on substituting  
m

mT
H

2

w
1  , the total cost function will become a function of w.  The 

optimal value w* of w can be obtained by minimising the cost function. 

The optimal ordering quantities 
*

iQ are given by  
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From the equation (29) the optimal value of w* for given values of m & H is not influenced by the parameter 

 and the costs, c1,c3,c when the shortages are not allowed.  However, the optimal ordering quantities in each 

cycle and total costs are much influenced by the changes in the parameters and costs, when the shortages are not 

allowed for the same value of  and costs and number of cycles the optimal successive reduction rate is small 

for without shortages model than that of with shortages model.  Also it is observed that the optimal ordering 

quantities for second model in each cycle is small as compared to without shortages model.  This is due to the 

effect of shortage cost in the earlier model.  If shortages are allowed for the same values of the parameters and 

costs the total cost of the model is more than that of without shortages model.  This clearly shows that allowing 

shortages has a tremendous influence on optimal ordering policies and scheduling cycle lengths in Table - 2.    

 

Table -2 (Optimal values of the parameters of the model without  shortages a = 25, H = 12) 

      

 

VI. Summary And Conclusions 
This paper contributes to the descriptive and prospective modeling of some inventory systems for 

deteriorating items.  These models have a wider applicability in analysing the inventory systems arising at 

places like fruit and vegetables markets, food processing industries, photochemical industries, oil and petroleum 

industries etc., various inventory models have been developed and analysed with various assumptions in order to 

suit for several different practical situations.  The potential strings in the inventory modeling are demand pattern 

and cycle lengths (the time lapse between two successive replenishments).  Several of the earlier models 

considered irrespective of the nature of demand, the cycle length is fixed for each cycle of planning in the finite 

horizon.  This assumption is useful for situations considering EOQ models with infinite life time (Non-

perishable items).  However, for perishable items like food grains, sea foods, photo chemicals etc., the item is 

subject to deterioration, due to dryness, damage, spoilage, vaporisation etc., overtime during their normal 

storage period.  For these items the deterioration must be taken into account which has tremendous influence on 

optimal inventory levels.  Even in deteriorating items also it is well known that for a variable demand, 

(depending on some parameters like, time, selling price and both) the successive replenishment cycles diminish 

because of the fact that the balance is to be brought between the wastage due to deterioration, holding cost, and 

penalty due to shortages.  Hence the deteriorating items with variable demand the planning is to be done for the 

whole finite horizon (Time of period of planning) by fixing the number of replenishment cycles each having 

variable length of time.  This feature makes the inventory model more optimal in utilising the resources more 

effectively and to reduce the wastage.  
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