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Abstract:The spread of coronavirus disease 2019 which emerged from Wuhan, China is still on the increase 

across the globe even though some regions are gradually recovering from the vast impact of the disease. As at 

10:41am CEST, 5
th

 June, 2020, there have been a total of 6,515,796 confirmed cases of COVID-19 globally with 

387,298 deaths. Mathematical modellinghave played great roles in studying the dynamics of diseases. 

Consequently, this paper derives an SEIRM time delay mathematical model with awareness for the spread of 

COVID-19. The model is analysed for various steady states and their stabilities and the basic reproduction 

number determined for the spread of the disease. Furthermore, with delay in awareness considered as Hopf 

parameter, we investigated the endemic steady state for Hopf bifurcation using differential-delay method. The 

outcome of the analyses show that with the basic reproduction number less than one, the disease-free steady 

state is asymptotically stable for all values of the delay parameter but when greater than one there exists unique 

endemic steady state within the feasible region. The endemic steady state is asymptotically stable but undergoes 

Hopf bifurcation at certain value of the delay parameter. Consequently, increasing delay in awareness 

dissemination could destabilize the endemic steady state of the system. 
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I. Introduction 
The recent outbreak of coronavirus disease 2019 also called COVID-19 by the World Health Organisation 

(WHO)
1,2,3,4

, has destabilized the regular daily functions of individuals across the globe and has caused several 

untimely deaths. Report from the WHO Coronavirus Disease (COVID-19) Dashboard as at 10:41am CEST, 5
th
 

June 2020 shows that there have been 6,515,796 confirmed cases globally with 387,298 deaths
5
. 

Studies have shown that accurate reporting of disease cases and global awareness campaigns play a very 

important role in containing the outbreak of a disease
6,7

. The more people are aware of the mode of transmission 

and preventive measures, the better their behaviour in preventing and curtailing the spread of the disease. 

Importantly, the simultaneous spread of awareness with diseases often result in some unexpected reactions which 

in most cases play positive or negative role on the disease transmission. According to Tcheuncheet al.
7
, proper 

news reporting has the capability to reach and change the knowledge, behaviour and attitudes of a large proportion 

of the community. 

In the last few months, some researchers have tried to establish the effectiveness of some of the 

preventive and control measures put in place by WHO and some Government policies to curb the spread of the 

disease. These measures include lockdown and centralised quarantine
3
, travel restrictions

8
, the effective use of face 

masks
9
, closure of schools and suspension of social gatherings

10
, social distancing

11,12
, regular and proper hand 

washing
13

, among others. A number of mathematical models have also tried to describe the dynamics of the 

evolution of COVID-19; from predicting the epidemic peak of the disease in certain regions
2,3,8,14,15

, to computing 

the efficacy of some treatment measures
16,17

. 

In modelling the impact of awareness on the spread of infectious disease and its control, there are two 

notable approaches been used to include information awareness into the framework of the epidemic model. The 

first approach, usually represented by an exponential function, is to directly incorporate the effects of information 

into the transmission rate of the disease, which in turn reduces disease transmission as a result of disease 

awareness
18,19

. The second approach is to introduce a separate compartment representing the level of disease 

awareness within the population. Hence, transitions between the classes of unaware and aware individuals within 

the population depend on the level of awareness in circulation
6,20,21,22,23,24

. 

The connection between the existence of time delay in reporting of infected cases and human response to 

available information about a disease is of practical importance. Zuoet al.
24

 proposed a mathematical model with 

delay to capture the impact of awareness programs on the spread and control of infectious disease using a separate 

compartment M to account for the delay in reporting infectious cases. Zhao et al.
22

 incorporated media awareness 
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with time delay in an SIRS epidemic model while Agabaet al.
6
 considered an SIS epidemic model which focused 

on the dynamics of a simultaneous spread of an infectious disease with the spread of awareness and delayed 

response of individuals to available information. 

From the aforementioned, the dynamic of each model is determined by the basic reproduction number 

0R .For 10 R , the disease-free steady state of each model is stable but unstable for 10 R  regardless of the 

value of the time delay. However with 10 R  and the absence of time delay, each endemic steady state is stable 

provided it is biologically feasible but can undergo Hopf bifurcation at certain value of the delay parameter. 

This paper evaluates the impact of awareness and the delay in individual response to awareness as regards the 

spread of COVID-19 by proposing an SEIRM epidemic model having the level of awareness dissemination as a 

separate compartment. 

 

II. Model Derivation 
A Susceptible-Exposed-Infective-Removed (SEIR) epidemic model with the inclusion of a 

compartment M for the level of awareness in circulation is formulated for the spread of coronavirus disease 

2019. The model took cognisance of individuals within the susceptible population aware of the spread of the 

disease and thereby employing some control measures which in turn reduces their susceptibility by the factor 

10  . Considering these set of individuals as a proportion sp  of the susceptible population implies 

nkss SSSqSpS  , where 1 ss qp and kS  denotes the aware susceptible while nS  represents the 

unaware susceptible population. 

Likewise, since some COVID-19 cases are known not to exhibit symptoms of the disease (that is, the 

asymptomatic infective), the total infective individuals are considered in terms of the symptomatic infective, sI  

and the asymptomatic infective, aI  respectively. Consequently, pIqIIII as   with qdenoting the 

proportion of the sI  population and 1 pq . It is assumed that the symptomatic infective individuals, sI  

represent those who developed symptoms of COVID-19 and are clinically confirmed positive of the virus. Their 

recovery rate is presumed to be enhanced by the factor  as a result of medical aid which facilitates their 

recovery process. 

Based on the aforementioned, the following system of equations is obtained for evaluating the spread 

of coronavirus disease 2019: 
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where NRIESS kn  , is a constant population.The parameter  is the transmission rate of the disease, 

 is the rate at which the exposed are confirmed infective within the incubation period of the virus, which 

implies /1  is the incubation period of the disease. The parameter   is the recovery rate while   is the 

disease-related death rate and   represents the rate at which some suspected cases (within the exposed) are 

declared to be negative and reunited with immediate families. They are presumed to have developed antibodies 

which are resilience to the virus thereby making them non-susceptible and since there is no current medical 

evidence of reinfection, they are moved to the removed compartment. 

Furthermore, the inclusion of an additional compartment M  representing the level of awareness 

dissemination within the population both from global and local sources of information and accounting for the 

delay   in the implementation of awareness (that is, the time interval between when information is accessed by 

the susceptible, processed and then put into action by changing their behaviours), gave the novel model equation 

(2) and the model diagram in Fig. 1. 
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with the initial conditions 0)0(
0
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with o  denoting the rate of dissemination of awareness with respect to disease from global sources such as the 

media, awareness campaigns and so on. The parameter o  is the awareness rate as a result of reported number 

of infections, o  is the rate of awareness arising from the aware individuals (local source), and o  represents the 

rate at which the general level of awareness dissemination diminishes.The aware susceptible lose their 

awareness at the rate k  and thereby become unaware susceptible individuals whereas   is the rate at which the 

unaware susceptible individuals become actively aware of the disease. 

 

Figure 1:Model diagram: dynamics of transition associated with the various compartments. Single-head arrows indicate processes not 

subject to contact while double-head arrows indicate transition processes involving contact in relation to the disease (solid lines) or 

awareness (dash lines). 

 

III. Model Analysis 
This section presents the analysis of the model equation in two aspects. The first is the analysis of the 

steady states of the model and the second aspect discusses the stability of the various steady states of (2) and the 

possible occurrence of Hopf bifurcation. 

Steady States of the Model Equation 

Analysing the model equation (2) gave two steady states: the disease-free steady state defined within the region 

  and the unique endemic steady state defined at some point in the interior   of  with the disease-free state 

also defined within this region (similar to the result obtainedby Wei et al., [25]). The disease-free steady state of 

the model is obtained as )ˆ,0 ,0 ,0 ,ˆ ,ˆ(0 MSSE kns   with 
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where 10  oh  is always satisfied for all values of 0o  whereas for 0o , it is satisfied if koo   . 

The basic reproduction number of the dynamics, 0R  which is defined as the average number of 

secondary infections that a single infective individual can generate within the entire susceptible population, is 

obtained as 
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which gives a disease-free steady state when it is less than one and an endemic steady state if greater than one. 

The endemic steady state of (2) is obtained as ) , , , , ,(   MRIESSE kns  with 
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where )]()[(1 pqm   , )(2 ss qpm   ,   
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The disease endemic steady state is feasible if 03 m  and 1]))(/()/[( 33121  mmmmm   for values of 

)1 ,0(sp . Fig. 2 gives a pictorial presentation of the feasible region of the endemic state obtained from a 

numerical simulation with varied values of some parameters. 

 

Figure 2:Steady state regions showing the disease-free state( 10 R ) and the feasible region of the endemic steady state (with 10 R )for values 

of ) ,( 10sp and varied values of (a) 0 (b)  (c)  and (d) k . The value of 0 in (b)-(d) is 20. , 250. in (a), (c) and (d), while 51. in (a), 

(b) and (d), 4.0k in (a)-(c). The values of other parameters used are: 30.o , 30.o , 140. , 030. , 350. , 060. , 070. , 2 , 

70.q , 30.p . 

Stability of the Steady States and Hopf Bifurcation 

The characteristics matrix obtained from the linearization of the model (2) near any of its steady state

),,,,,( MRIESS kn  gives the following characteristic equation: 

0)]()()()][()()([ 1745454
23

6588
2    aaaammmmaaaa ooo

(7) 

where kaaam  3214 , )( 31215 aaaam k   ,  is the characteristic eigenvalue. 
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Theorem 1:The disease-free steady state of the model equation (2) is linearly asymptotically stable if 10 R  for 

all 0 , bifurcates at 10 R  and become unstable when 10 R , where 0R  is as defined in (5). 

Proof:  

Considering the characteristic equation in (7) at the disease-free equilibrium or steady state gives 

0])()()][()()([ 7433
2

6588
22   aaaaaaaaa kook  

Hence, two of the eigenvalues are 02,1  , two others are determined from 
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Substituting the values of nŜ  and kŜ  as defined in (3) gives 
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The eigenvalues 02,1   indicates that it bifurcates at 10 R  and become unstable when 10 R . The 

remaining two eigenvalues are obtained from the roots of the transcendental equation 

0)()( 7433
2   eaaaa kook     (9) 

For 0 , it reduces to 
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and by the definition of oh  given in (4), the above condition is always satisfied. Hence, the disease-free steady 

state is stable for 0 provided 10 R . Next, to check if there exists any positive root for which (9) is unstable 

for 0 , ix  is substituted since 0  is not a solution of this equation as seen for 0 . Consequently, 

(9) becomes 

)]sin()[cos(
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and equating real and imaginary parts give the following system of equations: 
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Squaring and then adding both equations in (10) generate 

0])(][)([])([ 743743
2

3
224  aaaaaaaxx kokoko   

Hence, since 0)( 743  aaa ko   it implies that there exists no positive root 0x  for which ix . 

Therefore, the disease-free steady state is linearly asymptotically stable for all 0 provided 10 R . □ 

Analysing the model (2) at the equilibrium state shows that for 0I  

0
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Consequent on (11), the characteristic equation in (7) at the endemic steady state is the same as 

0)]()()()[( 1745454
23

8
2    aaaammmma ooo  

which gives the first two eigenvalues as 02,1  , the third as )( 83 a   and the remaining eigenvalues 

are determined from the roots of the transcendental equation 

0)()()( 1745454
23   eaaammmm ooo    (13) 

For 0 , it reduces to a cubic equation 

0)()( 741574454
23  aaamaammm ooo  . 
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By Routh-Hurwitz criterion for stability, this equation has roots with negative real parts if and only if the 

following conditions are satisfied: 

.))((     ,0    ,0    ,0 741574454741574454 aaamaammmaaamaammm oooooo     (14) 

The first condition is always satisfied since 

03214  oko aaam  . 

The second condition gives 
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which is also satisfied based on the inequality in (12). Similarly, the third and fourth conditions also hold since 
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respectively. Therefore, the endemic steady state is asymptotically stable for 0 . 

Next, it is necessary to check if there exists any positive solution of   for which the endemic steady 

state losses its stability for 0  since it has been established to be stable at 0 .  It is obvious from the 

inequality (14) that 0  is not a solution of (13), therefore the endemic state will become unstable if there 

exists a positive root ix . Hence, substituting ix  into (13) gives 
 ix
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Equating real and imaginary parts give 
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The following equations are obtained as a result of expressing (15) in terms of )sin( x and )cos( x ; 
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Summing the squares of both equations in (15) generates 
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and considering   as the Hopf parameter, without any loss of generality, it is assumed that there are six distinct 

positive real roots, 6 ,  ,1    , ixi , then for each x  

.    ,6 ,    ,1      ,)1(2
)(

)]([
cos

1
22

174

4
4145

2
511

, 
































  njnπ

xaaa

xmammxma

x
j

joojo

j
nj 


  

Hence, 
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To investigate if the endemic steady state actually undergoes Hopf bifurcationat 0  , the sign of 

 dd /)][Re(  is computed by differentiating (13) with respect to . This gives 
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Evaluating at 0   and 0ix  gives 
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Collecting the real part of this equation and substituting the expressions for )cos( 00x  and )sin( 00x  defined in 

(16) gives the following equation after simplification: 
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Consequently, the above results can be summarised into the following theorem: 

Theorem 2: Let 0x , 0  be as defined in (18) with 0)( 0  xf , then the unique endemic steady state of the model 

(2) whenever it exists is linearly asymptotically stable for 0  , unstable when 0   and undergoes Hopf 

bifurcation at 0  . 

Based on the model analysis using differential-delay method, it is seen that the endemic steady state of 

(2) could exhibit Hopf bifurcation at certain value of the delay parameter, 0   provided the condition for 

biological feasibility of the endemic state is satisfied. This indicates that the introduction of time delay in the 

dissemination of awareness can destabilize the system and thereby, periodic solution can arise through Hopf 

bifurcation. 

 

 

IV. Conclusion 
This paper has derived an SEIRM epidemic model for the spread of COVID-19 with the level of 

awareness in circulation considered in a separate compartment which took cognisance of the delay in individual 

responses to the available information as regards the spread of the disease. The analyses of the model around its 

steady states show that the dynamic of the model is determined by the basic reproduction number, 0R . A stable 

disease-free steady state exists when 10 R  for all values of the delay parameter,   and dies out. It undergoes 

bifurcation at 10 R  and become unstable when 10 R . Whereas, in the feasible region with 10 R  there 

exists a unique endemic steady state that is asymptotically stable for values of the delay parameter, 0  , 

unstable when 0   and undergoes Hopf bifurcation at 0  . The application of Hopf bifurcation has shown 
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that increasing delay in awareness can affect the stability of the endemic steady state by causing it to oscillate 

periodically at some point thereby losing its stability. 
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