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Abstract: The concept of fuzzy chromatic polynomial P([(G, k) of a fuzzy graph G based on a-cuts of G was
introduced by Mamo and Srinivasa Rao. The authors studied the concept on a fuzzy graph whose vertex set is
crisp and fuzzy. In this paper, we present some properties of fuzzy chromatic polynomials of fuzzy graphs by
relating to their coefficients and chromatic roots. Related results are proved.
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I.  Introduction

In 1912, Birkhoff [1] introduced the concept of the chromatic polynomial on maps in the hope of
proving the Four-Color Theorem. Whitney [2] extended the concept from maps to arbitrary graphs. After that,
Read [3] studied chromatic polynomials and their properties. Several scholars have published their works on
coefficients and chromatic roots of chromatic polynomials (see, [4, 5, 6, 7, 8, 9, 10, 11] ). Lately, Zhang and
Dong [12] studied some properties of chromatic polynomials of hypergraphs.

Many real-world problems cannot be properly modeled by the classical graph since the problem
contains uncertain information. To handle such a situation, Rosenfeld [13] developed a fuzzy graph theory based
on Zadeh’s [14] fuzzy sets. A chromatic polynomial in a fuzzy graph, called fuzzy chromatic polynomial.
Recently, Mamo and Srinivasa Rao [15] studied the concept of fuzzy chromatic polynomial, Paf (G, k) of a fuzzy
graph G based on a-cuts of G. They defined Paf (G, k) as the chromatic polynomial of its crisp graph G,. One of
the significant result obtained by these authors is that the degree of Pof (G, k) is less than or equal to the number
of vertices of the fuzzy graph. In this article, we study some properties of fuzzy chromatic polynomials based on
their coefficients and roots. The necessary conditions of Pof (G, k) proved.

The remainder of the paper is organized as follows. In section 2, we review basic definitions and main
results on the fuzzy chromatic polynomial. In section 3, we present algebraic properties of fuzzy chromatic
polynomials. Finally, the paper is concluded in Section 4.

Il. Preliminaries

In this section, we review the basic definition of the fuzzy graph and main results on the fuzzy
chromatic polynomials. Definitions of the fuzzy graph and related concepts are taken from [16, 17].
Definition 2.1 A fuzzy graph G = (V, o, ) is a triple consisting of a nonempty set V together with a pair of
functions o:V — [0,1] and p: V xV — [0,1] such that for all x,y € V,u(x,y) < o(x) A o(y). Here, the
fuzzy set o is called the fuzzy vertex set of G and u the fuzzy edge set of G.
We consider a fuzzy graph G is simple, connected, finite and undirected. For notational convenience, we use
simply G or G = (o, 1) to represent the fuzzy graph G = (V, g, ).
Definition 2.2 The fuzzy graph H = (P,t,v) is called a fuzz subgraph of G = (V,o,u) induced by P if
PcV,t(x) =o(x) forall x € Pand v(x,y) = u(x,y) forall x,y € P.
Definition 2.3 We denote the underlying crisp graph of a fuzzy graph G by G* = (¢*,u*) where " = {u €V :
o) >0tand " ={(w,v) EVxV: pu(uv) >0}
Definition 2.4 The level set of fuzzy set ¢ is defined as L, = {a/o(u) = a for some u € ¢*} and the level set
of u is defined as L, = {a/u(u,v) = a for some (u,v) € u*}. The fundamental set (or level set) of the fuzzy
graph G = (V, o, ) isdefinedas L = L, U L,.
Definition 2.5 For each « € I = L U {0}, G, denotes the a-cut of the fuzzy graph G which is the crisp graph
G, = (04, 1) Whereo, ={u€V/jo)=a}and u, ={(w,v) EVxV/uluv)=al
Mamo and Srinivasa Rao [15] introduced the concept of the fuzzy chromatic polynomial of a fuzzy graph based
on a-cuts of the fuzzy graph which are crisp graphs and they defined as follows.
Definition 2.6 For a fuzzy graph G, the fuzzy chromatic polynomial of G is denoted by P([ (G, k) and defined as
the chromatic polynomial of its crisp graphs G, for a € I.

DOI: 10.9790/5728-1506064952 www.iosrjournals.org 49 | Page



Algebraic Properties of Fuzzy Chromatic Polynomials

Thatis, P/ (G, k) = P(G,, k), Va €.
Some of the results in [15] are as follows.
Theorem 2.1 Let G be a fuzzy graph with n vertices and G* be its underlying crisp graph. If « € I = L U {0}
and B = min(L), then
P(K, k) if a=0
P/ (G, k) ={P(G" k) ifa=p8
P(G, k) iff<ac<l

where, K,, is a complete crisp graph with n vertices.
Theorem 2.2 Let G be a complete fuzzy graph with n vertices. If « € I = L U {0} and
B = mini{L) then
P(K, k) if a=0andp

PG k) = {P(G,x,k) ifp<a<i
Lemma 2.1 Let G = (V,u) be a fuzzy graph with crisp vertices and fuzzy edges. Then the degree of
P/ (G, k)= V| foralla € 1.
Theorem 2.3 Let G = (V, g, 1) be a fuzzy graph. Then the degree of PJ(G,k) <|V|, Va el

I11. Properties of Fuzzy Chromatic Polynomials
In this section, we discuss some properties of fuzzy chromatic polynomials regarding their coefficients and
roots.
Theorem 3.1 Let G be a fuzzy graph and G,,a €I be a-cuts of G. If G, for some a € I, has connected
components Gy, Gy, ..., G, then P({(G, k) = P(G1,k)P(Gy, k) ... P(G,, k).
Proof: Let G,,a € I be a-cuts of G. Suppose G,, for some a € I has r connected components say Gy, G, .., G,.
By Theorem 2 of [3], P(G,, k) = P(G1,k)P(G,, k) ... P(G,, k). Hence, the result follows from Definition 2.6.
3.1 Coefficients of PQ(G, k)
In this subsection, we will discuss the coefficients of fuzzy chromatic polynomials. Let G = (o, 1) be a fuzzy
graph with |6*] =nand |u*| = m
Theorem 3.1.1 The leading coefficient of Paf (G, k) foralla € I'is 1.
Proof: Let G be a fuzzy graph and G,,a € I be a-cuts of G. Since G, is a crisp graph for all « € I and by
Theorem 8 of [3], the leading coefficient of P(G,, k) is 1. Hence, the result immediately holds by Definition 2.6.
Theorem 3.1.2 The constant term in Paf (G, k) forall « € I is zero.
Proof: Let G, a € I be a-cuts of the fuzzy graph G. By Theorem 9 of [3], P(G,, k) has no constant term for all
a € I. Hence, the constant term in Paf (G, k) for all a € I is zero from Definition 2.6.
Theorem 3.1.3 The coefficient of k»~1 in Paf (G, k) for all @ € I is the negative of the number of edges in G,.
Proof: Let G be a fuzzy graph with |¢*| = n. Let G,, a € I be a-cuts of the fuzzy graph G. By Theorem 11 of
[3], the coefficient of k™! in P(G,, k) is - |E(G,)|. Hence, the result immediately holds by Definition 2.6.
Theorem 3.1.4 The coefficient of k in P([ (G, k) is nonzero if and only if G, is connected for some « € I.
Proof: Let G,,a € I be a-cuts of the fuzzy graph G. Suppose G, is disconnected for some « € I. We need to
show the coefficient of k in P([ (G, k) is zero. By Theorem 3.1, the chromatic polynomial of G, is the product of
the chromatic polynomial of its connected components. If we have at least two terms, each being divisible by k,
then their product is divisible by k2. Hence, the coefficient of k in P(G,, k) is zero. From Definition 2.6, the
coefficient of k in Pof (G, k) is also zero.
Conversely, suppose G, is connected for some a € I. This show that all coefficient of P(G,, k) except the
constant one is nonzero. Specifically, the coefficient of kin ~ P(G,, k) is nonzero. From Definition 2.6, the
coefficient of k in P,{ (G, k) is nonzero.
Theorem 3.1.5 The coefficients of Paf (G, k) forall « € I are alternate in sign.
Proof: Let G,,a € I be a-cuts of the fuzzy graph G. By Theorem 10 of [3], the coefficients of P(G,, k) for
a € I are alternate in sign. Hence, the result holds from Definition 2.6.
Theorem 3.1.6 If G, is a connected a-cuts graph of G then the absolute value of the coefficient of k" in
P/ (G, k) is not less than (7; B })
Proof: Let G, be connected a-cuts of the fuzzy graph G with |V(G,)| = p. By Theorem 14 of [3], the absolute
value of the coefficient of k™ in P(G,, k) is not less than (Z; : i) since PJ(G, k) = P(G,, k) for a €1 by

Definition 2.6 and G,, is connected, the result immediately holds.
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Corollary 3.1.1 The smallest number r such that k™ has a nonzero coefficient in Pof (G, k) is the number of
components of G,.

3.2 Chromatic Roots of P{,(G, k)
In this subsection, we discuss some properties of fuzzy chromatic polynomials concerning their chromatic roots.

Definition 3.2.1 Let G be a fuzzy graph and k € R. k is said to be chromatic root of P,f (G, k) if P,f (G,k)=0
fora el.

Since the evaluations of the fuzzy chromatic polynomial Pf(G,k) of a fuzzy graph for each a € I count the
number of colorings of a crisp graph G, it follows that the numbers 0,1, ... , y, — 1 are always chromatic roots
of P/ (G, k).

Theorem 3.2.1 Let G be a fuzzy graph. The multiplicity of 0 as a root of P,{(G, k) equals the number of
connected components in G, of G.

Proof: Let G,, a € I be a-cuts of the fuzzy graph G. We know that the multiplicity of 0 as a root of P(G,, k) for
all @ € I equals the number of connected components of G,. By Definition 2.6, the result immediately holds.

Theorem 3.2.2 Let G be a fuzzy graph. The P,f (G, k) has no real roots in the interval (—, 0).
Proof: Let G,,a € I be a-cuts of the fuzzy graph G. By [18], the P(G,, k) for all @ € I has no negative real
roots. Hence the result follows from Definition 2.6.

Theorem 3.2.3 Let G be a fuzzy graph. The P,f (G, k) has no real roots in the interval (0, 1).
Proof: Let G,,a €I be a-cuts of the fuzzy graph G. By [19], the P(G,, k) for all « € I has no real roots
between 0 and 1. Hence the result follows from Definition 2.6.

Theorem 3.2.4 Let G be a fuzzy graph. The Pf (G, k) has no real roots in the interval (1, %]
Proof: Let G,, @ € I be a-cuts of the fuzzy graph G. The P(G,, k) for all « € I, has no real roots in the interval
(1, %] by Theorem 5 of [7]. Hence the result follows from Definition 2.6.

Theorem 3.2.5 Let G be a fuzzy graph. The real roots of all Pof (G, k) are dense in [%,oo).
Proof: Let G,,« € I be a-cuts of the fuzzy graph G. The real roots of all P(G,, k) for all « € I, are dense in
[%, o) by Theorem 2.5 of [20]. Hence the result follows from Definition 2.6.

Theorem 3.2.6 Let G be a fuzzy graph. The roots of all PJ (G, k) are dense in the complex plane.

Proof: Let G be a fuzzy graph and G, be a-cuts of the fuzzy graph G. By [21], the roots of all chromatic
polynomials are dense in the complex plane. Specifically, the roots of P(G,, k) for all @ € I are dense in the
complex plane. From Definition 2.6 the result immediately holds.

V. Conclusion
In this paper, some properties of fuzzy chromatic polynomials are discussed. Some results on
coefficients and roots of fuzzy chromatic polynomials are proved based on the definition of a fuzzy chromatic
polynomial and previously proved results of the chromatic polynomial of a crisp graph.
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