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Abstract: Batch testing is a fundamental testing scheme that results into substantial saving in terms of cost and 

time. It's mainly applicable in cases with large population sizes and low prevalence rates. Studies on Batch 

testing have shown that Adaptive Batch testing is more efficient than Non-Adaptive Batch testing particularly as 

the number of stages increases. Most recent studies on Batch testing have shown that even with Truncation in 

inspection, Adaptive Batch testing remains more efficient. This study presents a Three-Stage Adaptive Batch 

testing Model with errors without Truncation with the view to establishing whether or not it's more efficient 

than the truncated estimator. 

The study made use of Maximum Likelihood Estimate (MLE) method to obtain the Estimator and Crammer-Rao 

Lower Bound method to determine the variance of the estimator .The efficiency of the Estimator relative to the 

Adaptive estimator with truncation determined with the view to performing a comparative analysis between the 

two. R-statistical software was used for Model verification. This study is significant in the sense that it brings 

forth a new model in the literature of estimation in batch testing, a Model that  would find application in 

various fields including HIV/AIDS , Blood donation, quality control e.t.c. 
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I. Introduction  
Batch testing is a fundamental tool used in identifying defective items from a large population with 

low prevalence rates. It's designed to reduce the number of tests required to identify defective items, thus less 

time consuming and less expensive. In this scheme items from a given population are pooled and tested as a 

single entity [1]. Batch testing has been known to reduce the variance of the Estimator thereby making it more 

efficient, [2], [3]. 

There are two forms of Batch testing namely: Non-Adaptive and Adaptive. In Non-Adaptive Batch 

testing scheme, a large population is divided into 'n' batches which are subjected to testing, [1]. The results 

obtained are then used to construct the Non-Adaptive Estimator. Adaptive Batch testing scheme on the other 

hand involves partitioning the population into 'n' Batches depending on the number of stages using 

predetermined partitioning parameters. The Batches are then tested in stages and the results obtained are used to 

construct the Adaptive model, [4]. 

 

II. Literature Review  
Batch testing has been widely used as a sampling scheme that is very instrumental in reducing the time 

and cost of testing especially when the items of interest are rare, [1], [2] and [5]. The scheme has had a rich 

history, dating back to Dorfman [1] and his work during the world war (II) when they estimated the proportion 

of diseased individuals among the US soldier. 

 

2.1 Non-Adaptive Batch testing 
Dorfman, [1] introduced the statistical and mathematical concepts of batch testing.  He used it to 

estimate the proportion of diseased individuals among the US soldiers by dividing a large population of size 

say, N into n Batches for the purpose of testing a rare trait and realized substantive savings. 

Thompson advanced Dorfman's work and realized impressive results. 

Recent studies have seen a large number of scholars engage in Batch testing in different fields such as 

estimation of HIV/AID's prevalence without necessarily identifying the subject [6], quality control process [5] 

and phytopathology, [7]. 

Nyongesa, [9] introduced the idea of error terms thereby altering the Thompson model [3]. He obtained the 

MLE 𝑝 , of prevalence p as 
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And established that the model was more efficient in situations where test kits had low sensitivity and 

specificity. 

 

2.2 Adaptive Batch testing Scheme 
Oliver-Hughes and Swallow, [2] proposed a Two-Stage Adaptive Batch testing model for estimating 

small proportions. They used Maximum Likelihood Estimation (MLE) method to estimate the proportion and 

Crammer-Rao Lower Bound method to determine the variance of the estimator. They divided the population in 

two Batches, that is to say𝜆n Batches tested at stage one and(1- 𝜆)n Batches tested at stage two; where𝜆is a 

partitioning parameter used to partition the Batches. 

 The MLE's at stages one𝑝 1  and two𝑝 2were established and the results obtained were more impressive 

compared to the Non-Adaptive estimator 𝑝  because the Adaptive estimator𝑝 2 at stage two  was found to be 

more efficient than the Non-Adaptive estimator. They further established that, efficiency increases as the 

number of stages increases from one to two. 

 Okoth, [11] generalized the Oliver-Hughes and Swallow model by introducing error terms. With introduction 

of the error terms the probabilities that a batch tests positive at stage one and two were established as, 

 

and 

 

Respectively. Utilizing these probabilities the estimator at stage two was established as the solution to 

 

 
 

and it's variance as , (Var(𝑝 A)), 

where, 
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2.3 Truncated Models 
Okoth et.al [4] did Adaptive Pool Testing at a Multi-stage level and introduced Truncation of models. 

They established that the adaptive testing scheme is more efficient than the non-adaptive testing scheme with 

truncation incorporated.  

One notable model in their work was the Estimator at stage-three where MLE was found as the solution to 

 

and whose variance was found as 

 

 
 

Where 

 

 

 
 This study presents a Three-Stage Adaptive Estimator of prevalence of a trait without truncation and studies the 

effect of truncation by comparing with Okoth et.al [4] model at stage three where truncation was done. 

 

III. Model construction  
3.1 Three stage Adaptive Batch testing model 
In this scheme batches are partitioned into three and tested at three stages. 

Suppose we have a population of size N which is pooled into n homogeneous batches each of which has batch 

size k. In this case  𝜆1n batches each of size k1  be tested at stage one,  𝜆2n each of size k2 at stage two and  𝜆3n 

each of size k3 at stage three. The diagrammatic representation of this model is as shown in figure 3.1 
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Fig 1.Schematic representation of Three stage Adaptive Batch Testing Model 

 

From Fig 3.1, when a batch is tested, it either yields positive or negative results; with the probability that a 

batch tests positive as 1-(1-p)^(k) and (1-p)^(k) as the probability that a batch tests negative [11]. 

The batch size at this stage isk3  and is determined as 

 

If X3 is the number of defective batches at stage 3, conditioned on X1 and X2 

Then X3 follows a Binomial distribution with parameters 𝜆3nand π3 

Simply written as 

whereπ3 is the probability that a batch tests positive at stage three and is given by, 

The final Three stage adaptive estimator of p,𝑝 Bis the MLE based on the joint distribution of$ X1, X2 and X3. 

 

This joint distribution is given by, 

To find MLE we find the likelihood function of equation (13) which is given by 
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 Applying Maximum Likelihood Estimate method, The Three-stage Adaptive estimator is determined as the 

solution to 

 

 
 

The derivation of Equation (15) is shown in appendix A 

 

Next we establish the Asymptotic variance of 𝑝 B, Var(𝑝 B) which does not require that we find𝑝 B 

 

3.2 Asymptotic variance of𝑝 B 

Asymptotic Variance is useful in determining Asymptotic Relative Efficiency ARE. We recall Equation (13) 

and apply CRLB method to it to obtain 

Var(𝑝 B)as 

 

where, 

 

 
 

3.2 Asymptotic Relative Efficiency  
In this section we present results on ARE of the Estimator in the current study relative to the three stage 

Adaptive batch testing Estimator with truncation. 

The computation of ARE was accomplished by dividing Equations (8) by (16) to obtain  
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where , 

and 

 
Utilizing equation (18) and R-software, tables 4.1, 4.2 and 4.3 were obtained. 

 

IV. Analysis and Discussion  
 

 
Table 1 :ARE values of𝑝 B relative to 𝑝 3when𝜂= 𝜙 at specified values of p.  

 

Table 1 provide a generated ARE values for p, 𝜂 and𝜙 at different values. It's evident that ARE values 

are greater than one at different probabilities when𝜂 = 𝜙  across the table. This means that estimator in the 

current study is more efficient than the Truncated Estimator. This scenario is depicted in Table 2 and 3 as 

illustrated below. 

 

 
Table 2:ARE values of 𝑝 B relative to𝑝 3when  𝜂is constant at 99% and 𝜙 varies. 

 

Table 2 provide a generated ARE values for p,  𝜼 and 𝜙at different values. It's evident that ARE values 

are greater than one at different probabilities when 𝜂is held constant and 𝜙  varies across the table. However 

efficiency is high at higher value of𝜙= 0.98 and lower value of 𝜂 . 
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Table 3:ARE values of𝑝 Brelative to𝑝 3  when𝜙 is constant at 99% and  𝜂varies.  

 

Table 3 provide a generated ARE values for p, 𝜂and𝜙 at different values. It's evident that ARE values 

are greater than one at different probabilities when𝜙 is held constant and𝜂  varies across the table. However 

efficiency is high at lower value of𝜂 = 0.80 and higher value of 𝜙=0.99.These observations are graphically 

illustrated below. 

 

 
Figure 2:Plot of ARE values vs p when𝜂= 𝜙 at specified values of p. 

 

Fig 2 represents a plot of ARE values against p at specified values of𝜂  and 𝜙 . The figure shows that 

ARE values are all above one for p≤ 0.2. This means that the estimator in the current study is more efficient 

than the truncated estimator at those values of p. It's also evident that the efficiency increases with a decrease in 

sensitivity and specificity; i.e. the highest efficiency is recorded at𝜂 = 𝜙 = 0.80  and lowest at= 𝜙 = 0.99 . It’s 

also clear that the efficiency reaches the peak at p=0.15 and starts decreasing hitting zero at p=0.3 this shows 

that the current estimator performs better than the Truncated estimator at low prevalence rates (p≤ 0.2) and low 

specificity and sensitivity (𝜂 = 𝜙 = 0.80). This same scenario is depicted in Fig 3 and 4 below. 
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Figure 3: Plot of ARE values vs p when𝜂 is constant at 99% and𝜙varies.  

 

In Figure 3, the starting point for ARE is 2.52 and the peak value is 11.7168. This means that when 𝜂is held 

constant, efficiency increases with increase in 𝜙 (i.e. highest at 𝜙 =0.98 and lowest at𝜙 = .80). 

 

Figure 4: Plot of ARE values vs p when𝜙 is constant at 99% and𝜂 varies.  

 

In Figure 4, the starting point for ARE is 2.52 and the peak value is 13.6263. This means that when  𝜙 is held 

constant efficiency increases with a decrease in𝜂i.e. it's highest at𝜂 = 0.80  and lowest at 

𝜂 = 0.98. 

 

V. Conclusion and  Recommendation 
Evidently from the above discussions the three stage Adaptive Batch testing Estimator without 

truncation is more efficient than the truncated estimator in presence of errors. The Estimator performs better at 

lower values of sensitivity and specificity (𝜂 = 𝜙 = 0.80) than at higher values (𝜂 = 𝜙 = 0.99). It also 

performs better at low prevalence rates (p≤ 0.2). Since Batch testing targets low prevalence rates, the model in 

this study befits this kind of scenario given that it performs better than the Truncated Model. 

After comparison, we realize that Non-truncated models outperforms truncated models. We therefore 

recommend a generalized use of Non-truncated models of up to 'n' stages in statistical fields that require batch 

testing as it yields better results. 
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