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I. Introduction:

Due to the wide applicability of fixed point theory, it is considered as a major branch of non-linear
functional analysis. Fixed point theory is an interesting area, with a tremendous numbers of applications in
various fields of Mathematics such as the theory of differential and integral equations, boundary value problem
and variational inequalities etc. There have been a number of generalizations of metric space. One such
generalization is Menger space initiated by Menger [4]. It is a probabilistic generalization in which we assign to
any two points x and y, a distribution function F,,. Schweizer and Sklar [6] studied this concept and gave some
fundamental results on this space. Sehgal and Bharucha-Reid [7] obtained a generalization of Banach
Contraction Principle on a complete Menger space which is backbone in the field of fixed point theory in
Menger space. The notion of compatible mapping in a Menger space has been introduced by Mishra [5]. Many
mathematicians gave fruitful results in Menger space which help us to study fixed point theory. In the sequel,
our result is a milestone in the field of fixed point theory and helps the Mathematicians to elaborate new fixed
point theory.

Il. Preliminaries
For terminologies, notations and properties of probabilistic metric spaces, refer to [6] and [7].
Definition 2.1. [2] A mapping £ : R — R" is called a distribution if it is non-decreasing left continuous with inf{
F():teR}=0 and sup{Ff(t):te R}=1.
We shall denote by L the set of all distribution functions while H will always denote the specific
distribution function defined by

% t<o,
H (1) =
, t>0.

Definition 2.2. [3] A triangular norm * (shortly t-norm) is a binary operation on the unit interval [0, 1] such that
forall a, b, c,d e [0, 1] the following conditions are satisfied :
(t-1) a*l=ag;
(t-2) a*b=Db*g;
(t-3) a*b<c*d whenevera<candb<d;
(t-4) a*(b*c)=(@*b)*c.
Examples of t-norms area *b =max {a+ b —1, 0} and a * b = min {a, b}.
Definition 2.3. [6] A probabilistic metric space (PM-space) is an ordered pair (X,f) consisting of a non empty
set X and a function £ : X x X — L, where L is the collection of all distribution functions and the value of f at
(u, v) € X x Xis represented by F,,. The function F,, assumed to satisfy the following conditions :
(PM-1) Fy(x) =1, forallx>0, ifandonlyif u=v;

(PM'Z) I:u,v (0) =0;
(PM'3) I:u,v = I:v,u ;
(PM-4) If Fuy(X)=1 and Fyu(y)=1 then F,,(X+y)=1,

DOI: 10.9790/5728-1304012224 www.iosrjournals.org 22 | Page



Fixed Point Theorem In Menger Space Using Integral Functions

forall u,v,we X and x,y>0.

A Menger space is a triplet (X, £, *) where (X, f) is a PM-space and * is a t-norm such that the
inequality
(PM-5) Fyw (X+Yy) = Fyy (X) * Fyw(y), forallu,v,we Xand x,y>0.
Proposition 2.1. [7] If (X,d) is a metric space then the metric d induces a mapping X x X — L defined by
Fpq(X) = H(x — d(p, q)), for all p, g € X and x > 0. Further, if the t-norm * is a * b = min{a, b} for all
a, b e [0, 1], then (X, £, *) is a Menger space. It is complete if (X, d) is complete.

The space (X, £, *) so obtained is called the induced Menger space.
Definition 2.4. [5] A sequence {x,} in a Menger space X is said to be convergent and converges to a point x in
X if and only if for each € > 0 and A > 0, there is an integer M(g, A) such that F x () > 1-Ax, forall
n > M(g, 7).

Further the sequence {x,} is said to be Cauchy sequence if for ¢ > 0 and A > 0, there is an integer
M(e, 1) such that Fy x (e) > 1-2,forall m,n > Mg, 2).

A Menger space is said to be complete if every Cauchy sequence in X converges to a point in X.
Definition 2.5. [5] Self maps S and T of a Menger space (X, f, *) are said to be compatible if FSTxn,Tan(t) -

1 for all t > 0, whenever {x,} is a sequence in X such that Sx,, Tx, — u, for some uin X, as n — .

Definition 2.6. [1] Self maps A and S of a Menger space (X, £, *) are said to be occasionally weakly
compatible (owc) if and only if there is a point x in X which is coincidence point of A and S at which A and S
commute.

Lemma 2.1. [Lebesgue Dominated Convergence Theorem] If a sequence {f,} of Lebesgue measurable
function converges almost everywhere to f and if there exists an integrable function g > 0 such that [f,(x)| < g(X)

for every n, then [f(x)| < g(x) and lim jfn(X)dp = jf(x)du.

Definition 2.7. A pair of self mappings (f, g) of a Menger space (X, f, *) is said to be any kind of coincidentally
commuting mappings if and only if there is a sequence {x,} in X satisfying lim fx, = lim gx, = u, for some

u € X and fgu = gfu at this point.
Example 2.1. Let (X, £, *) be a Menger space, where X = [0, 2] with a t — norm defined by a * b = min{a, b}
foralla, b e X and

—— ,if t>0

t+]x -y

[
F_(t)=1 forall x,y € X.

| O ,if t=0
Define f, g: [0, 2] — [0, 2] by

Jz, if xe[0,1] J 2, if xe[0,1]
f(x) =1 x and  g(X)=1{x+3

i xe@2] L if oxe@2]
2 s
. _ 1) o o
Consider the sequence {x,} = LZ - _J . Clearly f(1) =g(1) =2 and f(2) = g(2) = 1.
2n
Also fg(1) = gf(1) = 1 and fg(2) = gf(2) = 2. Thus, f and g are coincidentally commuting mappings.
1 1
Now fx = (1——\ and gx, = (1— —\ .
L 4n J L 10n J

4 1
Therefore, fx,— 1, gx,— 1, fg(x,)=2, gf(x,) = (—— —} &limF o (1) = # 1,
5 n’ n

20n N> t+ 2
5
so f and g are not compatible maps on X but they are any kind of coincidentally commuting mappings.
Remark 2.1. In view of above example, it is clear that any kind of coincidentally commuting is more general
than that of compatible mappings.

I11. Main Result
Theorem 3.1. Let A and B be occasionally weakly compatible self maps on a complete Menger space (X, £, *)
with t-norm defined as a * b = min{a, b} for all a, b € X satisfying
1) A(X) = B(X)
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1-Fay ay (e1) 1-Fy gy (1)
(2) _[ d(p)dp < j d(p)dp foreachx,y e X,t>0,c e [0,1),
0 0

where ¢ :R*— R is a Lebesgue integrable mapping which is summable, non-negative and such that
(3) J'(I)(p)dp > 0 foreache>0.
0
4) A and B are any kind of coincidentally commuting mappings.
(5) A(X) or B(X) is a closed subset of X.
Then A & B have a coincidence point. Moreover, A & B have a unique common fixed point.
Proof. Since A and B are any kind of coincidentally commuting maps, therefore there exists a sequence {X,} in

Xsuch that lim Ax, = lim Bx,=u e X. Since either A(X) or B(X) is a closed subspace of X, for definiteness

n— o n— o

we assume that B(X) is a closed subset of X. Further, note that the sequence {y,,} which is contained in B(X),
so there is a limit in B(X). Call it u such that u = Ba for some a € X.
Therefore, lim Ax,=u=Ba= lim Bx,. Thisimpliesu=Ba e B(X).

n— oo n— oo

Now we show that u = Aa = Ba. Now from (2), we have
1’FAa‘Axn (ct) liFEa‘an (1)

[ omdp< [ é(p)dp.

0 0
Letting n —>o, and using the Lebesgue  Dominated  Convergence  theorem  and
¢ € [0,1), it follows in view of (3) that Aa = Ba, implies that Aa = Ba = u.
Thus a is the coincidence point of A and B. Since A and B are occasionally weakly compatible, therefore,
ABa =BAa= Au = Bu.

l’FAu,Aa(CI) lfFBuvBa([)
Now we show that Au = u. From (2), we have J' o(p)dp < J' o(p)dp
0 0

which in turn implies that Au = u. Hence u is common fixed point of A and B.
Uniqueness. Suppose that w(= u) is also another common fixed point of A and B.
From (2), we have

1-F, , (1) 1-Fay.aw (1) 1-Fgy, gy (t/C) 1-F, , (t/c)
[ odp= [ ¢(mdp < [ o(p)dp = [ ¢(p)dp
0 0 0 0

where ¢ € [0, 1). Thus, w = u, therefore uniqueness follows.
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