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Abstract: The aim of this paper is to study of a mathematical model for two phase pulmonary blood flow in
arterioles. Here blood has been represented by non-Newtonian fluid obeying Herschel Bulkley fluid. We have
collected clinical data of the patient in case of TB. The problem is solved by using numerical techniques with
help of boundary conditions and results are displayed graphically for hematocrit and pressure drop. The
graphical presentation for particular value is much closer to clinical observation.
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I.  Introduction
1.1 Blood composition:

Blood consists of plasma with red blood cells, white blood cells, and platelets in suspension. The
primary function of RBC is to transport oxygen, and carbon dioxide. Plasma is comprised of 93% water and 3%
particles.WBC is an important part of the immune system and platelets are a vital component of blood clotting
mechanism. RBC comprises more than 99% of all blood cells [1].

1.2 Description of arterioles:

An arteriole is a small diameter blood vessel in the microcirculation that extends and branches out from
an artery and leads to capillarity[2].

Arterioles have muscular walls and the primary site of vascular resistance. The greatest change in blood
pressure and blood flow occurs at the transition of arterioles to capillaries. The decreased velocity of flow in the
capillaries increases the blood pressure, due to Bernoulli’s principal. The induced gas and nutrients to move
from blood to the cells, due to the lower osmotic pressure outside the capillary. The opposite process occurs
when the blood leaves the capillary and enters the veinules where the blood pressure drops due to an increase in
flow rate. Arterioles receive autonomic nervous system innervations and respond to various circulatory
hormones in order to regulate their diameter. Retinal vessels lack a functional sympathetic innervations[3].

1.3 Pulmonary circulation:

The pulmonary circulation has the function of delivering a layer of blood about .01 mm in thickness to
this very large surface. It is spread out over this tremendous area and taken up again in an average period of 6
seconds. During those 6 seconds. The blood remains in the pulmonary capillary from one tenth to one hundredth
of a second. It is in the short time that the respiratory exchange takes place [4].

1.4 Structure and function of lungs:

The lungs are the main organ of the lower respiratory tract and responsible for the exchange of oxygen,
which is necessary for cellular processes. For carbon dioxide a cellular waste product. Atmospheric
Air which contains mostly nitrogen and oxygen is inhaled through the upper respiratory system into the lungs.
The oxygen passes into the circulation and carbon dioxide is exhaled out from the lungs through the mouth and
nose along with the nitrogen and other gases the body does not use. This is the process known as breathing.
Oxygen is necessary for cellular processes, but the gas exchange that occurs in the lungs is also important for
maintaining blood pH. The exchange occurs due to differences in the pressure in the lungs, atmosphere and
blood. Exhalation occurs passively, whereas inhalation requires energy. [5]
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Gray’s anatomy of the human body, 20" edition 1918. [6] .The
lungs main function is to help oxygen from the air, we breathe
enter the red blood cells in the blood. Then RBC carry oxygen
around the body to be used in the cells found in our body. The
lungs also help the body to get rid of carbon di oxide, when we
breathe out; there are a number of other jobs carried out by the
lungs that include-

e Changing the PH of blood by increasing or decreasing the

amount of carbon- di- oxide in the body.

e  Filtering out small gas bubbles that may occur in the blood

stream.
e Converting a chemical in the blood called angiotensin | to
angiotensin Il.  These chemicals are important in the

control of bloodpressure.[7]

Figure 1

1.5 Lungs disease (T.B.):

Tuberculosis (TB) is an airborne disease caused by mycobacterium tuberculosis that usually affacts the
lungs leading to severe coughing, fever and chest pain.[8] it is primarily transmitted by the resipiratory route,
individuals with active disease may infect others if the airborne particles they produce when they talk, cough or
sing are inhaled by others. More recently, a highly visible world health organization effort to promote a unified
global control strategy, tuberculosis remains a leading cause of infectious mortality. During tuberculosis
approximately two millions deaths each year.[9]

1. Real Model
2.1 Choice of frame of reference:

We have to select a frame of reference for mathematical modeling of the state of moving blood.
Keeping in view the difficulty and generality of the problem of the blood flow. We select generalized three
dimensional orthogonal curvilinear coordinate system, briefly prescribed as E3 called as 3-dim Euclidean space.
We interpret the quantities related to blood flow in tensorial form which is comparatively more realistic, the
biophysical laws thus expressed fully hold good in any coordinate system, which is compulsion for the
truthfulness of the law. [10]

Now let the coordinate axes be OX', where O is origin. And let X' be the co-ordinate of any point P in
space, where i=1, 2, 3. The mathematical description of the state if moving blood is affected by means of
functions, which give the distribution of the blood velocity v* = v¥(X',t) where k=1, 2, 3 and of any two
thermodynamic quantities pertaining to the blood. For instance the pressure p = p(X!,t) and the densityp =
p(Xi,t). As is well known, all the thermodynamic quantities are determined by the values any two of them.
Together with the equate of state. Hence if we are given five quantities namely the three components of
velocityv¥, the pressure p and densityp. The state of moving blood is completely determined. All these
quantities are function of the co-ordinates X', i=1, 2, 3 and of time t. we emphasize that v¥(X', t) is the velocity
of the blood at a given point X! in space and at a given t. i.e. it refers to fixed point in space and not to fixed
particles of the blood. [11]

Figure 2
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Blood is a mixed fluid; mainly there are two phases in blood. The first phase is red blood cells and
other is plasma. The blood cells are enclosed with a semi permeable membrane whose density is greater than
that of plasma these blood cells are uniformly distributed in plasma. Thus blood can be considered as a
homogenous mixture of two phases [12].

111. Basic Bio-Fluid Equation For Two Phase Blood Flow
3.1 Equation of continuity for two phase blood flow:
The flow of blood is affected by presence of blood cells. This effect is directly proportional to the
volume occupied by blood cells [13]. Let the volume portion covered by blood cells in unit volume be X, this X
is replaced by H/100, where H is hematocrit the volume percentage of blood cells. Then the volume portion
covered by the plasma will be 1 — X, then the mass ratio of blood cells to plasma is:

_ Xpc
r= (1-X)pp @

Where p_ and p, are densities of blood cells and blood plasma respectively. Usually this mass ratio is not a
constant; even then this may be supposed to constant in present context (1986).The both phase of blood, i.e.

blood cells and plasma move with the common velocity. Hence equation of continuity for two phases according
to the principle of conservation of mass [13].

a(Xpe .
P) 4 (Xpevi); = 0 )

at

a(1-X) i
And Tpp+ {A-Xp, v} =0 (3)

Where v is common velocity of two phase blood cells and plasma.

If we define the uniform density of the blood p_ as follow:
14r _ r 1

+ = (@)

Pm Pc Pp

Then equation (2) and (3) implies that

9py i —
S+ (p,v'), =0 ®)

3.2 Equation of motion for blood flow:

The hydro dynamical pressure between the two phases of blood can be supposed to be uniform because
the both phases (red blood cells and plasma) are always is in equilibrium state in blood.

Taking viscosity coefficient of blood cells to be n. and applying the principle of conservation of
momentum in pulmonary circulatory system. We get the equation of motion for the two phases of blood cells as
follows-

Xpe 5+ (Xpev)vi = —XPgl + Xnc(ghvi,) (6)

Similarly taking the viscosity coefficient of plasma, equation of motion for plasma will be as follows:

avi e, i ij Ky i
(1=X)p, ==+ {1 = X)pv'}v)j = —(1 = X)Pgh + (—Xmc(g"vi). @)

From equation (4), (6) and (7), then the equation of motion for two phase blood flow is:

vl N i G
P 5 T (PmVDV) = —Pg +ny (g% vi) ®)

Where 7, = Xn.+(1—X)n, isthe viscosity coefficient of blood as mixture of two phases.

3.3 Choice of parameters:
blood is non Newtonian fluids, then using the constitutive equation for fluids
=ne™n

If n=1 then he nature of fluid is Newtonian and if n#1 then the nature of fluid is non Newtonian. where
T is denoted by stress , e is denoted by strain rate this constitutive equation is called Herschel Bulkley non
Newtonian law and n is denoted by the parameter, these equation uses equation of motion. In present study there

DOI: 10.9790/5728-1503026572 www.iosrjournals.org 67 | Page



Mathematical Study Of Two Phase Pulmonary Blood Flow In Arterioles During Tuberculosis

are five parameters are used but three parameters are frequently used namely velocity, pressure P and density p.
[14]

3.4 Choice of constitutive equation:
We have using in two phase blood flow through arterioles and whose constitutive equation is as follows-
T =nne"+T, (T'>T,)
Where T, is the yield stress.
When strain rate e = 0 (T' < Tp), a core region is formed which flows just like a plug.
We get,
prr? = T,2mr,
T,
r, =2 ?” 9)

Figure 3. Herschel- Bulkley blood flow

The constitutive equation for test part of the blood vessels is
T =Mpen + Tp
T —T,= nue" =T,
Here T, = effective stress
Whose generalized form will be as follows:-
TV = —pg¥ + Teij
Where T? = 1n,,(e¥)"while eV = g/k v}
Where, the symbols have their usual meanings.
Now we describe the basic equation for Herschel Bulkley blood flow as follows:

Equation of continuity:

1
- =0
4/9\/ (gvH),i
Equation of motion:
Pm s + pmvjvi =-TVe¢ (10)
dt )

Since the blood vessels are cylindrical; the above governing equations have to be transformed into cylindrical
co-ordinates.

xt=rx*=6,x3=z
Matrix of metric tensor in cylindrical co-ordinates is [gij] and matrix of conjugate metric tensor is [g¥]
whereas the chritoffel’s symbols of second kind are as follows:

{21 2} = -7, {2 1 2} = {2 1 2} = % Remaining others is zero.

The governing tensorial equations can be transformed into cylindrical forms which are follows
The equation of continuity:-
av
on
The equation of motion:-
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.o 9P _
R-component: Pl 0

. _ ap Nm av \"
Z-component: 0 = — Pyt e [r (7) ] (11)
Here, this fact has been taken in view that the blood flow is axially symmetric in arterioles concerned, i.e.

vy = 0 and v, ,v, and p do not depend upon 6.

mew=WﬂaMP=P@MM°=‘%+%PGSW

Since pressure gradient: - — Z—’Z’ =P
dv\™ pr2
r (E) - 2Nm +4
We apply boundary conditions atr = 0,v = v, then A = 0.
1

dv ( Pr );T
dr 2Nm

1

dv _ %Pr—%Prp n
dr Nm
1

2o () () w2

Integrating above equation under the no slip boundary condition v = 0,at = R so as we get

1 1 1
_n P \n —+1 —+1
V= m (m) [(R - Tp)" - (T' - Tp)n ] (13)
Above formula for velocity of blood flow in arterioles veinules and veins.
Putting r = 7, to get the velocity v, of plug flow as follows:
= L +1
" (P VY (p_yr)
v =15 (Gn) ®R=7) (14)
V. Analysis (Solution)
Observations: - hematocrit vs. blood pressure by dr.
Patient name: - Radha Tiwari
Diagnosis: - Tuberculosis
Date BP(mmhg) BP (Pascal) HB Hematocrit
28/9/15 100/60 13332.2/7999.32 13.2 39.6
29/9/15 90/60 11998.98/7999.32 13.5 405
30/09/15 104/66 13865.28/8799.12 11.4 34.2
1/10/2015 112/72 14931.84/9599.04 117 35.1
2/10/2015 125/90 16665.0/11998.8 10.9 327
Table 1

The flow flux of two phased blood flow in arterioles:-
Q= for” 2w rV,dr + er 2nrVdr
p
1 1

- 1 - 1 1
= for” 2nr n"? (%)" (R-r, )Tr1 dr + for” 2nr (ﬁ)” [(R -7, );+1 —(r- rp)zﬂ] dr

R

1 1 1 1 1 l+3
_2m( P \n —+1[r2]P? | 2an (P \u|[r? ot (o)t | (o)t
=i ) R =) 5]+ ) [7 (R=r)™ T (5+23’(;+3)l

1 [ 1 1 ry\it? NGOl
__m Jl’l—HZi< _ﬁ)”l e 20-%)" 2(1-%) |
¢ n+1(2nm> R le 1 R +(1+R)(1 R) (%4—2) +(%+2)(%+3)J

Here Q =425 ml/min =0.0071 l/sec
R=1, r=13 ™

DOI: 10.9790/5728-1503026572 www.iosrjournals.org 69 | Page



Mathematical Study Of Two Phase Pulmonary Blood Flow In Arterioles During Tuberculosis

Nm = 0.027 pascal sec
n, = 0.0013 pascal sec Bl
Average systolic pressure = 14158.66 Pascal

Average diastolic pressure = 9279.12 Pascal

P; = pressure on arterioles = DZLS =11718.89 Pascal

RACIY)
P; = pressure on veins = -2 — 6999.337 Pascal

Length of arterioles (z; — z;) = 0.00095 meter [15]
Now
Nm = NeX 41, (1 - X)
— 34.2

When X = = =32 _ 9342
100 100

0.027 = 1,(0.342) + 0.0013(1-0.342)
1. = 0.07645

Again,

Nm = ncX+7’p (1 - X)

flm = 0.0007515H+ 0.0013

Now,
1
_ 2p \n 2 [ 26n3+33n2+9n
Q= T[(%) 5[6n3+11n2+6n+1]
1
27Q _ ( P \n [ 26n3+33n2+9n
o (%) (6n3+11n2+6n+1)
3 2
Let A = 263n +332n +9n
6n°+1ln<+6n+1 n
P 27Q
30, (ZnA)
P (27Q)n 3
=|l— X
2nA hm
T ap
. T T dz
Implies that dp = —Pdz
Y dpP i —27Q ' 3n,,dZ
= — X
fpi f (ZnA) T

Where
Pressure drop = P-P;
Length of arterioles = z; — z;
27Q\"
=P = <211_A) X 3N (2 — 2;)

By substituting all values, we get n = -3.71911
Again,
27Q _ (A_pL)% 26n3+33n%+9n

6n3+11n2+6n+1

2m Az 3ny

27Q 6n°+11n*+6n+1]" Ap 1
— X -
21 26n3 + 33n? + 9n Az 3N,
27Q 6n®+11n% + 6n + 1]“

AP = Az. P

Z 3N [ 2m 26m° + 33n% + 9n
Substituting the value of n,, , Az, Q and n,
We get

-3.71911

AP = Az3n,, (22 x 0.2638245368)
AP = 3n,, X 58293.89234
AP = 3(0.0007515H + 0.0013) x 58293.89234

Ap = 131.4235803H + 227.3461801
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V. Result and Discussion

We get values of pressure drop if hematocrit known, by using above equation.

Hematocrit 39.6 40.5 34.2 35.1 32.7
Pressure drop | 5431.71996 5550.001182 4722.032626 484 0.313848 4524.897256
Table 2.
6000
550.1 w=-252.3x+5770.
>000 4032
’ 4524.89
4000
—l—x
3000
——PD
2000 Linear (PD)
1000
D . T T T T 1
39.6 40.5 34.2 351 32.7
Graph 1

V1. Conclusion

In bio physical interpretation we have taken the clinical data regarding with blood pressure and hematocrit of
TB patient and there is formed a linear relation. Y = -252.3x + 5770

By using two phase non Newtonian model Herschel Bulkley and draw the graph pressure drop and hematocrit
and trend of the graph shows the relation just similar to two phase relation.

Nm = N X4, (1 = X) Where X = — .

100
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