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Abstract: In this work we considered nonlinear ordinary differential equations to study the dynamics of
hepatitis B virus (HBV) epidemics within the host. We proved that the invariant and bounded ness of the
solution of the dynamical system. We used a nonlinear stability analysis method for proving the local and global
stability of the existing equilibrium points. We found that the diseases free equilibrium point and endemic
equilibrium point exist for some conditions.We proved that the disease free equilibrium point is locally
asymptotically stable and also globally asymptotically stable. We found that the basic reproduction number for
the system is
— po qr
G+w)(u+r+0)  A+n)(u+m+6)
found that the numerical value of the basic reproduction number is Ry = 2.944234214. From this numerical
value we conclude that the disease spreads in the host. Out of these nine parameters we identified four effective
parameters which contribute significant role in the spread of the disease; and these are the death rate of free
virusu, rate of infection of healthy blood cell &, the rate of cure of infected blood cell Aand the death rate of
infected blood celln. Out of these four effective parameters we identified thatthe most influential parameter is
the death rate of free virus u. We also conduct numerical simulations which support the finding in the sensitivity
analysis.
Key words:-Hepatitis B virus (HBV), local stability, global stability, reproduction number, sensitivity, CD8* T
cells, numerical simulation.

Ry which depends on nine parameters. Using standard parameter estimation we
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I.  Introduction

Hepatitis refers to inflammation of the liver. Such inflammation can be caused by alcohol, certain
medications and chemicals or by viral infection. Possible forms of transmission include sexual contact, blood
transfusions and transfusion with other human blood products and possibly from mother to child during
childbirth. HBV is such viral pathogens which infect liver cells (hepatocytes) and blood cells [* @ HBV is
known to be the most common causes of hepatocellular carcinoma in the world ™. More than 780, 000 people
die every year due to the acute or chronic consequences of hepatitis B virus " Hepatitis B is a potentially life-
threatening liver infectioncaused by the hepatitis B virus. It is a major global health problem. It can cause
chronic liver disease and chronic infection and puts people at high risk of death from cirrhosis of the liver and
hepatocellular carcinoma (liver cancer) ™. Infections of hepatitis B occur only if the virus is able to enter the
blood streamand reach the liver. Once in the liver, the virus reproduces and releases large numbers of
newviruses into the blood stream .

HBYV — specific CD8* T cells are believed to play a critical role in the control of HBV replication but
are also implicated in the pathogenesis of the disease by destruction of infected liver cells & 11 @4l Thijs Ag-
specific killing of infected hepatocytes was initially believed to be the main mechanism by which CD8* T cells
control HBV infection. However, this concept was challenged by a series of studies in HBV transgenic mice &
2 and HBV-infected chimpanzees which revealed the mechanism of non-cytolytic inhibition of HBV
replication. HBV specific CD8* T cells could inhibit HBV replication without lysis of infected hepatocytes.
Upon activation these immune cells were shown to produce cytokines such asinterferon

(IFN — y)and lamivudine (TNF — a), which suppressed HBV gene expression and replication without
destroying the infected hepatocytes and blood cells. This key antiviral mechanism of non-cytolytic HBV control
mediated by CD8* T cells has not been fully examined using human effector and target cells - .

Mathematical Models in Epidemiology plays an important role to predict how the disease spread and
gives strategies how to control it. The earliest account of mathematical modeling of spread of disease was
carried out in 1766 by Daniel Bernoulli. Trained as a physician, Bernoulli created a mathematical model to
defend the practice of inoculating against smallpox ™' The modeling of infectious diseases is a tool which has
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been used to study the mechanisms by which diseases spread, to predict the future course of an outbreak and to
evaluate strategies to control an epidemic .

In the study of Global analysis of a general HBV infection model, Xinjian Zhuo™® *1 considered a
model which included the loss of free virus particles when free virus infected an uninfected cell and the loss of
infected cells due to a non-cytolytic cure process. They showed that an endemic equilibrium point of their model
was globally asymptotically stable. In their research on sensitivity and stability analysis of Hepatitis B Virus
Model with Non-Cytolytic cure process and Logistic Hepatocyte Growth Koonprasert S, Moore EJ,
Banyatlersthaworn .S. 1), includes a logistic growth term for uninfectedcells, a mass action term for infection of
uninfected cells, a free virus term, a loss of free viruses on infection of a cell, and a non-cytolytic cure process.

In this paper, we consider a Mathematical model which includes a logistic growth term for both healthy
liver and blood cells, a mass action term for infection of uninfected cells, a free virus term, a loss of free viruses
on infection of a cell, and a non-cytolytic cure process with specific CD8% T cells that could inhibit HBV
replication. We study the equilibrium points of the model, prove their global asymptotic stability, and study their
sensitivity to changes in parameter values.

Il. The Mathematical Model

Our initial model I is represented by three ordinary differential equations which considered three
compartments. The extended model considers five compartments and is represented by five ordinary differential
equations by adding the following basic assumptions. Let L (t) is the number of healthy liver cell (hepatocyte),
L;(t) is the number of infected liver cell, v(t)is the concentration of free viruses in the liver and blood, By, (t) is
the number of healthy blood cell and B;(t) is the number of infected blood cell at a time t.HBV attacks both
healthy liver cell and blood cells. Once the liver cell and blood cell are infected they never infected again.
Healthy liver cell and blood cell are replicate/proliferate because of stem cell by logistic growth

0(1—%) and zp(l—Bhk—J;B") respectively.The infected hepatocytes and blood cell does not
1

OLpv nBpv

proliferate.Healthy liver cell and blood cell are infected by the mass action low P and P
h h

respectively.Infected liver cell and blood cell are producing free additional viruses. Infected cells are cured by
non-cytolytic cure processes. Infected cells and viruses are naturally died. To decrease or eliminate HBV

production and viral infection in the Iiver,“”" + 2% must be reduced.
Based on these assumptions we construct the following flow chart for the dynamical system of (1) — (5).

Ly+v Bh-HJ,

T[Bh]
Bh+v v

FIGUREL: The flow chart of the HBV model

The parameters and their expression in the model are defined in Table-1

Parameters Expression
o intrinsic growth rate healthy liver cell
P intrinsic growth rate healthy blood cell
ky carrying capacity of the liver for liver cell
ko carrying capacity of the blood for blood cell
2] rate of infection of liver cell by free virus

T rate of infection of blood cell by free virus

w rate of cure of infected liver cells by non-cytolytic cure process
2 rate of cure of infected blood cells by non-cytolytic cure process
p rate of release of free viruses by an infected liver cell
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rate of release of free viruses by an infected blood cell
death rate of infected liver cells

death rate of infected blood cells

death rate of free virus

TABLE 1: Parameters representation and their expression

= S 5o

a. Dynamics of the model
Based on the above basic assumptions and flow chart we do have the following systems of ordinary differential
equations which represents the dynamics of the considered HBV disease.

%za[l—L"H]L + L—fL—i’; )
o thi’; — (6 + W)L, @)

o= phi+aB = |u ] ©
dﬂ—lp[ — 2 By + 4B~ T (4)
i e GRSk ©)

b. Positivity and boundedness

The feasible region of the model is the region in which all populations are nonnegative and bounded. We now
prove that this region is invariant, i.e., if the initial populations are in the feasible region then they remain in the
feasible region for all time. For the model equations (1) to (5) to be epidemiologically meaningful and well
posed, we need to prove that all the state variables are non-negative.

Theorem-1 - for positivity of solutions:

SupposeL; (0) = 0,L;(0) = 0,v(0) = 0,B,(0) = 0 and B;(0) = 0, then the solution region
{L, (1), L;(t), v(t), B, (t), B;(t)}of the system of equations (1) to (5) is always non negative fort > 0.

Proof

By considering the five ordinary differential equations and after taking some steps on finding their solution we

do have
b
)

. dL Lp+L; OLpv
. b= g1 ]L+L— h
dt Lp+v
b N 2 _q 2Lp+b
2d t+c+( )lJ4 y bzt an Trai o2
b+ |b2-4a| d—e

Whose solution is L, = ” >0
2d t+c+(L—v)[ 2 tan 1 2Lpth ” 2a t+c+(£—v)[ z tan 1 2Lyth }
By assumingd > e 24 aad b Vaad-bZl]ang p2 > 4a(d —e 2¢ /| faad b2 Vaad —b2

hi — 8Lh¥ _ (§ + w)L; whose solution is L;(£) = —— 4 ce=(6+a)t > 0 since

dt  Lp+v 6+w)(Lp+v)

_ Y 5 0 and ce~@+o) > 0.
(+w)(Lp+v)

d_v _ th TTBh - -
iii. =plL; +¢gB; [M + P + Bh+v] v whose solution is

[3ab+(f+e( 3ut +c1))_2 ]
(1) 0

3 34 2 3
M+(f+e—3ut+c1) \/ ——ﬁ—(f+ ‘3"”51)> N (b—%)

—~ > 0. By letting

x = and
27
1
3 2 3 3 1 1
3ab _ 2 = 2
3“”+(f+e—3ut+61) ——L—(f’re 3‘“”1)) (b—%) ) x3+y3— (b—“—)
y = + > , and by assuming m < 2.
2

a 4
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Bh+B

iv. %=¢[1 ]Bh

2 _1,2aBp+b
2a[t+c+(z=—v)[ tan ~1
bijb2—4a<d—e eIty N raapz™ (J4ad—b2)]]>

B, = - > 0.By assuming
b 2 —1,2aBp+b
bz > 4a(d _ eZa[t+c+(2a U)[\/4ad 7b2tan Jiad 7b2)]]
dBi _ mBnv _ ) ionis B. —__ "B -+t i __TBav
V. & Bt (A + n)B; whose solution is B;(t) TGt + ce > 0 since TGt
and ce~4+Mt > (.
Theorem — 2 — for boundedness of solutions
The feasible region Q of the dynamical system (1) — (5) defined by
(Lh(t) Li(t), By (), B;(©),v()) € R3 U (0,0,0,0,0)|0 < L, (t) < ky, < L;i(t) < k3,
= , it is bounded
0< B,(t) < ky,0< Bi(t) < kg 0<v(t) < ”"3:‘”‘4
Proof
We need to show thatif(L; (0), L;(0), B, (0), B;(0), v(0))e £, then the solution of
(Lh(t) L;(t), B, (t), B;(t), v(t)) € Q for all timet.
i Consider the first ordinary differential equation
dLp _ _ Lp+L; o 6Lpv . .
- = [1 e ]Lh + wl; et and after some simplifications we have
k
Ly(t) € —— ot
(k1-Lp(0)e
1+ O
Thus,
: : k o)
lim,_,, supiid, (t) <lim,_,, sup WEL’S ky
Lp (0)
Hence Ly (t) is bounded.
ii. the second ordinary differential equation
% = (ZL—iZ — (6 + w)L; , and after some simplifications we do have
h

Li(t) < —GkCozs_i((i‘Jer L 4 cem(0Fo),
Thus,
llmt_,oo Sup /_L (t) < llmt_,oo Sup (ﬂle(f) [L (0) _ 9k117(0)] _(5+w)t),;-(k k3
Hence L;(t) is bounded
iii. Consider the third ordinary differential equation,

d_u _ 6Ly nBy
- pL + qB [‘u + Lp+v Bh+v]

And after some simplifications we do have

v(t) < pk3+qks  [pk3+qks—pv(0)] e i,
u u

Thus,
----- pk3+qks [Pk3+qk4 v (0] ——

iv. Consider the fourth ordinary differential equatlon
dﬂ _ Bh+B _ nBpv

=y[1 -2 B+ 2B, - T4
And after some S|mpI|f|cat|ons we do have

ko
<
By(t) < CERD I
1+[7Bh(0) le~¥
Thus,
lim, ¢, supi®y, (t) <lim,_,, sup G Bkz(())) K k.. Hence By, (t) is bounded.
2=5h _
M OR v

V. Consider the fifth ordinary differential equation
dBi _ mBav .
dt ~ Bp+v (A +mB;

And after some simplifications, we have
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. wkyv [ ) _ nkzv(O)] —(A+)t whkov
B;(t) < pye + |B;(0) prye < T = ky.
Thus,

I11. Equilibrium points of the dynamical system
3.1. Disease Free Equilibrium point /DFE/
The disease equilibrium point is obtained by assuming that there is no hepatitis B virus, infected liver and blood
cells. So the value of L; = B; = v = 0 And by making the right hand side of the dynamical system (1) - (5)
equal to zero we get the disease free equilibrium pointis (L, L;, v, By, B;) = (k1,0,0, k,, 0).

3.2. Determination of basic reproduction Number R,

The main concepts in modeling outbreaks of infectious diseases are the basic reproductive number,
universally denoted byR,. The reproduction number is defined as the average number of secondary cases
produced by a typical infected individual during his or her entire life as infectious or infectious period when
introduced or allowed to live in a population of susceptible which can be calculated using the next-generation
method of van den Driessche and Watmough [23]. In the dynamical system (1)-(5) the rate of appearance of
new infections F and the transfer rate of individuals V at the disease free steady state (Lj,L;,v,By,B;) =

006 00 tla 0 o o O
[0 0 m 0 0] 0 b 00 O
(k1,0,0,k,,0)isF=10 0 0 0 O, V(Xp)=|"P -9 ¢ 0o Ofand
|0 0 0 0 0| d 0 o O
l() 0 0 0 0J 0 e 0 0 Y
[ 1/a 0 0 0 01
| o /b 0 0 0 |
V-1 =| p/ac q/bc  1/c 0 0 | The spectral radius or Eigen value of FV ~is the required basic
—d/oa 0 0 1/o0 O
|l o —emwbp 0o o0 1/l
pé qm

reproduction number obtained by R, = i T Grwirey

3.3. Local stability of the disease-free equilibrium point

Theorem — 3:

The disease free equilibrium point (L, L;, v, By, B;) = (k1,0,0, k5, 0) of the dynamical system (1) - (5) is
locally asymptotically stable if Ry < 1 and unstable if Ry > 1

Proof

The Jacobean matrix of the dynamical system (1) — (5) at the DFE point

(Ly, Li,v, By, B;) = (k1,0,0,k5,0) is:

-6 wW-—0 -0 0 0
| 0 —(5 + 0.)) 0 0 0 |
](kl'O'O'kZ'O) =](D) =0 p _(M+9+T[) 0 q
| 0 0 - - -y |
| 0 0 s 0o -1+ n)J
The corresponding characteristic equation for the eigenvalue Z is
—(oc+2) d -0 0 0
0 —(a+2) 6 0 0
0 p —(c+2) 0 q =0
0 0 -r —@+z) A-Y
0 0 I 0 —(b+2z)

Thatis (6 + 2)(¥ + z)[—(a +2)(b+2)(c+2z)—[-pob+2) —qn(a + z)]] =0

z1=—0 or z, = —Yor [(a+2z)(b+2)(c+2)—[pod(b+2)+qn(a+2)]=0

For the cubic equation

[23+ (a+b+c)z? + (ab + ac + bc)z + abc — pOb — pbz — qma — qrz] = 0

We used RouthHurwitz stability criterion and we get the solution of are all negative. Therefore the disease free
equilibrium point is locally asymptotically stable.

3.4. Global stability of disease-free equilibrium point

Theorem — 4:

If Ry < 1, then the disease free equilibrium point D (L, L;, v, By, B;) = (k4,0,0, k,, 0) of the dynamical system
(1) - (5) is globally asymptotically stable.
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Proof
Let the Liapunov function
V:(R*)®> — R* it is defined by

V(Ly, Li,v, By, By) = Ly — L9 — L9 In (L—g) +-2 L +v+B, — B —BIniE%) + - B, at the disease
Ly §+w By A+n

equilibrium point (L9, L%, v°, BY, B?) = (k;,0,0,k,,0). V is continuous function for all (L,,L;,v,B,,B;) €

(R)°U (0,0,0,00) and has 1% order partial derivatives. |V, it has minimum at
_ S _ v _ 9V diy p oVdL; , 9V dBy
(Ly, L;,v, By, B)) = (k4,0,0, k4, 0), which is V(kq,0,0, k,,0) = 0. Now i g Timona Tam a

q 9V dB; , oVdv S -_( _ﬁ)dLh p_dL; | dv ( _B_,?)ch q dB; .
A+n 0B; dt t o which implies that V = (1 Ly/ dt tiea Tatl By/ dt +,1+,7 dc That is
v _ _
dt

n
htv

v <0.

S§+w Lp+v

Tk — L2+ (ke — B2 = l(2 = 21, — k. | -2~ - 9)\p —
[ 0 = 1007 4 20 = 87 - [[(2=525) 1o = ] b (2= 35 B -
For (1—&)1{1 > 0 and (1—%)@ > 0.Thus, for v=0andt — o, we have L; » 0,B; » 0,L, —
k, and B, - ky; for Ry, <1,V <0 and hence the disease free equilibrium point D(Ly,L;, v, By, B;) =
(k1,0,0, k,,0) of model (3.1) is globally asymptotically stable.

3.5. Endemic equilibrium point
To determine the endemic equilibrium point we make the right hand side of the dynamical system (1) - (5) equal
to zero, that is

dLh_ [ Lh +LL:|L + ol Gth —0
ac ° k, 1PN T T
dt L, +v @)% =

W oL +qB [+9L"+ﬂBh =0
ac PH TS T T T, vl T
ch_ [ Bh +Bl]B + 2B T[Bhv —0
dt k, h B 4v
dB;  mByv (A48 =0

dt ~ B, +v E=

Thus after some calculation we get the endemic equilibrium point is
(Lh, Li, v, By, B) =
((c—dv*)+ (c—dv*)%+ev* 9[(0—0“7*)"' (c—dv*)z+ev*]v* v (g—mv*)+J/(g—mv*)2+rv* w[(g-mv*)+ (g—mv*)2+rv*]v*>

f ’ a[(f—d)v*+ (c—dv*)2+ev*+c] T s " b[(s—m)v*+y(g—mv*)Z+rv*+g]
H __br __4
Provided that R, > 1,1 B > 0 andl1 T > 0.
3.6. Local stability of endemic equilibrium point

Theorem - 5:
The endemic equilibrium point

((c—dv*)+ (c—dv)2+ev” 9[(c—dv*)+ (C—dv*)z+ev*]v* - (G—mv")H/(g—mv 2o w[(g—mv)+ (g—mv*)2+rv*]v*>ofthe

f ’ a[(f—d)v*+ (c—dv*)2+ev*+c] T s " b[(s—m)v*+/(g—mv*) 2 4rv*+g]
dynamical system (1) - (5)is locally asymptotically stable if Ry > 1.
Proof
TheJacobean matrix of the dynamical system (1) - (5) at the endemic equilibrium point is
[—(m +a) —g -b 0 0 1
a —e b 0 0
J= | —a p —(u+b+d) —C q IWhere,
| o 0 —d —(n+c) -1
l o 0 d ¢ —fl
.2 . .2
a= HV*22’ _ 0Ly Lc= nvzz’ _ nBy 2,e=6+(u;
(Ly+v*) (Ly+v*) (Br+v*) (Bp+v*)
f=A+ng=7Li-ol :k“’—zB;; —am ==k + 2L + L,
n= Z’—Z[—kz +2B; + Bf] andh = :—1Lh —w < o0—w>0,because L, < kq and intrinsic growth rate is larger
Y

than the curing rate. Also [ = o Bh = A<y —21>0.
2
The corresponding characteristic equation for the eigenvalue t is
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—(x+1t) -9 —b 0 0
a —(e+1t) b 0 0
—-a p —-(y+1t) —c q =0
0 0 —d —(z+1) -1
0 0 d c —(f+1)

Or

[ag+ (x+ e+ )] [-+O)E+O)(f +t)+cdl—cdg — (—dq(x +t) —cd(f +t)] —

—cqy + )]+ [b(x+t)—ab][pz+)(f +1) + =0

[-b(e +g+t)][—alz+t)(f +t) —acl]
Or
[t? + (x + e)t + (ag + xe)] *
[t = (F+y+2)t>? = (fy+fz+yz+dq—cd —cq)t — fyz+ cdl — cdq + dqx — cdf —cqy] + =0
plb(x —a) + bt][t?> + (f + 2)t + cq + fz] + a[bt + b(e + g)][t*> + (f + 2)t + fz + cl]

Or
—t°> — (c3 + c)t* — (¢4 + c; — bp — ab)t® — (c5 + 14 + Cyc3 — bpcy — peyg — abcy — acy)t? —
(cs + c1cq + Cyc3 — bpcy — peye — abcy — acg)t? — (cic5 + cycq — bpcg — pcgCy — abeyo)t — =0
(cac5 — pegcg — acycy)
Where
cgo=x+e
¢, =ag + xe
a=f+y+z

¢ =y+fz+yz+dq—cd—cq)
¢cs = fyz—cdl + cdq — dgx + cdf + cqy

ce =b(x —a)
C7=f+Z
cg=cq+fz
co =b(e+g)
ci0 =fz+cl
Let

dl =C3 + C1

dy =c4+c, —bp—ab

d3 = c5 + ci¢4 + 303 — bpc; — pcg — abe; — acy

d4 = ciC5 + c3¢4 — bpcg — pcgc; — abeyg

ds = €5 — PCeCg — AC9C1g

We do have a fifth degree polynomial equation t° + dt* + dyt3 + d3t? + dst +ds = 0

By applying RouthHurwitz stability criterion we get there is change of sign in the first column of Routh-Hurwitz
array and the endemic equilibrium point is unstable.

3.7. Global stability of endemic equilibrium point

Theorem — 6:

IfR, > 1, the endemic equilibrium pointof the dynamical system (1) — (5) is globally asymptotically stable.
Proof

Let the Liapunov function defined at the endemic equilibrium point is

* * * * * * * L 14 * * Li * * v *
V(L,, L, v", B, B}) = L, — L, —thn(ﬁ>+m[h —L —Li1n<L—?)] +v—v —v'In(Z)+B, - B -
B; In (i—’l) + /,qun [B; — Bf —B{'In (%)]. V is continuous function for all (L}, L;,v*, By, B;) € R5and has first
h i
order partial derivatives.V has minimum at (L}, L}, v*, B, Bf)which is (L}, L}, v*, B;, B;) = 0. And now we do

have
dv _ 9V dLy p oVdL , Vdv 9V dBy q 9V dB;

dt oL, dt ' S+wdl; dt | ovdt ' aB, dt | A+n 0B, dt
o po Ly v* OLyv  OLyv po Ly v*
—— (e = L)Wy —Lp) — s — (e — e S J AR

key (6 +w) (L), +v*) Lp+v  Lp+v (6+w)(L},+v*)
dv 6Ly nBy ] * * ( 6Ly nBp ) « Y N
— = v —plL; — qB; v*——(k,—B,)(B;, —B
dt [ Ly+v  Bp+v pLi —qB; +\p+ Lp+v = Bp+v ky ( 2 h)( h 1)
qm By v* nByv  mWBv quByv* «
- o - ——= 1 qB;
(A+n)(Bj;+v*) Bp+v  Bp+v) | (A+n)(Bp+v*)
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av o . P .
T _[k—1 (ky — Lp)(Ly, — Ly) + k—z(kz — By)(Br, — Byp)] — (.U +
= 2 <0.ForLj — L, > 0,B; — B, <0andv' —v >0
Therefore the endemic equilibrium point
E*(L,,L:,v*,B},B}) =
<<c_dv)+m 8[(c—dv)+/(c—dv)Z+ev|v R C n[(g_mv>+m]v)

9Lh n Tl.'Bh
Lh +v Bh + v

) - v)

1] ’

f ! a[(f—d)v+ (c—dv)2+ev+c] s ! b[(s—m)v+J(g—mv)2+rv+g]

is globally asymptotically stable for R, > 1,1 i) > 0 andl o > 0.

IV. Parameter estimation for numerical simulation and sensitivity analysis.
To perform numerical simulation and sensitivity analysis we collect the following parameter values obtained
from different sources.

Parameter Value Meaning Unit Source
o 0.1 Intrinsic growth rate of healthy liver cell cell Ref. [9]
ml x day
P 0.0001 Intrinsic growth rate of healthy blood cell cell Ref. [9]
ml x day
kq 1000 Carrying capacity of the liver for liver cell cell Ref. [7]
ml * day
k, 1000 Carrying capacity of the blood for liver cell cell Ref. [7]
ml x day
6 0.0014 Rate of infection of liver cell by free virus cell Ref. [7]
ml — day
T 0.0014 Rate of infection of blood cell by free virus cell Ref. [7]
ml — day
1) 0.1 Rate of cure of infected liver cells cell Ref. [7]
day
A 0.1 Rate of cure of infected blood cells cell Ref. [7]
day
P 300 Rate of release of free viruses by an infected liver virons Ref. [9]
cell(average) cell — day
q 800 Rate of release of free viruses by an infected blood virons Ref. [9]
cell(average) cell — day
) 0.003 Death rate of infected liver cells day™ Ref. [9]
n 0.03 Death rate of infected blood cells day™ Ref. [9]
u 3.693 Death rate of free virus day™? Ref. [7]

TABLE 2:Parameter estimation
4.1. Estimation of basic reproduction number R,

R. = po qm
07 G+o)u+n+0) = (A+p)(u+m+6)
— R = 300x0.0014 + 800x0.0014 o042 112
0 ™ (0.003+0.12)(3.693+0.0014 +0.0014) ' (0.12+0.03)(3.693+0.0014+0.0014)  0.4545834 ' 0.55437

= Ry, = 0.923922870 + 2.020311344 = 2.944234214
From this value of basic reproduction number we find that the disease spreads in the liver as
Ry = 2.944234214 > 1

4.2. Numerical simulation
The numerical analysis is obtained from the graphs of basic reproduction number with respect to the parameters
obtained and given in Table-2.

4.2.1. Rate of infection of healthy blood cell by free virusm
Graphical representation of the basic reproduction number R, versus rate of infection of healthy blood cell by
free virusm and keeping other parameters constant
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R
0 5333.33m + 3.414634146

T+ 3.6944

Ry(m) =

.

0.000554918 ”

FIGURE 2: Graphs of reproduction number verses the rate of infection of healthy blood cell

From the graph of figure 2, we observe that there is intersection point(0.000554918, 1) between basic
reproduction number R, and the rate of infection of healthy blood cell win the first quadrant. Here we observe
that, when R, < 1,then m < 0.000554918; this means the spread of HBV disease decreases when m is less
than0.000554918. If Ry > 1, then m > 0.000554918; this means the disease of HBV spreads in the liver and
blood when 7 is greater than 0.000554918.

4.2.2. Rate of cure of infected blood cell by non-cytolytic cure processes 4
Graphical representation of the basic reproduction number R, versus rate of cure of infected blood cell by non-
cytolytic cure processes Aand keeping other parameters constant is as follows

Ry

Ry=1

0.92392205741+0.052064362
0.03+4

RU(';D =

A
0.368889%6

FIGURE 3: Graphs of reproduction number verses rate of cure of infected blood cell

From the graph of figure 3, we observe that there is intersection point(0.3688896, 1) between basic
reproduction number R, and the rate of cure of infected blood cell A in the first quadrant. Here we observe that,
when R, < 1,then 4 > 0.3688896; this means the spread of HBV disease decreases when A is greater
than0.3688896. If R, > 1, then 1 < 0.3688896; this means the disease of HBV spreads in the liver and blood
when A is less than 0.3688896

4.2.3. Drate of infected blood cell n
Graphical representation of the basic reproduction number R, versus death rate of infected blood cell nand
keeping other parameters constant is represented as follows.
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| R ( )= 0.92392287n+0.395438988
ol7]
n+0.1

T
i
1
1
I
1
1
1

3.883413951
FIGURE 4: Graphs of reproduction number verses the death rate of infected blood cell

From the graph of figure 4, we observe that there is intersection point(3.883413951, 1) between basic
reproduction number R, and the death rate of infected blood celln in the first quadrant. Here we observe that,
when R, < 1,then n > 3.883413951; this means the spread of HBV disease decreases when 7 is greater
than0.100138475. If Ry > 1, then n < 3.883413951; this means the disease of HBV spreads in the liver and
blood when 7 is less than 3.883413951.

4.2.4. Death rate of free virus u

Graphical representation of the basic reproduction number R, versus Death rate of free virus pand keeping other
parameters constant is as follows

RU

10.881300812

| Ry =——"——

1+ 0.0028

\

\

\\
Ro=1
i I

10.878500821
FIGURE 5: Graphs of reproduction number verses the death rate of free virus

From the graph of figure 5, we observe that there is intersection point(10.878500821,1) between
basic reproduction number R, and the death rate of free virus u in the first quadrant. Here we see that, when
Ry < 1,then p > 10.878500821; this means the spread of HBV disease decreases when p is greater
than 8.617695295. If Ry > 1,then u < 10.878500821; this means the disease of HBV spreads in the liver
and blood when w is less than 10.878500821.

4.3. Sensitivity analysis

The basic reproduction number R, is a function of nine parameters 8, m,p, q, §, w, u, A, and n. Inorder
to cure the disease it is necessary to control the parameter values to make R, < 1. We are therefore interested in
finding the rate of change of Ryas the parameter values are changed. The rate of change of R,for a change in

value of parameter ¢pcan be estimated from a normalized sensitivity index, SI (¢)defined by SI(¢) = }%%[8].
0

The normalized sensitivity indices of the reproduction number with respect to6, , p, q, §, w, u, A, and nare

obtained by

_ p 3Ry _ p8 (A+1) _ 1
S1(p) = Ro dp  pO(A+m)+qn(6+w)  14920+w)
po (A+n)
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Si(q) = 13_0% - qn(azz()i;(;)(ﬂn) - 1+%
SIO) = 150 = oo e
SI(n) = T ORy _ _ [q(8+w)(u+0)—pt (A+1)]

Ry 06 [p6 (A4n)+qm (6+w)](u+m+6)
SI) = R?\_O% == 6 (/1+n)q:q(ffgjr)w)](l+n) X2
SI(6) = R%% == [p6 (A+n)ii:rl(?:—)w)](6+w)
SI(n) = Rlo% Y (,1+n)q:q(1fz:;jr)m)](/l+n) X
Sl(w) = R%% T T e (/1+r,)iifj(;n+)w)](a+w) e
SIG) = =50 == — s

Using the data in table-2, the resulting sensitivity indices of Ryto the nine different parameters in the model are
shown in the following table in the order from most sensitive to least. The highest magnitude of the normalized
sensitivity indices of the reproduction number with respect to parameters is the most sensitive one.

Order Parameter Sensitivity index
1 u —0.999242383
2 T +0.715775246
3 q +0.686192159
4 A —0.548956631
5 p +0.313807531
6 6 +0.313769358
7 w —0.306153689
8 n —0.137238493
9 ) —0.051025614

TABLE 3: The sensitivity index of the parameters

V. Results and Discussions
We considered non-linear system of ordinary differential equation to study the dynamics of HBV
disease inside the host. In this study we adopted and extended the appropriate mathematical model on the
dynamics of HBV and we found that an important aspect of mathematical epidemiology which is known to be
basic reproduction number R, which determines how HBV spreads in the live and blood; and control it.
To decide if the spread of HBV in the liver and blood is high or low, we used the standard
measurement which is known as the basic reproduction numberR. In our modified model we have derived the

basic reproduction numberr, = (6+w)’(’§+n+9) (A+n)g:+n+0) which depends on nine parameters. We also found

that the numerical value of the basic reproduction number based on the standard data taken from different
journals is Ry = 2.944234214 > 1. This in principle implies that the disease spreads in the liver and blood of
the host. We observe from the above figures that we have four control parameters namely, the rate of infection
of blood cell 7, the rate of cure of infected blood cell 4, the death rate of infected blood cell n and the death rate
of free virus uwhich influence the basic reproduction number. We discuss about these control parameters in
detail as follows.

The graph in figure 2 tell us that how basic reproduction numberRis affected by the rate of infection of
blood cell z. From the graphical representation we get thatmr = 0.000554918 is our control parameter. If
7 > 0.000554918then the basic reproduction number is greater than one and HBV disease spreads in the liver
and blood. If T < 0.000554918 then the basic reproduction number is less than one and the disease decrease its
spread in the liver and blood.

The graph in figure 3, tell us that how basic reproduction numberRis affected by the rate of cure of
infected blood cell A. From the graphical representation we get thatl = 0.3688896 is our control parameter. If
A < 0.3688896then the basic reproduction number is greater than one and HBV disease spreads in the liver and
blood. If 1 > 0.3688896then the basic reproduction number is less than one and the disease decrease its spread
in the liver and blood.

The graph in figure 4 shows that how basic reproduction numberRis affected by the death rate of
infected blood cell . From the graphical representation we get n = 3.883413951 is our control parameter. If
1 < 3.883413951then the basic reproduction number is greater than one and the disease spreads in the liver
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and blood of the host. If n > 3.883413951then the basic reproduction number is less than one and the disease
decrease its spread in the liver and blood.

The graph in figure 5 shows that how basic reproduction numberR,is affected by the death rate of free
virus p. From the graphical representation we get p = 10.878500821is our control parameter. If u <
10.878500821then the basic reproduction number is greater than one and the HBV disease spreads in the liver
and blood of the host. If 4 > 10.878500821then the basic reproduction number is less than one and the disease
decreases its spread in the liver and blood.

Out of the nine parameters that we consider in the reproduction number; p,q, 0,8 and ware not
considered in the numerical analysis. The reason is that the graph of these respective parameters versus the
reproduction number does not intersect in the first quadrant.

V1. Conclusions
From the dynamical system of the model, we obtain the reproduction number

= 28 i . Based on standard data collected from different journals, the numerical value
(S+w)(u+m+6) QA+n)(p+m+6)

of reproduction number is R, = 2.944234214 which is greater than one. This in principle implies that the
disease spreads in the liver and blood. We have observed that the disease free equilibrium point is locally
asymptotically stable and globally asymptotically stable. Also the endemic equilibrium point is locally
asymptotically stable and globally asymptotically stable. From the sensitivity index of the model we consider
the most sensitive parameter is u which is death rate of free virus. The list sensitive parameter is §, which is
death rate of infected liver cell. Therefore attention must be given to the death rate of free virus to control the
HBV disease.

Ro

VIl. Recommendations
In this study we observe that the basic reproduction number R, = 2.944234214is greater than one and
this implies that the disease spreads in the liver and blood of the host. Therefore, we want to draw the following
recommendations to make the basic reproduction number less than one. The rate infection of healthy blood cell
7 should be less than 0.000554918. The rate of cure of infected blood cell A should be greater than 0.3688896.
The death rate of infected blood cell n should be greater than 3.883413951. The death rate of free virus u
should be greater than 10.878500821.
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