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Abstract: Our aim in this paper is to study some lattice theoretic properties of factorizable substructures of a
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. Introduction

Ever since, Molodtsov[17] introduced the new concept of a soft set over a universal set as a completely
generic mathematical tool for modeling uncertainties, mathematicians started imposing and studying algebraic,
topological and topologically algebraic structures on them. For a study on soft algebraic structures, one can refer
to Aktas-Cagman[2] for soft groups; Sezgin-Atagun[24] for soft groups and normalistic soft groups; Feng-Jun-
Zhao[12] for soft semi rings; Acar-Koyuncu-Tanay[1] for soft rings; Sun-Zhang-Liu[15] for soft modules;
Sezgin-Atagun-Ayugn[25] for soft near-rings and idealistic soft near-rings; Atagun-Sezgin[6] for soft
substructures of rings, fields and modules; Ali-Shabir-Shum[5] and Feng-Ali-Shabir[13] for soft semigroups and
soft homomorphisms, Murthy-Maheswari[19] for f(p)-soft T -algebras and their » -subalgebras and Changphas-
Thon-gkam[8] for soft algebras in a general viewpoint. For studies in soft topological spaces, one can refer to
Shabir-Naz[22], Peyghan-Samadi-Tayedi[21] and Cagman-Karatas-Enginoglu[9] for soft topology. For studies
in soft topologically algebraic structures, one can refer to Das-Majumdar-Samanta[10] for soft linear spaces and
soft normed linear spaces; Das-Samanta[11] for soft metric spaces and soft inner product spaces etc..

Please notice that the above list is far from being complete and our aim with that listing is only to suggest a few
papers for a beginner in each direction.

Coming to this paper, our aim here is to record some lattice theoretic properties of factorizable
substructures of a product group and use them to construct crisp group for a given soft group in such a way that
the complete lattice of all soft substructures of the soft group is complete epimorphic to a complete lattice of
certain crisp substructures of the crisp group. Throughout the paper, proofs are left for two reasons, namely in
most cases they are simple or straightforward but a little involving and secondly to minimize the size of the
document. However, in order to make the document more self contained, we recall as many notions and results
that are used in subsequent sections, as possible.

I1.  Preliminaries
In what follows we recall some basic definitions in the theory of Lattices, Groups, Factorizable subsets, Soft
Sets, Soft (normal) subgroups which are used in the main results.
Definitions and Statements 2.1 (a) For any pair of posets P.Q and for any pair of order preserving maps
f:P = Qand g:Q — P, the pair (gf) is a Galois connection between P and Q iff gf = 1p and fg =< 15. (b) For
any set U and for any family F contained in P{U}, F is a closure system on U iff it containes U and is closed
under intersections.
The following Example shows that (.} varies as F varies:
Example: Let U={1,2,3.4.5,6}, ¥ = [2,4}, F, = {U.¢.{1}. {2} {3} {4} {5L {61} and F, = {U. {2.4.6.8). {2.4.6}].
Then F, and F; are closure systems on U, (X}z = Nycyver, ¥ =Uand (X7, = Nyorrer, ¥ = [2.4.6]
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Lattices (d) For any non-empty subset 5 of a meet complete poset L with the greatest element 1;, for any subset
p=5CLonecandefine VS=A{aELfa N = forall € 5] Then L is a complete lattice, where
the join is given by . For any meet complete poset I with the greatest element 1;, the join defined as above is
called the meet induced join on L.

Groups: () Whenever & is a group and H is a (normal) subgroup of & we write (H =, ¢) H =, & and (5, (5))
&, (G} denotes the set of all (normal) subgroups of &. (f) For any index set I and for any family of groups
(G )e7. 1052, Gy = G is @ group under pointwise multiplication called the product group.

(9) In any group &, (1) £.(G) is a closure system on & as arbitrary intersection of (normal) subgroups is a
(normal) subgroup and & is a (normal) subgroups of itself. (2) For any sub collection € of (&, (&)) &; (&) that is
a closure system on & and for any subset X of &, the intersection of all (normal) subgroups from € containing X,
which in fact is non-empty as & is in € and containes ., is (i) a (normal) subgroup of & belonging to € (ii) the
smallest (normal) subgroup from € containing X and (iii) it is unique in € with respect to (i) and (ii) (3) For any
subset X of a group & and for any closure system £ on & contained in &.(G), the unique smallest (normal)
subgroup in C containing X defined as in (g)(2) above is called the (normal) subgroup generated by X with
respect to & and is denoted by (X}z. Observe that when € is all of (&, (G}) &; (G}, for any X contained &, (X)z is
nothing but the (normal) subgroups generated by X in & and is denoted by simply, ((X)nz) (X):z.

Notice that, if A is a (normal) subgroup of G then ({A)yz) (A)zz is itself.

(h) For any group &, the following are true:

(1) For any pair of (normal) subgroups A. E of &, A is a (normal) subgroup of E iff 4 is a subset of E.

(2) Whenever = = s, 0 for any pair of subsets, 4, E of G suchthat A € B, (A).; =. (B)ug.

(3) Whenever = = 5,7 for any (normal) subgroup E of & and for any subset 4 of B, ({4, s} (A):z is a (normal)
subgroup of E.

(i) For any group & and for any closure system € contained in &. (&), whenever = = 5,1, € is a complete lattice
with

(1) the partial order =z on € defined by =z = {{A. B} /A, B € C. 4 =, B}.

(2) the largest and the least elements in C are & and 1 & respectively.

For any family {4}z in €,

(3) Migr Ap = Migr A;

(4) Vier A; = Viggy 4;, where ¥ is the meet induced join in €. In fact, Vig; 4; = (Vigr Ai)e = Ny 2 5 vierzec B

(5) =g =S |(C = C)

Observe that from (i)(1) it follows that 4 = E iff A =<, B iff A S E forall A.E inC.

Factorizable Subsets (j) Let { be an index set, {L/;};=; be a family of sets such that II;.;I/; = 7 and P (L'} be the
power set of U7, Then a set A € P(L'} is a factorizable subset or simply an f-subset of I/ iff 4 = II;.;4; and
A; € U; for all ¢ € I. Notice that the empty set ¢ is trivially a factorizable subset of Il and whenever 4 = II;.; 4;,
by the Axiom of Choice, A = ¢ iff 4; = @ for all i € I. Thus, the set of all factorizable subsets of 7, denoted by
E(IN), is defined by F(IN ={A € P(Nfgp = A=11;;4;,4; S U; forall i eI}U{a].

(k) For any pair of index sets I.]. for any pair of families of sets {A4;};=; and (E;);; and for any family of sets
(A; )¢j.nepsa the following are true: (1) A; S B; forall i € I implies [1;¢;4; € II;e; B;. However, converse is also
true whenever II;-;4; # ¢. Notice that this implies (i) ¢ # II;o;A; = ;o B; implies 4; = B; forall i € I (ii) for
all non-empty factorizable subsets A of U7, the factorization of A as the Cartesian product A = II;.;4; with
A; € U for all £ £ I, is unique. Obviously, the empty set can have different factorizations. (2) Nje; (;e;4;:) =
HEEJ':ﬁ_i'Ej ﬂj'_[:](3) U_i'Ej ':HEEJHJ'_EJ c HEEJ{U_{EJ "q_i'_ij-

Soft Sets In what follows we recall the following basic definitions from the Soft Set Theory which are used in
the main results: (1) [17] Let I/ be a universal set, P (L'} be the power set of I/ and E be a set of parameters. A
pair (F.E’) is called a soft set over I7 iff F:E — P{L} is a mapping defined by for each & € E, F(&} is a subset
of U. In other words, a soft set over I is a parametrized family of subsets of 7.

Notice that a collective presentation of the notions, soft sets and generalized soft set or simply gs-sets raised
some serious notational conflicts and to fix the same Murthy-Maheswari[19] deviated from the above notation
for a soft set and adapted the following notation for convenience as follows:
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Let I/ be a universal set. A typical soft set over L7 is an ordered pair (Bold Times New Roman) § = (.57,
where 5 is a set of parameters, called the underlying parameter set for §, P{L'} is the power set of I/ and
gg:5 — P(U) is a map, called the underlying set valued map for 5. Some times s is also called the soft
structure on 5.

(m) [4] The empty soft set over L is a soft set with the empty parameter set, denoted by ¢ = (o,.¢). Clearly, it
is unique. (n) [3] A soft set 5 over I/ is said to be a whole soft set, denoted by Us, iff o5 = I for all 5 € 5. (0)
[4] A soft set 5 over I/ is said to be a null soft set, denoted by %, iff o;5 = ¢, the empty set, for all s € 5.
Notice that & = ¢, the empty soft (sub) set.

For any pair of soft sets A,B over I,

(p) [20] A is a soft subset of B, denoted by A E B, iff (i) 4 £ E (ii) oya E gza for all @ € A. The set of all soft
subsets of B is denoted by & (B

(9) The following are easy to see:

(i) Always the empty soft set & is a soft subset of every soft set A

(iA=BiffAcBandB S AiffA=F and 4o = oz forall @ € 4.

(r) For any family of soft subsets {A;};; of 5,

(i) the soft union of (A;);;, denoted by U;c; A;, is defined by the soft set A, where (i) 4 = U;; A; (if) gya =
Uieg, s, @, Where I=lielfac 4} forallae 4

(ii) the soft intersection of (A;);;, denoted by M;-; A;, is defined by the soft set A, where (i) 4 = My A4; (ii)
G40 = Ny oy, aforalla € A

Notice that M;-; &; can become empty resulting the soft intersection in the empty soft set.

Soft Groups In this section we first recall the existing notions of all soft substructures of a soft Group.

(s) [2] Let {F.A)) be a soft set over &r. Then {F.A) is said to be a soft group over & if, and only if F{x)} = & for
all x € A, (t) Let (F,A) and (H. K} be two soft groups over . Then (H. K is a soft subgroup of (F. A}, written
as (H.K)=(F.A),if 1) KE A (2) H{x) = F(x) for all x € K. (u) Let (F.A4) be a soft group over & and
(H.,E") be a soft subgroup of (F.A}). Then we say that (H.E?) is a normal soft subgroup of (F.A}, written
(H,B) A (F.A), if H(x) is a normal subgroup of F(x} i.e., H{x} 2 F{x), forall x € E.

(v) Generalizing the definitions of soft substructures in [2], a soft set E over a group & is said to be a soft group
over & iff oz e is a subgroup of & for all e € E. Consequently, for us (i) The empty soft set & over & is trivially
a soft group over & because there is no & € ¢ such that o is not a subgroup of & and it is called the empty soft
subgroup over &. Clearly, it is unique. (ii) A soft group E over & is said to be a whole soft group iff oze = & for
alle e E.

(iii) For any pair of soft subsets A, B of a soft group E over &, A is a soft (normal) subgroup of B iff A £ E and
ga€ is a (normal) subgroup of gz forall ¢ € A.

The set of all soft (normal) subgroups of E is denoted by (&, (E}) &, (E}.

Theorem 2.2 For any soft group E, whenever = = s, n, the set . (E} is a complete lattice with

(1) the partial ordering defined by: forany A,B € §,(E}, A=BiffA =. B

(2) the largest and the least elements in &, (E} are E and # respectively

For any family (A;);e; in &.(E),

(3) Mier Ay = Nigg Ay

(4) vizz A; = Vi; Ay, where ¥ is the meet induced join in &.(E}. In fact, ¥i; A; = A where 4 = U;; A;, gq8 =
(User, 04,€)u oo Torall e € E, where I, = {i € [/e € 4;}.

I11.  Main Theorems
In this section first we introduce and study factorizable substructures of a product group, next we
introduce and study extended substructures of a soft group and finally for any soft group we construct crisp
group in such a way that the complete lattice of all soft substructures of the soft group is complete epimorphic to
a complete lattice of certain crisp substructures of the crisp group.
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Factorizable substructures of a Product Group:

In this section we introduce the notions of factorizable (normal) subgroup of a product group and study some of
their lattice theoretic properties.

Definitions and Statements 3.1 (a) Let us recall for any index set I and for any family of groups {G;Ji=1, =1 G
= G is a group under pointwise multiplication called the product group and the same applies throughout this
paper for all products of groups.

(b) Let F{&) be the set of all f-subsets of (.

An f-subset A of & is said to be an f-(normal) subgroup of & iff A4; is a (normal) subgroup of &; for all i € I and
the multiplication in A is the one induced by the multiplications in ;.

Notice that (€} is trivially an f-(normal) subgroup of G, where e = g; € & is such that ez (i) = e, foralli € I.
Thus, the set of all f-subgroup of &, denoted by £ (&), is defined by £ (G} = {4 € F(G)/4 =II;;4; 4
is asubgroup of &; forall i € Il and the set of all f-normal subgroup of &, denoted by E, (&), is defined by
E(G)={A e F(G)/A =1I;.;4;. A; is anormal subgroup of G foralli eI},

Lemma 3.2 For any index set I, for any family of groups (&)< such that IIj-;G; = G and for any family of sets
(A )ier such that &; € Gy for all i € I, the following are true:

(1) 4; is a (normal) subgroup of &; for all i € I implies IT;c;4; is a (normal) subgroup of I1;; G;.

(2) I;¢;A; is a (normal) subgroup of II;.; &; implies A; is a (normal) subgroup of &; foralli € 1.

Proof: It follow from the definitions of (hormal) subgroup and 2.1(k).

The following example shows that (2) of the above lemma is not true if the multiplication in & is not pointwise.
Example: (1) Let &; = {0.1.2,3}, G; ={e} and & = &y ¥ be the groups with the following cayley tables:

'sxe |(08) [(Le) |(2,e) [(3,e) s, (01 |2 |3
(0,e) |(0,e) ((1,e) |(2,e) |(3,e) 0111213 " e
(Le) [(1e) [0,) [(3,e) [(2e) 112310 e e
2,e) |(2,e) |(3,e) |(Le) |(0e) 213|101
3,e) |(3,e) [(2e) [(0,e) [(1,e) 310142

Clearly, the multiplication on & is not pointwise.

LetA={{0.g)(1.2)}={0.1} x {e} = A; ® A;. Then A is a subgroup of & but A, is not subgroup of &, .

(2) & = &y = &7 is an abelian group as the multiplication table is symmetric consequently A = A; * A; is a
normal subgroup of &. However 4, is not even a subgroup of &r.

Lemma 3.3 For any pair of index sets L], for any family of groups (GjJi<; such that Ijz;G; = & and for any
family (4;;) je7 of (normal) subgroups of G; for all i € I, the following are true:

(1) Mgy (Mg d;s) = i (Ng; 45500 In other words, arbitrary intersection of f-(normal) subgroups of & is an f-
(normal) subgroup of &.

(2) (Vjey (Migr 45Dz 6y = Mies (Ve A1) 5.5, Whenever = = n, s,

Proof: (1) follow from 3.2(1), 2.1(g)(1) and 2.1(h) (2) follow from 3.2(1) and 2.1(g).

Lemma 3.4 For any family of groups (GiJie; such that ITj;Goy = &, the collection (Fp(G)) FL(G) is a closure
system and for any X € P{G}, there exist unique smallest f-(normal) subgroups in (Fy{G}) F;(G) containing X
and is denoted by ((X)g_5;) (X5 (-

Proof: It follow from 2.1(b),(c) and 3.3.

Theorem 3.5 Whenever = = 5,1 for any index set I and for any family of groups (G =1 such that ITj-; G = G, the
set F. (7} is a complete lattice with

(1) the partial order =g,z on F.(G) defined by = o ={(A B) /A.B € K(G), 4; € B; forall i eI},

(2) the largest and the least elements in F.()} are & and (&) respectively.
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For any family (A;) je; in F.(G),
(3) Mjey Aj = Njey Aj.
(4) Viep A; = Vig; 4;, where ¥ is the meet induced join. In fact, Vig; 4; = i, (Ue; 45 1) 5, Where A; =

II; ; A:

[l i
() ZamN(EG) x E(G)) =g 25,65 = Zrim-
Proof: It is straightforward.

Corollary 3.6 For any index set I and for any group G, whenever = = s,n the set F, (G'} is a complete lattice
with

(1) the partial order =z 5, on F,(G") defined by = z1, = {(4.B)/A.B € F(G"), A S B; forall i €I},

(2) the largest and the least elements in F,{G"} are G* and (&) respectively.

For any family (4} ; in £.(G"),

(3) Njey 45 = Njey 4.

(4) Vje; A; = Vig; A;, where ¥ is the meet induced join. In fact, ¥ie; 4; = Iigi (Wi A i)5 57, Where 4; =
O, A

= A
®) 55..;5";.“ (F.(G") X F(C")) =Ty 2506 = EF.[E'-j
Proof: It follows from Theorem 3.5.

Extended soft substructures of a soft group:
In this section we introduce the notions of extended soft substructures like, extended soft (normal) subgroups for
the soft substructures like, soft (normal) subgroup of a soft group and study the lattice homomorphic properties
of the operators induced by the same. Throughout this and the sections here after, all our soft groups are over the
fixed group & and so, we drop the words, "over &" here onwards.
Definitions and Statements 3.7 (a) For any soft (normal) subgroup A of a soft group E, the extended soft
(normal) subgroup or simply the es-(normal) subgroup for A denoted by A', is defined by 4" = E and for all
e E,
Oa® if e e 4

e = {(953 ifeeck—A
Whenever = = 5,7, the set of all extended soft (normal) subgroups of E is denoted by &.(E}".
(b) Observe that, (i) for any soft group E, the es-group for E is given by E’, where E' = E and for all € € E. oz,
=gzeife e EorE"=E. (ii)®" =B where E = F and ozb = (g;) forall b £ E.
(c) Observe that, for any soft subset A of a soft group E, A is soft (normal) subgroup iff A" is a soft (normal)
subgroup.
(d) In view of (c) above whenever = = 5, n the set 5., (E)" is precisely the set of all soft (normal) subgroups of E
whose parameter set is all of E.

Theorem 3.8 For any soft group E, whenever = = s,n the map €. : 8.(E) = S.(E)’ defined by for any
A £ 5,(E), e.A = A being the es-(normal) subgroup for A, satisfies the following properties:

1) The map &. is onto.

2)Forany A.B € 5,(E), A =B impliese.A = £.B.

For any family (A;}<; in 8. (E),

3) €. (Nigr Aj) = Nigp €A

4) €. (Vigy Ag) =V e A

5) The map &. is a complete epimorphism.

Proof: It is straightforward and follows from 2.2 and 3.7.

The following Example shows that in the above Theorem, whenever = = 5,1, the map e. is not necessarily one-
one.

Example: Let G = 3 and E = ({{ey, G). (e, G)1 {85, 2,1 be the whole soft group. Then E = E', Let Ay
({(e;. (0)).{&;}) and Ay = ({{=2. (0)). {22 1) be the soft (normal) subgroups of E.

Then A"y = ({(e.. (00 (&5 (000)) {ey. 8, ¥) = A'zare soft (normal) subgroups of E. Now £.4;3 = A’y = A’y
. AzbutAy # A,
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Therefore the map &. is not a monomorphism.

Theorem 3.9 For any soft group E, whenever = = =, 1, the set 5, (E}' is a complete sublattice of the complete
lattice &, (E]) with

(1) the induced partial ordering defined from the super poset &. (E}

(2) the largest and the least elements in &.(E)" are E and &' respectively.

For any family (A}, in 8. (EY,

(3) Nier Ari = Nigy Art

(4) vi; A} = Vo A} where ¥ is the meet induced join in 5. (E}. In fact 7;.; A} = A" where 4" = E and gy, =
(Vigr oar 9:]-_55 g

(5) In fact, 5. (E) is a complete filter (generated by @ in 5. (E}) of &, (E)

(6) Thus the inclusion map i.:5, (E}' — 5, (E) is a complete monomorphism.

Proof: It is straightforward.

Representation of soft substructures:

In this section we introduce the notions of associated product group for a soft (normal) subgroup, f-(normal)
subgroups of the associated product group and study some of their lattice theoretic properties. Further, we
construct a Galois connection between the complete lattice of all es-substructures of a soft group E and the

complete lattice of all f-substructures of the associated product group IIE.

Definitions and Statements 3.10 (a) Let us recall that for any index set I and for any family of groups (G; Jizr,
MG is a group under pointwise multiplication called the product group and the same applies throughout this
section for all products of groups.

(b) For any soft group E, the associated product group for E under pointwise multiplication, denoted by IIE, is
defined by IE =11,z oz 2.

(c) Let E be a soft group, IIE be the associated product group for E and F(IIE?} be the set of all f-subsets of IIE.
An f-subset X of IIE is said to be an f-(normal) subgroup of IIE iff X, is a (normal) subgroup of zze for all
g € E and the multiplication on X is the one induced by the multiplications on X .

whenever X =II..z X, by the axiom of choice, ¥ = ¢ ifandonly if X, = @& forall ¢ € E,

The set of all f-(normal) subgroups of IIE denoted by (F,(IE}) F(IIE} and is given by (F,(IIE} =
¥ e FINEWX = N zX, and X, is a normal subgroup of oze forall ee £} E(IIE) = {X e F(IIE)/X
=M..zX. and X, isa subgroup of oze foralle e E,

Corollary 3.11 For any soft group E, whenever = = s,n the set F. (TIE} is a complete lattice with

(1) the partial order =. on F.{IIE} defined by =. = {{X.V}/X.V € F(IIE}, X, =.¥.foralle € E}.

(2) the largest and least element in F.(TIE} are I1IE and (&) respectively

For any family (X;);¢; in F.(TIE),

(3) Njey & = Njey &

(4) Vig; & = Mage(Vie; & 2)e 5.« Notice that, by 3.3(2) the RHS equals (Vi (Meez X o))z mE; -

Proof: It follows from the Theorem 3.5.

Galois Connections Between all es-substructures and all f-substructures:
In this section we construct a Galois connection between the complete lattice of all es-substructures for all soft
substructures of a soft group E and the complete filter of all f-substructures of IIE.

Theorem 3.12 For any soft group E, whenever = = s,n, the maps . : &.(E) — F.{TIE} defined by for any
A'e 5.(E), LA" = Negoy e and w.: F.(TIE) — 5.(E) defined by for any X € F,(TIE}, w.X = C, where C = E
and oge = X; for all & € E, satisify the following properties:

(1) .= u. =1z ggy , Where 1z g, is the identity map on F.(TIE]}.

(2) oo Ay =15 (g, , Where 1z g, is the identity map on S.(EY

(3) Both 4. and u. are one-one and onto.

(4) Forany A"B" € 5,(E), A" = B"implies 1,A" = 1.B',

(5) Forany X.¥ € E(IIE}, X =¥ implies u.X = u,¥

For any family (A} ), in 5. (E),
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(6) A.(Njgy AY) = Ny ALAY

(7) A (Vigs AY) = Vigg 4.4

For any family (X;);; in F.(TIE)

(8) tu(Mizr Xi) = NMigp i

(9) te(Vigy X;) = Vigy X

(10) The map A. is a complete isomorphism.
(11) The map w. is a complete isomorphism.
Proof: It is straightforward.

Theorem 3.13 For any soft group E, whenever # = 5,1 the map 4. =&.: &.(E} — F.(IIE)} defined by for any
A e 5,(E), (h 0 e.J(A) = (e, A) = L (A") = Tzp oy, &, satisfies the following properties
(1) The map 4. = £, is onto.

For any family (A;};; in 5. (E),

(2) (A= €)(Nigg Ag) = Nigy (A5 €)(A()

() (A= €)(Vigr Ag) = Vigy (Ao = €)(Ag)

(4) The map 4. = . is a epimorphism.

Proof: (1) It follows from 3.8(1) and 3.12(3)

(2) It follows from 3.8(3) and 3.12(6)

(3) It follows from 3.8(4) and 3.12 (7)

(4) It follows from (1),(2) and (3).

Corollary 3.14 For any soft group E, there is a crisp group & such that the complete lattice of all soft (normal)
subgroups of E is complete epimorphic to a complete lattice of certain (normal) subgroups of G, where the joins

in the former and the later complete lattices are the meet induced joins.
Proof: It follow from 3.13.

Corollary 3.15 For any soft group E, whenever = = 5,1, the maps f. = A. = £.; &.(E) = E{lIE} and g. = i. = p.:
F.(TIE} — &, (E) define a Galois connection between 3. (E} and F.(TIE}.
Proof: It follows from 3.13, 3.12 and 3.9.

IV.  Conclusion
In this paper, for any soft group E over a group, we constructed a crisp group & such that the complete lattice of
all soft (normal) subgroups of E is complete epimorphic to a complete lattice of certain (normal) subgroups of
&+, where the joins in the former and the later complete lattices are the meet induced joins.
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