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Abstract: This paper is an introduction for solving Delay Differential Equations (DDEs) using market
equilibrium. By market we mean the conditions under which producers sell and consumers buy a certain
commodity. The term market is used when only one commodity is being bought and sold and the word multimarket
is used when more than one commodity is involved. The price, demand and supply of any one good affects the
prices etc. of any other goods and vice-versa. DDEs discussed in this paper are linear. The most fundamental
Functional Differential Equations(FDEs) is the linear first order Delay Differential Equations (DDEs).Both
DDEs and FDEs are used as modeling tools in models in Economics. We discuss the solution of constant
coefficient DDEs by the “Method Of Characteristics” (MOC) and we show how to solve more general DDEs
using Method Of Steps (MOS). Further the general first order DDEs are considered and Idempotent Differential
Equations (IDEs) plays an important role in DDEs. Further every linear Idempotent Differential Equation (IDE)
can be solved by differentiation, which is shown in Theorem : 1. Lastly we have shown that there is only one
solution to both different systems and the two systems are equivalent to each other.
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I.  Introduction
DDEs are very useful in various fields such as age-structured population growth, control theory, and any model
involving responses with non-zero delays.
The general first order DDE has the form :

y'(t) =f(t, y(t), y(t — 1)) for some given T>0.
Here , y'(t) depends on the value of y at some timet—1 in the past, as well as depending upon the current value
of y, and other functions of t as determined by f.

11 Linear DDEs

The most fundamental Functional Differential Equation (FDE) is the linear first order Delay Differential Equation,
y'(t) =a,(t)y(t)+a,(t)y(t—7),for t>0. (1)

Equation (1) is usually accompanied by an auxiliary condition, stated interms of a function revealing the state of
the system for a period prior to the initial time, t=0

To describe, a complete statement of the first order delay system,

Let T>0and @,,a, be the class of continuously differentiable functions i.e, the class C’ functions on [0, ] and
let ¢(t) beaclass C' function on [—t,0] , then there is a unique function y(t) satisfying the system:

y'(t) =a,()y(t) +a, )yt ).t e[0,2] )

y(t) =), te[-7,0] (3)

The auxiliary function or the auxiliary condition in equation (3) is called the history function or remote control
function, describing the behavior of y(t) on a past time interval other than the one upon which the differential
equation is defined.

Unique solution of the system of equations (2) and (3) :

We have y'(t) = a, (0 y(t) + &, ) y(t — 7).t [0, 7]
y(t) =), te[-7,0]
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Let u(t) and v(t) are the different solutions of (2) and (3)

w0 =a,OuO+a,Out-2] o
Vi(R) =, (VD) +a, (vt -7) )
Also,
u(t) = ¢(t)},t c[-r.0]
v(t) =¢(t)

Let,  u(t)—v(t)=g(t)
=g'(t)=u'(t)-V'(t)
= g'(t) =a,(O{u(t) —v(®)}+a, O{u(t—7) —v(t-7)}

= g'(t) =a,(t)g(t) +a,(t)g(t —7),t [0, 7]
So, g(t) satisfies equation (2),

ie, g'(t) =a,(t)g(t) +a,(t)g(t—7), for te[0,7]

Again,

u(t)—v(t)=0, for t e[-7,0]
=g(t)=0 for t e[-7,0]
=g(t-1)=0 for te[0,1]

So, the resulting first order ODE system is

g'(t) =a,(t)g(t), for t €[0,7]withg(0) =0

=g(t)=0, for t[0, 1]

So,g(t) =0 on [0, t] as well as on [—7,0]

=g(t)=0on[-r,1]

— u(t)—v(t) =0on[1,1]

= u(t) = v(t)on [, 1]

= the solution of system of equations (2) and (3) is unique.

Generally,

(i) The Method Of Characteristics (MOC) can be used to solve first order DDE with constant coefficients in
equation (2) i.e,

y'(t) =a,y(t) +a,y(t— ), where both &,, @, are constants.

Also, the MOC can be applied to a higher order constant coefficients linear DDE.

(ii) The Method Of Steps (MOS) is better to understand and can be used to solve DDEs with variable
coefficients. The basic of this method converts the DDE on a given interval to an ODE over that interval, by using

the known history function for that interval. The resulting equation is solved and the process is repeated in the
next interval with the newly found solution solving as the history function for the next interval.

1.1.1  Solution of general first order linear DDE by using Method Of Characteristics (MOC) :
Method of characteristics (MOC) can be used to solve first order DDE with constant coefficients and the simplest
case of equation (2) is

y'(t) =a,y(t) +a,y(t — ), where both a,, a, are constants. (4
In the process of MOC, we will use Lambert w-function, W(z), which is the inverse of the equation Z (W) = we"
e,z =W
i.e, we say when z(w) = we"

=w=2z"(we")

= w=W(we")
Let,y = ce™, where c is any arbitrary constant and for some constant m(real or complex) be the solution of
equation (4).
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From equation (4), we get,

cme™ =ace™ +a,c e

mt ,—mz

= cme™ =ace™ +a,ce™e
=>m=a-+ae

= (m-a) =%
e
= (m-a)e™ =a,
= (m-a)e™ -a,=0 ...(5)
Which is the characteristics equation for the DDE in equation (4)
()] When @, =0, then characteristic equation becomes
(m—-a)e™ =0
=m-a =0ase™ =0
> Mm=aq

Thus, y(t) = ce®" is the solution to the ODE Y'(t) =a,Y(t) , which is equation (4) with &, =0
(1) Whena, =0, but &, =0, then equation (4) is

y'(t) =a,y(t —7) ,which is pure delay equation.

Then characteristic equation becomes

me™ —a, =0

=>me™ =a,

=mre" = a,7 (Multiplying T both sides to convert to the inverse of the Lambert function)
=Z(mzr)=a,r

=mr=W(a,r)

Under any of these conditions W (@,7) has infinitely many complex roots I, +1S, .

Hence, the solution of equation (4) with &, = 0 using MOC is
y(t) =ce™ +c,e™ + ) e [C(l,k) Cos(S,t) +Cpy sin(Skt)]
k=1

1
withC; or C, zero or not zero according to the restrictions on &, and —-—and to determine the coefficients
e

C1,C5,Cruiyr Ciay » W Can use the history function ¢(t) and its derivatives.
(nn In equation (4), when both a,,a, are not zero,

then from characteristic equation (5),

(m-a)e™ —a, =0

Let m—a, =n

=ne™ —-a, =0

=ne™®" —a, =0

ar

= ne"e™ =a,

=>ne" =a,e ™
= Z(n7) =a,e * (using Lambert function)

=nr=W(a,e™)
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=n= 1W (a,72™™")
T

1
=a +n=a +-W(a,re™")
T

-7

1
=>m=a +-W (azre ) , which is real and complex satisfying characteristic equation (5).
T

1.1.2  Steps to solve system of equations (2) and (3) using MOS :

y'(t) =a, ®)yt)+a,(t)ylt-7), t€[0,7]

YO =40, tel-0]

Step-1:

On the interval [—t,0], the function y(t) is the given function ¢(t), so y(t) is known there. So we say the

equation is solved for the interval [—t,0] and consider the solution as yy(t) i.e, Y, (t) =Y, (t).

Note : When t €[0, t],t—t €[—7,0]

= y(t — 1) becomes Y, (t—1) on [0, ]

Step-2:

On the interval [0, t], the systems (2) and (3) becomes

{y'(t) =a,()y(t) +a,(t)y,(t—1),0n [0,1]
y(0) = ¢(0)

The equation (6) is an ODE and not a DDE because Y, (t—1) is knownand Yy, (t—1) issimply ¢(t—1),

thuswe solve this ODE on [0, t] using y(0) = $(0) as initial condition and the solution on the interval [0, t]

denote as Y, (t)ie, y(t)=VY,(t)

Note : The equation
y' () =a,0)y(t)+a,)y,(t-7)
=y -a®)yt)=a,(t)st-1)
and y(0) = ¢(0) can be solved using the techniques as we study earlier.
Step 3:
On the interval [t,21], the system becomes

{y'(t) =a,(t)y(t) +a,(t)y,(t—7),0n[z,27]

y(2) = y,(z)

Which is again an ODE.

We solve this, using the initial condition at T and get a solution and denote it by Y, (t), on [1,21] and these
steps may be continued for subsequent intervals.

..(6)

(7)

Example 1 :
Find one step of the solution to the system

y'®)=a,®)yt)+a,(t)y(t—7),t €[0,7]
y(t) = g(t), t e[-,0]

for the following data

=4

o(t)=t—t(t+7)

a=-1

a,=04
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Solution :
We have the system of first order DDE (2) — (3)

y'(t)=a,y(t)+a,y(t—7),fort €[0,1]

y(t) = (1), for t €[—7,0]

Assigning the given values

y'(t) =-y(t) +0.4y(t — 1), for t €[0,4]

y(t) =t—t(t+1),fort e[4,0]

Here y(t) = ¢(t) =t—t(t+1) =Y, (1)

In the interval [0,4],

y'(t) = —y(t) + 0.4y, (t - 7)

=Yy ({t)=-y(t)+0.4¢(t—7),t €[0,4]

and y(0) = ¢(0) , which is the initial condition and differential equation is the ODE.
Now, y'(t) = —y(t) + 0.4¢(t — 7)

=Y ({t)+y((t)=04t—(t—1)t]

= y'(t) + y(t) = 0.4(4 —t* + 4t), which is a linear D.E.

I.F.= eIdt = e'and the solution is

y(t)e! = j 0.4(4—1t? + 4t)e'dt

= y(e' =04l(4—t* +dt)e' - [(4—20)e'dt]

= y(t)e' =0.4(4—t? +4t)e' — {(4—2t)e' + 26! J]+-¢
= y(t)e' =0.4|(4—t? +4t)e' — (4—2t)e' —2¢' |+c
=vy(t)e' =0.4(4—t* +4t—4+2t—2)e' +cC

= y(t) =0.4(6t—t*—2) +ce™
We have, y(0) = ¢(0)

= (0.4)(-2)+c=1

—-08+c=4

=c=4.8
The solution is

y(t) =0.4(6t —t* —2) +4.8¢™",t €[0,4]
Which can be taken as Y, (t) when finding the solution on [4,8].

Idempotent differential equation :
Idempotent Differential equation (IDE) is defined as

%y(t) = f(t, y(t), y(u()
y(to) =Y,

Where u(t) is idempotent i.e, u(u(t))=tand t, is a fixed point of u.

Inthis paper our main focus is on study of market behavior by modeling in detail (more precisely market
equilibrium).

The term market, we mean the conditions under which the producers sell and consumers buy a certain
commodity. The term market is used when only one commaodity is being bought and sold. The term multimarket is
used when more than one commodity is involved. The price, demand and supply of any one good affects the
prices etc. of many other goods and vice versa. Knowledge of actual market behavior is limited and so the types of
market considered are based on models.

..(8)
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Demand function :

The demand for a particular commodity or goods depends simultaneously on many factors like its price, the prices
of other closely related commodities / products, the tested of the consumer, the incomes of the consumer and the
distribution of income within the population .

Supply Function :

The Supply Function of individual firms can be defined for

Q) a very short period during which output level can not vary,

(i) a short run during which output level can be varied but plant size can not,

(iii) a long run in which all inputs are variable.

The supply function of a perfectly competitive firm states the quantity that it will produce, as a function of market
price and can be derived from the first order condition for profit maximization.

Market Equilibrium :
The price, demand and supply of any good affect the prices etc. of many other goods and vice versa. Our aim is to
discover how the price of a commaodity is determined by the behavior of the consumers and of the sellers. Since
the knowledge of the actual market behavior is limited, so the types of market to be considered are based on
models.
A single price prevails in an ideal competitive market. Both buyers and sellers are price takers, so that their desires
are determined by the aggregate demand function and aggregate supply function.
An equilibrium state of the system is defined to be a state in which there is no tendency for the system to change.
Let D(P) is the aggregate demand function.

S(P) is the aggregate supply function , where P is the price.

If demand equals to supply for P =P,
i.e, D(P)=S(P), for P =P,

Then we say market is in equilibriumat P = P,

5(P)

D(P)

—= Cost C

b

P,— PriceP
Fig 1 : The usual plot of demand D(P) and supply S(P) giving the equilibrium price P, where they meet.

The market must be dynamic i.e, it should change with time, when not in equilibrium.

If P is a price not satisfying D(P) = S(P), then either

(i) D(P)>S(P) or

(ii)D(P)<S(P)

If D(P)>S(P), then buyers will be willing to pay more than price P for the commodity.

If D(P)<S(P), then supplier incurs unnecessary costs in manufacturing and storing goods that are not sold and will
change their supply / production.

In both cases there is a tendency for the market to change.

Existence and Uniqueness of Equilibrium:

Analysis of market equilibrium based upon the assumption that a unique Price-quantity equilibrium exists for each
isolated market under investigation.

If unique-price quantity equilibrium does not exist, we mean either supply and demand are not equal at any
non-negative price-quantity combination.

Or
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Supply and demand are equal at more than one non-negative price-quantity combination.

Special Characteristics of D(P) and S(P) :

A competitive market equilibrium will exist, if there are one or more non-negative prices at which demand and
supply are equal and non-negative.

The aggregate demand function D(P) is monotonically decreasing function of P and aggregate supply function is
usually monotonically increasing and there is just one value of P where the two curves cross and this is the

equilibrium value P, of the price.

Q) If S(P) >D(P) for all positive P, then in this case, the equilibrium value of P is zero and the commodity is
free and consumers can get as much as they want for free good. air is an example of this situation.

CE/

Fig 2 : Supply and demand curve where the equilibrium value is zero.
(i) If D(P) = S(P) =0
i.e, the price at which a supplier is willing to sell the commodity is greater than any consumer is willing to pay,
then supply is non-zero at prices at which the demand is zero.

C
uN - EF
> P
Fig 3: Supply and demand must both be zero for equilibrium here.
(i) When D(P) > S(P) for every price P, there is no meaningful interpretation that can be placed upon this
situation and the models for producer and consumer must altered.
Ca
>P

Fig 4 : Demand exceeds supply for every price.
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Note : If there is no equilibrium it is probable that model is incorrect.
Uniqueness: Sometimes it is possible that more than one equilibrium exists.

Let $=D'(P)-S'(P)
C A

D(P)

S(P)
> p

Fig 5 : The aggregate supply S(P) is decreasing and there are two equilibrium values of P.

If the demand curve is negatively sloped throughout and the supply curve is positively sloped throughout, then
0 < 0 and there cannot be more than one equilibrium point.

Fig 6 : Unique equilibrium value of P.

If & <0 atan equilibrium point P, , demand will be less than supply at a price slightly higher than P, and will
be greater than supply at a price slightly lower than P, , hence there can not be a second equilibrium point.
The same holds good if o > Othrough out.

Stability of the equilibrium :
Stability of the equilibrium means when the system is disturbed from equilibrium, will it or will it not return to
equilibrium and this depends on the behavior of the market for a single commodity.
The excess demand function is denoted by E(P) and
E(P) = D(P) - S(P)
Where D(P) is the aggregate demand function,
S(P) is the aggregate supply function.

Let P, be the equilibrium price.

For price P not very different from P, , using Taylor’s theorem,

D)2 D)3
e -Er)+(P-RER)+ e r)+ e+
= E(P)=E(R.)+(P-P,)E'(R,)+0(P-P,[")
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When P =P, D(P)=S(P)

so, E(P,)=0

=E(P)=(P-P.)E'(R.)+0(P~P,[")

Let initially the market is disturbed in such a way that E(P) is positive,

then P will increase and E(P) will increase when E'(P,) >0

=> The market will return to equilibrium

So, market is instable when E'(P,) >0 and

market is stable when E'(P,) <0

i.e, If a price rise diminishes excess demand and this type of stability is called static stability.

Dynamic Stability :
A positive excess demand tends to raise price can be modeled in many different ways.
A commonly used mathematical model is

PokE®)] e
dt , Where K is a +ve constant.
P(t,) =P,

Let D=aP+b,S=AP+B
=D-S=aP+b-AP-B
—~D-S=(a—AP+(b-B)

C(ij_I:: K(a—A)P+ K(b—B), which is a first order linear D.E.

[K@-Aydt  ia o
I.F.=e J = e *@ AN and the solution is
Pe KAt = j K(b-B)e M +¢c

e—K(a—A)t
= Pe K@M = _K(b-B)——+cC
K(a-A)
—p=—0=B) | exen -.9)
a-A
When t=t,,P =P,
D-S=(a-AP+b—-B
When D-S=0=P =P,
~(@a-AP +(bO-B)=0
:)Pe Z_(b_—Bj
a—-A
So, from equation (9),
b-B o .
P, :—a_A+c (. P, is initial price at t=0)
=P, =P, +cC
=c=(P,—-P.)

". The solution is
P=P +(P,—PR)e "
=P=(P,-P) e +P,

Thus, equilibrium is stable in the dynamic sense, if the price converges to the equilibrium price over time and
unstable if the price change is away from equilibrium.
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If P, is the equilibrium price , then
P(t)=(P,~P,)e“®™ + P and
P(t,) =Py, Py is the initial price.
~P'(t)=(R,—P)e"M'K(a-A)
=P,K(a- A)elEAt _ P.K(a- A)efEAt
=KP,(a— A)e ™' + KP,(a— A)(-e )
Let a(t) = @A p(t) = —eK@A
-~ P'(t) =KPR,(a—A)a(t) + KP,(a— A) b(t)
= P'(t) =a(t)P(u(t)) + b(t)P(t)

Note : When two different systems have the same unique solution, then we will say the two systems are
equivalent to each other.

THEOREM :1
Let u(t) be a function that is its own inverse on an open interval I, U € C*[I] and ty, € | be a fixed point of u.

Let P, be any real number and each of a(t), b(t) be a function of class C™ on I, such that a(t) does not vanish on
the interval | , then the system
P'(t)=a(t)P(u(t)) +b(t)P(t),on I}
P(to) =R
is equivalent to the ordinary second order differential equation system
P"(t) =r(t)P'(t) +s(t)P(t)onl
P(to) = I:)o ... (11
P'(ty) = (a(ty) +b(t,)) R,

Where r(t) = %+b(t) +b(u®)u'()

... (10)

s(t) = % +b'(t) +a®au(t))u’(t) -bOb(u®)u’(®)

Proof :First to show Equation (10) = Equation (11).
As u(t) is its own inverse on |

u (1) =u(t)

=u(u(t)) =t

i.e, u(t) is idempotent

To prove (10) = (11).

i.e, To show if P(t) is a solution of the system (10), then it must be a solution of the system (11).we have range
ofuisl.

So forall t e I,u(t) is in the domain of a(t) and b(t)

Differentiating equation (10)

P"(t) = a(t)P’(u(t))u’(t) +a’(t) P(u(t)) +b(t)P'(t) + b'(t) P(t) ..(12)
Let u(t)=t, then from equation (10)

P(u(t) = a(u®)P(u(u(t)) +b(u() P(u(t)

= P'(u(t)) = a(u(t))P(u(u(t))) +b(u(t)) P(u(t)) .-(13)
From equation (10) ,
pu(n) =~ =2OPE) )

a(t)
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Using (13) and (14) in equation (12) we get
P"(t) = a(t)[a(u(t)P(t) + b(u(t)) P(u(t)]u'(t)
+a'(t)P(u(t)) +b(t)P'(t) +b'(t)P(t)

= P'(t) = a(t){a(u (£)P(t) +b(u (t)){ 0 ;E)t()t)P(t)H“'(t)

} +b(t)P'(t) + b'(t)P(t)

P'(t) —b(t)P(t)
a(t)

+ a’(t){

= P"(t) =[a(t)a(u(®))P(t) + b(u(t)) P'(t) - b(u(t)b(E) P(Ju'(t) + % P'(t)

~ 2O poypeo) +bO)P'(1) + b O P()
a(t)

=P'(t)= {% +b(t) +b(u (t))u’(t)} P'(t)

+ {_ a?(,t()t) b(t) +b'(t) +a(t)a(u(t))u’(t) - b(t)b(u(t))u '(t)} P(t)

= P"(t)=r(t)P'(t) +s(t)P(t), on I
P(t,) =R,

P'(ty) = a(ty)P(u(ty)) + b(t,)P(t,)
= P'(t,) =a(t,)P(ty) +b(ty)P(t,)
= P'(t) =a(t,) R, +b(t,) R,

= P'(t,) = (a(ty) +b(t,) R

Where

r(t)= % +b(t) +b(u(t))u’(t)

s(t) = —% b(t) +b'(t) +a(t)a(u(®))u’(t) —b(t)b(ut)u’(t)

So, Equation (10) = Equation (11).

Again to show Equation (11) = Equation (10),

Let P(t) be the solution to equation (11), we have to show P(t) satisfies equation (10).

Here P(t) exists and is unique as the system (11) is a second order linearly ordinary D.E. whose coefficients are in

ce.

Let [L](t) =P'(t)—a()P(u(t)) —b(t)P(t) ...(15)
Where a(t), b(t) e C*[I]

Here L(t;) = P'(t)) —a(t,) P(u(ty)) —b(t,)P(t,)

= (a(ty) +b(ty))R, —alty)P(u(t,)) —b(ty)P(t,)

= a(to) I:)0 + b(to) I:)o - a(to)P(U (to ) — b(to) I:)0

=a(t))R, +b(t) R, —a(ty)P(t)) —b(t,)R, (-u(t)=t)

=a(t))R, +b(t) R, —alty) R, —b(t,) R

=0

Again, L'(t) = P"(t) —a(t)P'(u(t))u’'(t) —a'(t)P(u(t)) —b(t)P'(t) —b'(t)P(t) ... (16)
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Also, L(u(t)) = P"(u(t)) —a(u(®))P(u(u())) —b(u(t)) P(u())
= L(u®) = P'(u®)) —au®)Pu®) —bu®)Pu®) (. u®=1)

Putting the value of P”"(t) from equation (11) in equation (16), we get

L'(®) =r(©P"(t) +s(t)P®) —a®P (u®)u'®) —a' () P(u®) —b® P () —b'(t)P()

L) = { ((t)) }P ®
_’{ a (zz)l)(t) +b'(t) +a(t)a(u(t))u'(t) —b(t)b(u(t))u’ (t)}P(t)

_a®P' UO)U'®) —a )PU) ~bE)P'(t) —b'E)PE)

=20 by 4 b(t)P (0) + @O P (1) - 2 boyp(t)
a(t) a(t)

FH(P() +at)au()u’tPE) — bObUM)UBPE)
—a®)P (U®)U'H) —a’(t) pu(t)) ~bE)P' (1) b )P ()
— —a(t)P' (UB)U'(t) + at)aUB)UEP()

Fa(u'BbUB)PU() + ((tt)) o'(t)~ 2 ((tt)) b(t)P(t)—a'(t) p(u(t))
FUBU P () —a®Uu ObUB)PU() —bEbUE O)PE)
— —a®U' B[P U() - au(t) PU() —bU®)PU(L)]

a(“)) [P'(t) — a(t)P(u(t) — bt)P(V)]

FhUmUOIP (1) —aPU(®) ~bBP®] () =1)

— a®Uu'BL(u() + {a (“)’ +hu)U (t)}{P' ()~ a)P(u(t)) —bt)P()]

'(t) } L)

=—a(t)u’(t)L(u(t)) +{ a®)
A(t) =-a(t)u’(t), B(t) = 2w, b(u(®)u’(t)
a(t)

= L'(t) = A(t)L(u(t)) + B(t)L(t) where

Thus, we get

..(17)

L'(t) = A(t)L(u(t)) + B(t)L(t)
I—(to) =0 }

The coefficients A(t) and B(t) and the initial condition in (11) are sufficient to establish that,

L(t)=0
= y'(t) —a(t)P(u(t)) —b(t)P(t) =0

= y'(t) =a(t)P(u(t)) + b(t)P(t),

and P(t,) = R,

This shows that P(t) in equation (11) is the solution to equation (10).
So,Equation (11) = Equation (10)

Hence the systems are equivalent to each other.

Example -2 :
In equation (10), let I be the interval (1,5),

a(t) =e @M where K(a— A) =0.1347,
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b(t) = 0.5,P, =1,u(t) =%.

Fixed point of uis t, = J5.

Solution :
The equation (10) looks like

P'(t) =a(t)P (u(t)) + b(t)P(t)
P(to) = I:)o

= P'(t) =X P(%)+O.5P(t)
p(v5)=1

= P'(t) = %" P(%) +0.5P(t),t € (L5)
P(5)=1

and this is equivalent to the ordinary second order D.E.
P*"(t) =r(t)P'(t) +s(t)P(t), te(L5)

P(to) =R

P'(t,) = (a(ty) + b(t)) R

= P"({t)=r{)P'(t) +s(t)P(t), t e (15)
P(V5)=1

P(\5)=(e"254%% 4 0.5} = "4 0,5 18513

where r(t) = ZT(tt)) +b(t) +b(u(t)) u'(t)

0.1347 _
ZMLW-“O-E{TEJ

... (18)

0.1347t
€

=0.1347+0. 5—?

2
_06347_?: 06347t§ -25

s(t) =2 (?;’( )+ b(t) +a(ta(ut)u'(t) —bE)buB)U'®)

B 0.1347
_ 0.1347e ><0-5_|_O_|_601347te(O _05x0. 5(_?)

01347
e

7t+5(0.1t347) 125
+

——0.06735+¢ .
t

0.1347%%+0.6735

= 12:5 +e ! —0.06735

t2

0.134712+0.6735

_125+t% ¢t —0.06735
- .
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s0, P"(t) = r(t)P'(t) + S(t)P (1), t e (L5)
0.6347t* - 2.5
r() = e
0.1347%%+0.6735

12.5+t% ! —0.06735t* - (19)
t2

s(t) =
plv5)-1
P'(v5)=1.8513

Now, P'(t) =e%***" P(%) +0.5P(t)

=% 05p(t)=eoin P[Ej
dt t
Let P(t) =v
SRy p@
d t

dv 01347t

:E—OBV:G , which is a linear D.E.

Integrating factor (1.F) = e o

So, Vew.st :Ie—0.5t60.1347tdt
:VE—O.St :J‘e(0.134770.5)tdt

— Ve—O.St _ 1670'3653dt

03652
—ost _ €

————+cC
—-0.3653

~ o(-03653:05)t

—+
—0.3653

0.1347%

V=———+4C
—0.3653

0.1347
e

=>Pt)=——2+
~0.3653
As P(V5)=1

eo.1347xJ§
_ i Ceo.5x«/§

=]1=—
—0.3653

11314 (3.0588)
0.3653

—1=-3.6994 + (3.0588)
— (3.0588)c =1+ 3.6994
. 46004
3.0588

= Ve

0.5t

0.5t

ce 0.5t

=1.5363 (Approx.)
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eO.1347t
P(t) = ————— +1.5363x "
—0.3653
0.1347¢%134?
= P'(t)= =" +(0.5)(1.5363)e""
® ~ 0.3553 (0.5)( )
. (0.1347)%e%34? 05t
P"(t) = +(0.5)(0.5)(1.5363) x e
(t) 03553 (0.5)(0.5)( ) X
= P"(t) = (—0.0496) e®***" 4+ (0.3840)e"" ... (20)
Again r(t) P'(t)+s(t) p(t)
2 0.1347
_ 063472 25 0.1347e +O5X15363X805t
t —0.3653
2 t . 2 0.1347
j(125+te T —0.0673 ( ¢ +1.5363xe°'5tJ @
t -~ 3
As,b(t) =0.5

—e AN =05
= e—0.1347t — 05
— ~0.1347t = log(0.5)

. log(0.5)
—-0.1347

=1=2.23¢(15), taking logarithmic with base 10.
Using t = 2.23, we conclude that the equations (18) and (19) are equivalent.

I1. Conclusion

In this paper, we have introduced Delay Differential Equations involving market equilibrium. Further two
methods MOC and MOS are used in solving DDEs. We have also shown that differentiation can be used as a
method for solving IDEs. Also stability of the equilibrium is discussed in the theorem of this paper. This theorem
can also be extended to the ordinary third order differential equation.
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