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1. Introduction

The generalized Tribonaccl sequence {H’n[:ll'g,ll’q,ll'fg;r‘_,s__t}}ﬂtic. (or shortly {H;._}?._EDJ 15 defined as

follows:
(1.1) W, =7vW,_1+sW_o+tW,_3. Wo=a W, =bWyg=¢, n=3

where Wy, Wy, Wy are arbitrary complex numbers and r, 5, ¢ are real numbers. The generalized Tribonacel
sequence has been studied by many authors, see for example [1,2,6,7,13,16,19,20,21,22,29.30,31,32,34].
The sequence {IW, },,~q can be extended to negative subscripts by defining

. 5 oo 1.
”—n = _EH —(n—1) — E” —(n—2) T ;” —(n—3)

for n=1,2.3,... when ¢ == 0. Therefore, recurrence {1.1) holds for all integer n.
In literature, for example, the following names and notations (see Table 1) are used for the special case
of r, &, ¢ and mmitial values.

Table 1 A few special case of generalized Tribonacci sequences.
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Sequences (Numbers)

MNotation

OEIS [28]

Tribonacci
Tribonaceil-Lucas
third order Pell
third order Pell-Lucas
third order modified Pell
Padovan (Cordonnier)
Perrin (Padovan-Lueas)
Padovan-Perrin
Pell-Padovan
Pell-Perrin
Jacobsthal-Padovan
Jacobsthal-Perrin (-Lucas)
MNarayana
MNarayana-Lucas
Narayana-Perrin
third order Jacobsthal
third order Jacobsthal-Lucas
3-primes
Lucas 3-primes

modified 3-primes

{Tn} = {Wn(0,1,1;1,1,1)}
(K} = {Wa(3,1,3:1,1,1)}
(PP} = {W,(0,1.2:2,1,1)}
(@7} = {Wa(3.2,6:2,1,1)}
(B} = {W,n(0,1,1:2,1,1)}
(P} = {Wa(1,1.1;0,1,1)}
{E.)} = {W,(3,0,2:0,1,1)}
{5:} = {W,(0,0,1;0,1,1)}
(R} = {Wn(1,1,1;0,2,1)}
(€.} = {W,(3.0,2;0,2,1)}
{@:}={Wx(1.1.1;0,1,2)}
{Ln} = {Wn(3,0,2:0,1,2)}
{Np} = {W,(0,1,1:1,0,1)}
(U} = {Wn(3.1,1:1,0,1)}
{H,}={W,(3.0,2:1,0,1)}
{753} = {(Wa(0,1,1;1,1,2)}
(S = {wa(2,1,5:1,1,2)}
{Gn)} = {W,(0,1,2:2,3.5)}
{H,} = {W,(3.2,10:2.3,5)}
(B} ={W,(0,1,1:2,3,5)}

ADO0OT3, A05T597
A001644, ADT3145
A0T77939, ADTTITS
A276225, A276228
ADT7997, ADTS5049
A000931
A001608, ADTST12
AD00931, A176971
ADG6953, A128587

A1592584
A0T2328
A0T8012
A001609

ADTT47
A226308

The evaluation of sums of powers of these sequences 15 a challenging issue. Two pretty examples are

2

Shmo kT =3~ (n+ ) T 5—(An + 11) T —(5n + 9) T +2 (20 + 6) Ty 5Tnia+2 (n+ 3) TnysTni —

2Tﬂ+2$1+] + 2]'

and

Ykmo kP =—(n+6) Pl g—(n+5) Py y—(2n+8) Py +2(n+4) PoyaPaia+2(n+5) PrygPni —

2-'Pr1.+2‘P:l:l.+1 +3.

In this work, we derive expressions for sums of second powers of generalized Tribonacci numbers. We

present some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers.

Name of sequence

sums of second powers

sums of third powers

sums of powers

Generalized Fibonacci
Ceneralized Tribonacci

Generalized Tetranacci

[3.4,10,11,12,23]

[17,25]
15,18]

[0,24,26 27 33]

[5.8,14]

Let

A=(s+rt—t*+1)(r+s+t—1)(r—s+t+1).
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The following theorem gives closed forms of the sum formulas for the squares of generalized Tribonacci

numhbers.

THEOREM 1.1. If A &£ 0 then

(a):
n N ,"'_\1.]
Wi=—,
k=1
(b):
n
- 2
Y WeaWe=—2
k=1
(c):
n
. - _Ag
Y WesaWe = =2,
k=1
where
Ay o= —{tz +rt+s— 1)11",§+3 - {rEt— et trls 0+ st rt+ 5 — 1)”',34_2
T L St s drat A LS L ATt s — )W
+2(r+1t) (54 1t) WinsgWnis + 2t (r + st) WaaaWair — 2t (s — 1) (s + 1) WnraWais
+(2rst+ 2 + 2 bt + s —1)WE + (PPt 4+ r? P+ rls 4+ 2rsi 4P 42 F vt s — L)W
_{\rgt it e st — S rtsrdrst i 4 ST L i+ s — ]}H']z
—2(r+ st) WaWs — 2t(r® — 8> £ rt + 8)WWa + 2t (s — 1) (s + 7t) Wa W,
and
Ay = (r+st)Wi  +(s+rt)(t+rs) Wi, +8 (r+st) W,

—(2rst+ 17 4+ 87 417 — 1) W gWhia +t{r? —8® — 2 + 1) Wi gWas
—(rPt—rt® —rsfttrie — S st L st Lt LS L Lt s — )W, W,
—I—(frj —rat —rtt — st)W; — (t+rs)(s+rt) Wi — & (r + st) W}

2 2 2 — 2 .3 2,2, 0 J—
—(r" = — 1 WWs + (ris—st” —s" + 2rat+ 1"+ 87 17 L5 —1)We W0

H(—rtP 4+t — vt L rls — st — P L L P4 4 Wrat 4t 45 — 1) W WA
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and

Ay = (P —s*+rt+ 3]11'}3_'_3 —(ré®t—ri® —r?? 4 rls 4+ 8 — s)li'rf_'_:, +i3(r? — s +rt + S}H'JE_H
—(r+t) (P =+t — 1) WoagWaaa — (FPs—st® —s* + 2rst + 02 + 57 + 87 + 5 — 1)WoaaWays
+i(s—1) [?‘3 —st - 1) Wiy Wap + (re®t £t —rla® —r2? L 20?5 — i LSt LS — )02
+(rsft—rt® =1 s+ 8" — )W — £ (r? — & £t +5)W]
—(r® =¥ st ot Ll Lt s L L)W
+(r35 ettt st Sttt L st L L st — )Wz W,

+s+rt—t"+ 1) (r—s+t+1)(r+s+t—1) Wl —t(s—1)(r" — s> +£° — 1)W1
Proof. The proof of the Theorem is given in [25].

2. Main Result

Let
O=(r—s+t+1)r+s+t—1) (s +rt—t" + 1)

THEOREM 2.1. I[f Q=0 then

(a):
n
W2 =22
k=0 o
(b):
3 KW, W, = 22
Z k1 W = o
k=0
(c):
n ] 0
D kWi W, ==
k=0 o
where
12 12 12
D= Th, M=) & Q=3 U
k=1 k=1 =1
urth

Ti=(n(s+rt+t? —1)(—s—rt+t? —1)(r—s+t+1)(r+s+t—1)+65—2ris —6rt® —drit—
6st% —2r%s —Or2t? — 2r2tt —4r%t% —2r¥t? — 65742 £ 4% — st 4 6rt+ 207 — 257 — 2% 4 s 1687 -3
t* 4+ r¥s’t? — 6rs’t — 12rst® + 2rs®t — drfst — 120%st® + 2rs’t® — 6rst — 3)1l'ﬁ+3:

h=nl-s—rt+—1)(s+ris+rit+ri? +ri+r?+ 2+ 2rst —1)(r+s5+t —1)(r—
s4+t+1)+4s — dris — 2rt% — 2% — 2t® — Ar®t — 2at* — 5P — 275 Lot — 2p%E — 2t
82 —11r%? — 12958 —8r4t? — T2t + 4557 — 274t —arS8® — 2952 L drt + 4r? — 270 — 252 + 387 —
1% —18r%5%% + 6r2s%t? — rls%tt + 20%%% 4 5%t — Sra’t — 18rst® — 6rs®t — 16r%st + 4rstt — 2rs

t% — driat — 20r7st? £ drs™t® — 14r%e%t — 14075t + 2r%5% — 16rtst® + Dot — Z}H',f_'_z_,
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Tg=(n(—s—rt+t?—1)(r+s+t—1)(r—s+t+1)(s+ris+rit+rit? + 22 4+ rt+r? + 87 —
s+ 82 —rsit+drst — 1)+ 25 — 2ris + 217 4 2st® — Art® — 2r%t — dst* — 4r?s? + 2778t — ris? —
10r%2* — 8038 — 4r? — 25287 — 2% — 20985 — 2r%tt — 857 — 2r%4% — %% — 2507 4 4871t 4 25087 —
st Lt Lt ot e _4sF et 280 s L3 27 1072822 L 8rl % — 2ria%t —rPal L 2
522 —12rs’t — 16rst® — 4rs®t — 12r%st+ 10rs*t — Srat® — 2rs®t — 2r¥st — 14r%st? — 8r3s%t — 8ra®t7 —
6ristt — 10r7st% + 4r¥s9t — 10r4st? + 2rat® + 2rst% 4+ 6rst — 1)W1,

Ty=2n(r+t)(r+s+t—1)(r—s+t+1)(s+rt)(s+rt—2t*+1)+3rs® +2rs° + 3r¥s —rs* —
6rt® —Srit 4 6rtt L artt 4+ 457t 4 4at% £ 357 —2att L st® 1 277 L Hr T L orTt L Xt L et S
3L 2% —drs — bet — 20287 — %8s L 10rst? L 10775t L drtst L 12r2%? L 100787 — Bra¥tt L
13r%st® — 2r%8% L 147%at® 4 vt )Wy aWhss,

Ts =2tnlr—s+t+1)(r+st)s+rt—t2 +1)r+s+t—1) —dr +2rs? —rs? + 20%: +
2rtt £ 207t 4+ 2t Lortt L 5s7t 4 6st® L 459t — 35t 4 r7% — 227% £ %7 L 3rs — 6t £ 307 L drs
t2 L 0r2st — rat? L 118 L Ar?s%t — 259t L 2t L 3?‘35t2}1lfﬂ+311'};+] :

Te=—-2tn(s—1){s+rt)(r—s+t+1){r+s+t—1)(s+rt—t?+1)+ 45— 3rts — drtT — 47
t—2at? —rt® —2at* L 207t £ 327 — 3t — %% 2t L4t L % L5t — 857 1257 L4t —
22% L 14722282 — 2925582 Lra?t L 6rat® L 14rs¥t L rst — dratt — Arlat? — 2re?tt L6rfsft Lorstt —
rlatt £ 218518 L 3rdst? — 12rst) Wi s Wit

T7 = (—4s + 2r%s + 2rt% 4+ dr¥t 4+ 2st% + 2% 4 258 + 9% 4 87%8% + 2070 4+ 27%8% £ 134 4
Tsht? — 4592 —drt —r? 4+ 257 — 317 + 1% + 10rst® + 205t + 6rist? — 2ra?t® 4+ Srst + 2)WE,

I's=(-2s+ drts — 2t — 2at® L APt L Pt LAt + 27 L 2t Lt 1P AR L
Ardt? 4+ 85242 — 48982 1246 L 0peh L opdgd 5244 L 0eB4T 082 Dt 22 ped 125 257 gt
3% + 267 1007577 — 4r?5% — %57 L 127517 4+ 615t 4+ 6005t — 2rstt + drst® + 2r0st 4+ 1002527 —
2rs’t® 4+ 8rs’t — 2rs®t® 4+ 4r?st? + 10r%st® 4 8rist® 4 2rst 4+ 1)WY,

Ty =t —6a4+2r2 a1 6rt® L 4r¥t L 6st2 120222 1 0r282 L 2r 2 L dp 3% L 232 162782 — 45982 L 224 —
6rt—2r2+252 425 — ' — 617 +3t* —rs?t? 46157t +12rst° —2rs¥t 4+ drfsi+12r st —2rs’t® 4-6rst+3)
we.

o= —2(2:’53 Lt 2Tt — Lt 3t L 35t 2% L 255 Lt — st 2aP
r¥s? + 623 + 607 + 2r7t% 4 2098 o+ 2r%4% 4 % — %1% — Brs — dst — 202877 + Grst® + Trisi +
3rstt + 2rist + 8rstt? +4rls?t — drs®t? £ 100787 4+ Tr¥st? )WL W,

T = —2t(—3r+rs® +r9s 4+ rit 4+ 3rtd + 457t + 4517 4 35 — 2% + at” + 20345 — 192 — 575 4
rs— bt + 2r% + drat? +Arist 4+ 6rati? + 4r?s®t — refe? - or?e? o+ 203t ) WY,

T2 = 28(35 — s — 2rt% — 3rtt — 2rtd — Fstt L 27 L 2% 2t et et L ST L
2558 4+ 2524 — M 4 drt — 657 + 257 4+ 28% — 5° £ 8262 — 250t 4 Ara®t 4 2rat? 4 TrsBt 4 2r%st —
Iradt+rat® £ st 4+ it L or¥et? 4 2rtar? — Orat )WL WY

and
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o =mr+st)r+s+t—1)(r—s+t+1){s+rt—1>+1)—3r+rs® +r¥s+rit 4+ 3t +
45% 1+ 4st® £ 355 — 25%t L ot® L 2% % — %7 L 2rs — Bt 4 277 L drat? L artst L 6ra’tt 44
ris’t —rs®t? +rist® st )W ;.

Dy =(t+rs)nlr+s+t—1)s+rt—t2+1)(r—s+t+1){s+rt) —ds+3Ir?s+4rt5 L 4rSt +
25t 4rt® + 25t 420252 1 32 3t L o 5%t Bt 4+ 357 4257 — st —r st L Trs?t — 2rstt 4 drTst 4
8rist? + 6rat)W2.,

Bz =t*(n(r—s+t+1)(s+rt -2 +1)(r+s+&—1)(r+st) —dr + 2rs® —rs® + 2r% +
2rtt L 277t 4 2rtt Lt L 557t L 6at® L 457t — 3t LT —27° L %% L 3rs — 65t L 307 L drs
1 + Orist — rst® + 11rs?t? + dr?st — 2rst? + 2rst? + Irfst? ) W2,

by = (n(r+s+t—1)(r—s+t1)(—s—rt+t2 1) (r’ 422 7 L 2rst—1) 45— 22 —rs—2r9t—2s2 L
st —4r?s? — 20767 — 61287 —Ar?tt — T Lt — BT 4 25717 — 257 4+ M L Ay — 2t 487 —
2% — 2% 4+ 37+ 5° — 1% — 1477527 + 2075542 — 8rs’t — 16rst® — 10r5%t — 8rdst + drsit — 2rst® —
10r2s8? 4 2rs*t® — 8r8st — 2r%st® — drdst® — 2 4 6rat)WosaWeas,

Dy =tlnls+rt—t+1)(r—s+t+1)r+s+t—1)(r* —s? =7 +1) + 25 + 4r?s + 2ris —
2rt? + 2r%t — 4t 4 rt® £t 4 281t — 2r%8? — 4r?S — 4r? — 2997 10877 + 4558 — 2570 4t —
2 L3 L 6s? — 45 — 35t L 687 L28% — 3t — 2rPe? — 2rstt — 12rst® — Srsft L dr¥st Lrstt— 4
rist® + 2rstt? — 2r9s%t — 3)WpegWha,

bs = (n(—s—rt+t*—1)(r+s+t—1)(r—stt+1)(s+ris—rt? Lot —st’ Lort4riLs® — 17—
re*t+2rst—1)4+ 25— 2rds —drt? — 3517 L 2rt® — 2r¥t 4ot —dr?s® 4 2075t —5r2i? — st — 2021t — 45t
PR S L) T R o A e T, A S P Ny L R S T Ay L) J L L, [
285 11075782 — 2r? 7t —r et L 207 St L 2t —Grett —drat® —6r¥ st L Bratt—6rst® —2rsbt— 200
st—2rtst? £16rst —4rfsit—2rs¥ 8 - 8ristt - 4rf st L 4rd St 5ristt 1 2rsttt — 2rst— 1) Wiaya Wi,

Or = (2r —rs® +2rt? —drt* + 7Yt — 35%t — 28t® — 2%t + ¥t — 26t — X7 £ 2977 4 17 — et
dst —r% —drat? +rlist —rat? — st —drtst — I\ W

by = —(tLrs)(—3s+ 2r%s + 20t £ 305 £ 2% £ Fatt L%t L 2B Lt et s
2557 — drt + 287 + 57 + 2rs®t + 2rst® + 2rst + 3rfat? — ra?t? £ drst)WE

Py = —tz[—ﬁ'r 4+rst s L rt - 3rtt 45t L Attt + 357t — 25t L st 2 — T SN 1
2rs — bst + 2% + drst® + Arfst + 6ra’t’ + Arts’t — rsftt + rlat? 4 2%,

Dig=—(—2rls L 2rt7 — 2%t —rt® L0t —2r28% — 2075 —Ar?? — At — AT L 2 687 —
252 + 2547 —rt 4+ 27—t 1257 — 2 1 31 — 2% — Arls? —drs®t — Brat® — drs¥t — 2t 4 rett—
drstd — 8rist? — s — 61757t 4+ 2rs%8% — 2r¥atd — 2rdst? — 1)WRWA,

P = +t{—5—2r25—r43—23t3 — sttt 1 e et et Lt 15T 25T 2T
st ot — ot st 1258 L2t 3 — S L 2t L At L ArsTt 20 st L drst+ 2)11":”'0,

Dy = +1(3t —drs? — 2rs® —dr¥s —rt? + 2r2t + 2rtt — 3r¥t + 4%t + 4t — 457t — rtf — 3t —
25t% + 25 — 2r%s% 4 4r28% — 2% L 2r%et £ 25787 — Pt — 25547 4 Brs — 28t — 617 £ 3% — 29547 —

6rist + 6rstt — 2rist — 6rsft? — 6ristt — drs¥t? — 4r?s¥t — 20%st? — 2raltt sttt ) WA WY
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and

Uy = (n(strt—t241)(r—s+t+1)(r+s+t—1)(sLrttr? —s?) st dristrist 2rtf Lar¥t L
2’ 3t —r2a? — 0% L 2P L ar it L 2T e 2% 2 Lt — 3P L Y L 687 -2
57— st 4 5% — 2Pt 4 Drat? — dra¥t 4+ r¥st 4 drtstt — sttt 4 drst) W1 5.

Uy = —(n(r+s+t—1)(r—s+i+1)(s+rt—t*+1)(—s+ris—rt® —r* 487 L ra’t) + 25 —dris+
2rds + 6rtd L 258 — 6rtd — dstt £ 4r2e? £ 20257 L5022 Lrds? — 8rftt — 5r%t° — 4rt? — 25747 L 467
12— 2r%t% — 4ttt 4 3s%t — 2B — 28% — 48?1+ 257 4+ 8r%s%tt L 2rlelt — s 4 SR 4
2rs?t? — Brst® + 2rs®t + 2r¥st 4 drstt 4 2rat® — 2raPt — 2rist? 4 2rs®t% 4 Ar¥s%t 4 2rsttR — Br°
st — 10r3st? + dr¥5% — Ardat? )W,

U3 =t (n(r+s+t—1)(r—s+t+1)(s+rt—t2+1)(s+rt+r’ —s?) —ds+6ris+2ris+4rt® +6r%t+
25t 1t +rii+ 25t —Arls® 1+ 5r2t2 4 20240 + 20943 + 202 49?8 — 8% —Dri—4r? 4+ 3rd + 857 — 255 —
45* £ 25° — 3r¥s%? L drs?t — 1005t 4 8r%st L oratt L 8rlat? — 20950t L Grst )W

Uy = (n(rd+t)(r+estt—1)(—s—rtLt? 1) (r—s+t41)(r2—s2 447 —1) - 2r -3t —drs? 41 drs® 29851
Irst Ldrt? Lorit—rs® —ris—2rtt —brtt—4st 45T L 4%t L Fett L 2at® 255t L 2r% 7 L 2% _Sr it
Srft? —ar?t® —gr3tt —4rit® 2625 125545 L s 2at 4+ Ar® —2r® 1687 310 +Ar? s P L ¥t _2rst® —
6rist — 11rst® — 2rist + 6r2s®t + 10rs3t® — 12r2st% + 8r2s%t — 8rist? + 4rs®t* — 2ra*t? )Wy sWais

Vs = (n(r+stt—1)(—s—rt+t2 —1)(r—stt+1)(stris—st? Lrl L ST L2 L st 1)+ 25—
rte 4 2rt% — 2%t —3at® —rt® Lt at® —Artst 4 2ret — 4ttt —rte? Attt ¥ L 0 4t
857t 32041 255t — % it 2 st —4e¥ Lt 1250 s L 3 2% 22 L 2% _Sratt —
drs%t — 2r%st 4 5rstt — drst® — 2rtstt 4 6ratt® — 6r%slt 4+ st — Arlatt — rtat? — 1)WaraWha,

We =t(n(s—1)(s+rt—t>+1)(r+s+t—1)(r—s+t+1)(r? —s?+£7 —1)+45—8rls+ 2045 —2r%¢ —
8st? +dat? +ar?a® —arist —6ritt + 248 —rtt — ¥ L 1 4% 3 Lt 2t — 68t
8s% — 28 4 387 — 45% + 2% — 1% + 607877 — 2r75%t? + Ars’t — 6rst® 4 2r¥st — Sratt — rat® £ ors®
P+ rdst 4+ drlst? + 1drs™T 4+ 4r¥sht — 2088 L Arlatt L 4Tt — 20355 — Brat — 2)W LWL,

Wy = (25— 2r7s — 2r%t + 2% — 3rt® £ ¥t — 4t £ 20787 R —orltt — 29T L 2t — 280 4
45587 L 357 — 25 L3t L 20—t —48? £ 257 L% L drs?t — drat — WrSft L 4r¥at Lt L
4ra®t® — 20837 — 2rst)WY,

Wy = —(—s5+ 2r2s — ris — 5rt% — dst? L Art® £ 5stt - rtT — 37t — Pt — Tt LTt L
6r3t% + 3rit? 4+ 5577 — 65787 + 20280 £ 2090 4 2ttt — da¥tt 4 %% £ 3e T 4 287 — 257 4 25° — 80 —
2r2a%? — 3r?a?t — ris?t® — drs?t + 8rst® 4 drs®t — Wr8st — drstt — rat® 4 rs®t 4 rPst £ 202t —
2rstt? + 2% — 2raTET L Artatt 4 ArTst® — 43St 4 drtst? — 2re et Lorste® — rat) W,

We = t2(35 — drls — ris — 2rt® — 4r%t — 2rt® — 35t L rl® 4 27050 — 2t — 4t — 2P 4
2t 4+ 25787 £ 2% — 2 L Art 4+ 3 — 2t — 687 4+ 26% £ 280 — 5% L 2%t — 2pat® 4 ArsSt —
2r3st — drlst? + 2rs?t® — drst) Wi,

Wig=—(—r —2t —drs® +4rs® — 2% +rs® L 3rlt 4+ 3t —4rft — 457t — 2587 + 457t — 2t 4
rét L 2a%t L at? — s L 2r%s? —dr?tT — 6%t — Br¥t® — Sritt — 3ritf — 4577 L 2% L 25517 L 28780 —
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s Lst L 2% B L3877 L 4r?s T L 208528 —drst? — 10775t — Sratt L 3rist — 2rs?t? Loristt L
6rs¥t? — 8rlat® + 2r2e% — 4r¥st? L GrsTtt — 2rsttt Lrlstt — 2?"‘15%)1'1-'211"1:

Wi = t(?'r + 3t — 8rs® —6r°s + 2rst — drt? £ 207 —rs® — P - 2t — Brte - 45% L 4s® —
4538 — 5% — 20t® L 255+ 2r%8% L % L 4rTt? L 25%8% — 26%8% L Bre — 2t 2% — 298 — 617 L
315 L et — 2rfst + Grett — 2rtet + 2rs7t? — 6057t — 6rstt + S?"!stj}l'i-'gl'i-'u:

Wi = —1(25 — 6ris + 2ris + 20t — 2r%t — 3st? — rt? 4 rPt 4 st 4 Ar?s? — 20287 2r2st
Art? Lt —dr?tt 4% L ot —4eT P 68T L 3 4t 2 N et 2
522 +85% — 350 — 258 + &F £ 3% — 265 1 6r75%% — 2250 + Srat — drat® — Arsft L 6rist — Iradt £
2rist? + 10rs?t? — 2r¥s7t — 2rs¥t% 4 Arfstt 4 dr¥st — rist? — Srst — 1) W

Proaf. First, we obtain Z;::] EWZ. Using the recurrence relation
Wosg =rWo o+ Wy +1W,

or

tWn = Wiag — rWiia — 5Wnaa

W, = (Wapa—mWnia—sWni1)' = W 3 Wy b5 W —2r W 3Win i —25Wi 3Wany 1 +2rsWo Wiyt

we obtain
t?wn = I-'Ir",f = nx 1'1-';::_,_3 +rixnx H-";::_,_: + 8 xnx H-"f:‘:_'_l
—“rxn X Wy gWoin —2sxnx W Wo +2rsxnx W, W,y
Pn-1)Waq = (n—1)Wan+ri(n—1)Wi, +8 (n—1)W;
—2r(n — 1)WaeaWhat — 28(n — 1) Wha Wy + 2rs(n — 1) Waa Wy
Bn—2Wo, = (n-2QWo, +ri(n—2W;+s*(n—2)W,
—2r(n —2)Wo W, —25(n — 2)W, Wy + 2rs(n — 2)W,, W,
X 2x Wy = 2x Wi +ri x2x W45 x2x W)
—2r %22 WiWy — 23 =2 x WiWa+2rs = 2 x WyW3
EFx1xW] = 1xW]+rPx1xWi+s2x1xW;
—2r =1 WiWs =221 x WyWo+2rs = 1 x W3l
Px0xW; = 0xWi+r"x0xW;+35" x0x W,

—2r % 0 x WaWso — 22 = 0 x Wzl + 2rs = 0 x W2l

DOI: 10.9790/5728-1604010118 www.iosrjournals.org 8 | Page



Formulae for the Sums of Squares of Generalized Tribonacci Numbers: ..

If we add the equations by side by, we get

n n
2y EWE = (Wi s+ n—1WR,+(n—2)W2 +1x W +2x WE+3x Wi+ (k—3)Wy)
k=0 k=0
n

+r W L+ (R =)Wy + 1 x W+ 2x Wi+ Y (k= 2)W)

k=0
n
£ (W2, 1 WE 4D (k—1)WD)
k=0
n
—2r(nWassWata + (0 — 1)Wapa Wit +1 % WaWiy +2 x WiWo + 3 (k — 2)Wip1 W)
k=0
n
—25(nWpsgWoi1 + 1 x WalWo + 3 (k= 1)W2aWy)
k=0
n
+2r5(nWiiaWni1 +1 x WilWo + 3 (k= 1)Wip1 We)
k=0
and so
b L3 L3 n
(21) Y kWE = (FP+S 1)) EWE =25 Y kWieaWi +2r(s — 1) > kW1 Wi
k=0 k=0 k=0 k=0
T n n
—(2r7 4+ 3N WIH 28D Wi Wi —2r(s = 2) Y Wi Wi + 01 g
k=0 k=0 k=0

+rn+nr =1 )Wo, +(n+nrt+ns® —r? —2)W] | — 2nrW,3Wein

—msWy i gWrat + 2r(—n +n8 + 1) Wy aWnay + Wy + (P2 + 2)WF

+(2r% + 57 L 3)WG — 2rWa W — 25Wa Wy + 2r(s — 2)Wy W

Next we obtain Z;::u, EWge 1 Wi, Multiplying the both side of the recurrence relation

Wy = Wity — Wiy — Wiy

by Wri1 we get

W W = WaiaWon — W oWy — 5”";2;4.1 -
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Then using last recurrence relation, we cbtain

txnx WoaW, = nWagWho —rxnx WeaWe —sxnx I-'If",f“
tn—1W,Weqy = (n—1)WeaWy—r(n—1)Wapa Wy —s(n — 1]11-",3
tn—2)Wp_iWaa = (n=2)Woui Wiy —rin—2)W,Weq —s(n— 2}11-"7'::_1
tm—3)W,_sW, 3 = (n—-3)W_ W, —rn—3W,_1W,_;—s(n-— 3}11-‘}3_3
tx3xWyW; = I xWeWy—rx3xWilWy—sx3x H-'f
tx2x Wl = 2xWilWeg—rx2x WylWsg —5x2x 1-1-'33
tx1l=W,o; = 1xWW,—r=x1=xW;W,;,—s5=x1=x 1-1-'23
tx0xWiWp = 0xWaW —rx0x W2l —sx0x 1-1-'13

If we add the equations by side by, we get
il T
£y kWpaWe = (nWnigWnit +1x WalWo + 3 (K —1)Wepa W)
k=0 k=0

T
—r(nWisaWas1 + 1% WiWo+ 3 (k — 1) Wi Wi)
k=0

n

—s(nWo +1x W5+ (k—1)W;)
k=0

and so

n n n n n
(2:2) tY W W = —s) EWZ4+Y kW, oWe—r Y kWep W, +53 W
k=0 k=0 k=0 k=0 k=0

bl Tl
— ) WipaWe+1 Y Wi Wi —nsW2; +nWoirsWai
k=0 k=0

—r W aWhay — sﬂ-"ﬁ: + WaWy — rW Wy
Next we obtain Z;;l:u EWge2 Wi, Multiplying the both side of the recurrence relation
Wy = Watg — mWia — sWa

by W, we get

tWa Wy = W aWhin — TI'L.’;.E_FZ — sWypaWnaa.
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Then using last recurrence relation, we obtain

txnx WpaWy = nWoigWois —rxnx I-t'ﬁ_‘_: —sxnx Wy Whi
tn—1)W, W, 1 = (n—1)W, W, —r(n-— 1)11-’£+1 —8(n—1)W, W,
tin—2)WaWn_a = (n—2)Wopn Wy —rn— 2)1-1-',;" —s(n—2)W,Wn_
tHn—3)WoiWhg = (n=3)W Wy —rin— 3)11-"‘;‘:_1 —8(n—3)Wa_1Wy_o
Hn—d)WoaWnoy = (n—d)Was Wz —r(n—4)W2_, —s(n —4)Wh_2Wph_z
tx3IxWyWg = FxWegW5—r=x3=x 'll-"E.2 — 5% 3% W5Wy
tx2xWoWy = 2x WiWy—rx2x Wi—sx2x W,W;
txlxW;W; = 1xWW;—rxlx 'll-"; — 5% 1= W3,
tx0x Wy = 0x Wil —rx0x Wi —sx0x WW,;
If we add the equations by side by, we get
n n
tz EWipaWe = (mMWapaWoia+(n—1)WepoWapr +1 x Wallh +2 x Wilp + Z{k — )W 1 W)
k=0 k=0

—r(aWl L, + (=W +1x WP +2x Wy + Y (k—2)W7)
k=0

=W aWapr +1 % WiWo + 3 (k= 1) Wy ya W)
k=0

and so
n n n n
(23)  tY EWiaWe = —1 3 kW2 —(s—1)3 kWi Wi +2r > W}
k=0 k=0 k=0

k=0
b

HE—2) Y Wt Wi —nrW L, —r(n — W2, +nWaisWais
k=0

+(n—ns — 1)WniaWny1 — rWT — 2rW3 + W12 — (2 — 2) W1 Wy

Uzing Theorem 1.1 and zolving the system (2.1)-(2.2)-(2.3), the results in (a), (b} and (c) follow.

3. Specilic Cases

In this section, we present the closed form solutions (identities) of the sums ¥ ,_ kW2, S p_o kWi 1 Wy
and Z:::o EW g 2Wy for the specific case of sequence {W,}.

Taking r=s5=1t =1 in Theorem 2.1, we obtain the following Proposition.

ProrosITION 3.1, [fr=23=1{=1 then forn = 0 we have the following formulas:
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Formulae for the Sums of Squares of Generalized Tribonacci Numbers: ..

(a): T okW2 = H—(n+ W2, —Un+11) W2, — (5n+9) W2, +2(2n+6) W, sW,in +
2(n+3) WnyaWni1 — 2WaoaoWhay + 3W3 + TWT +4Wg — SWLaW — dWa Wy + 2W1 W),

(b): Yo g kWeriWe = 3((n+2) W3+ 2n+58) W2, + (n+3) Wi — (2n+6) WaosWnia —
W, gWiyy — 20W, oWy — W3E — 3W] — 203 + AW, W, + 2W, W, — 2W; Wy).

(€): Yo EWisaWi = J((n+ 1) W2 o4+W2 ,+(n+2) W2, | —2WanisWhnia—2(n + 1) W gWeir—
Wi — W3+ 2WaW7).

From the above proposition, we have the following Corollary which gives sum formulas of Tribonacci

numbers (take W, =T, with Ty = 0,71 =1.T2 = 1).

COROLLARY 3.2. Formn > 0, Tribonacct numbers have the following properties:
(a): Yop o kT2 = H(=(n+4) T2 5 —(dn+ 1) T2, — (5n + 9) T2, +2 (20 + 6) TnssTny2 +2 (n + 3)
TnsgTne1 — 20T +2).
(b): Yho kThs1Te = 2((n+2) T3 5+ (2n+5) T2, +(n + 3) Ta 1 —(2n + 6) TnssThe2—2TnsaThi1—
T, 2 Thq)
(e): Xhoo kThaaTie = 3((n+ 1) Tiys + Tipn + (4 2) T — 2TnsaTngz — 2 (n+ 1) Tnsg o + 1)

Taking W,, = K, with Ky =3, K1 =1, K> = 3 in the above Proposition, we have the following Corollary

which presents sum formulas of Tribonacci-Lucas numbers.

COROLLARY 3.3. Forn = 0, Trbonacci-Lucas numbers have the following properties:
(a): pookER = 3(—(n+4)Ki 3 — (4n4+11)Kpp — (5n+9)Kpyy + 2(2n+6) KngKnio +
2(n+3) H,a_,_glxﬂﬂ — 2R a K + 16).
(b): 3p o kKys1 Ky = %({n +AEL 3+ (2n+5) KR, + (n+3) K2, — (2n+6) K, 5Ky —
QK pgKpy — MKy oKy —6).
(e): S g kK Ky = _1_1(('.“ +1)E: 4K+ n+2) K2 2K, 3K, 0 —2(n+ 1)K, 3K, 1 —
4).

Taking r=2,5=1,t =1 in Theorem 2.1, we obtain the following Proposition.

ProrosiTION 3.4, Ifr=2s5=1t=1 then for n = 0 we have the following formulas:
(a): E;::D kW2 = LT[— (3n+ 10) W, ;+3 (2Tn +63) W ,?4_2 (30m + 40) W} a1 T 2(I L 24 Wiy
Wiaeo+2(3n + 7)) WiaeWhg —0Wo0Wihi HTWE+36WE L 10WF —30W, W7 —8W. Wy +61W, 1A ).
(b): Zk—o EWgp Wy = ..,,((3':‘1 +4)W ,%_,_5.—3 (3n+T)W, 1,._,_n+ (3n+T7) Wi pr1— (9 + 18) WhaeWhio+
(Bn+1)WoigWh — (180 +9) Wi, W, g — W — 1207 — 4W7F £ 9W, W, + 20, — 90, Wy ).
(e): S g kW2 Wy = ZF( (6n+5) W3 neg T 01172 nez (6 4+11) I-'Ir",fﬂ + (=0 —13) WyeaWheo +
(—12n — 7) Wiy gWoay + 3We oWy + W3 — OW7 — 507 + 602 — 5W, Wy — 3 W, ).

From the last Proposition, we have the following Corollary which gives sum formulas of Third-order Pell

numbers (take W, =P, with B, =0, =1,FP =1).
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COROLLARY 3.5. Forn = 0, third-order Pell numbers have the following properties:
(a): 3poo kP =g (—(3n+10) Pl . —(2Tn +63) P2, — (30n +40) P2, +2(9n + 24) P 5Prsa +
2(3n 4+ 7) PregPasy — 6P 2Pnay +4).
(b): Xp g kPes1Pe = o=((Bn+4) P23 +3(8n+T) Pl o+ (3n+T7) Pl — (n+18) PoagPaio +
(3n +1) PaosPast — (180 4+ 0) Powa Payy + 2).
(e): Y okPrpaPr = o= ((6n+5) P2 +9P] o+ (6n+ 11) P2, +(—9n — 15) P3P s+ (=120 — 7) P 5P+
3P oPri1 + 7).

Taking Wy, = @» with @p = 3, @1 = 2,2 = 6 in the last Proposition, we have the following Corollary

which presents sum formulas of third-order Pell-Lucas numbers.

COROLLARY 3.6. Formn = 0, third-order Pell-Lucas numbers have the following properties:
(a): 3 _ k@1 = 2]—7[ (Bn+10)Q2 ;—(2Tn+63) @2, ,—(30n +40) Q2 1 +2(In +24) @ 3Qr 2+
2(3n+7) @ni3@ni1 — 6@ni2@ne1 + 18).
(b): oy kQes1@r = =((3n +4) Q2 5 +3(3n+T) Q3+ (3n+T) @2, — (I +18) Quaa@nin +
(3n+1)@Qnia@ni1 — (180 + 9) Qni2@ni1 — 30).
(€): Tico kQu+2Qk = 77((6n + 5) @} 13 +9Q% 1o +(6n + 11) Q] 45 +(=9n — 15) Qns5Q@n42+(~120 — T) QrssQ@ni1+
3Qn-2Qns1 —81).

From the last Proposition, we have the following Corollary which gives sum formulas of third-order

modified Pell numbers (take W,, = E,, with Eg =0,E; =1,E; =1).

COROLLARY 3.7. Forn > 0, third-order modified Pell numbers have the following properties:
(a): Y p_gkEp = o-(—(3n+10) E} . ;—(2Tn +63) E. ., —(30n + 40) E}_,+2 (9n + 24) Ep g Enn+
2(3n+T)Ey3E,1 —6E, B, +13).
(b): XhookExt1Er = 5:((3n+4) EL 5 +3(3n+ 1) Eqia + (3n+ 7) BRyy — (I +18) BpigEnin +
(3n+1) EpsgEne1 — (180 +9) By 0 Epeq — 4).
(e): 3L _gkEpiaE, = —( (6 +3) B2 g+9E2 ,+(6n+11)E2  +(-9n—15) By 3E, h+H—12n —T) B, 3E, 1+
3Ens2En —2).

Takingr=0,5s=1,t =1 in Theorem 2.1, we obtain the following Proposition.

PROPOSITION 3.8. [fr=0,5s=1,t=1 then forn = 0 we have the following formulas:
(a): 3 kW =—(n+6) W ;—(n+3) Wi, —(2n+8) Wi, +2(n+4) WassWnio+2(n +5) WoagWaa1 —
W, o Wity +5WE AW £ 6WE — 61,1 — SIV, W, + 21, W,
(b): Fhrg kW1 Wi = (n+4) W2 o4+ (n+3) W2+ (n+5) W2 1 +(—n — 6) WaagWaao+(—n — 7) WaagWna1+
Wi aWiei1 —3WE — 2WF — 42 £ 5Wa Wy £ 61,1, — W Wy,
(€): X g kWi aWs = =W g = Wi = Wi, +(n+1) WegWaio + WiagWaiy — WaaWiy +
W2+ W2+ W2 — WaWy + Wl

From the last Proposition, we have the following Corcllary which gives sum formulas of Padovan numbers

(take Wy =P, with B, =1. P =1,P,=1).

COROLLARY 3.9. Forn = 0, Padovan numbers have the following properties:
(a): Tho kP = — (n+6) Piig—(n+5) Pa—(2n+8) Pii+2(n+4) PaysPria+2(n +5) PoigPoi1—
2P 3P+ 3.
(b): ko kP Be=(n+4) Pl g+(n +3) Pl y+(n +5) Pl +(—n—6) PoygPrsat(—n—T7) PogPor +
FroizFPoi + 1.
(c): Z;;":o kP 2P = _P'r'f+5' - .P,f_'_? - P§+1 +(n+1) BorgPrin + PosgPrii — BosoPon + 3.
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Taking W,, = E,, with Ey = 3, E; = 0, E; = 2 in the last Proposition, we have the following Corollary

which presents sum formulaz of Perrin numbers.

COROLLARY 3.10. Forn = 0, Perrin numbers have the following properties:

(a): Tp_okEi=—(n+6)E2 ;—(n+5)E2 ,—(2n+8)E2, 142 (n+4) Ent3Eni2+2(n+5) BnigEni1—
2Era+3-‘5ra+1 Ll ‘5-‘52 +6.

{b} E:=D k'ch_HE}c IL?“ - -11-} +3+{R —+ 3;] En+2+(\g’1 T 5} +1 —I—{ n— 6) E;a+3E“+"+( —T — ?) E“+3E,a+]+
EnioBny1 — 12,

(c): E::o kEgx 2Er = —E:E,+3 - E—ﬁ+2 - E::a+1 +(n+ ];\' EpigFEnin+ EnigEnil —En0En 0+ 7.

From the last Proposition, we have the following Corellary which gives sum formulas of Padovan-Perrin

numbers (take W, = 5, with 55 =0,5;, =0,5,=1).

COROLLARY 3.11. Forn = 0, Padovan-Perrin numbers have the following properties:

(a): Zhoo kS =—(n+6)53 5—(n+5) 57, ,—(2n+8) 57,1 +2(n +4) SriSnio+2 (n+5) SpigSnia—
2S:a+25n+] + 5.

(b): E:=n kESpi15e = (n+4) 52 3+in+3) 52 ,+(n+3) 5 +(—n —6) SpezSesa+(—n—7) SnpaSnp+
5n+25n+1 -3

(€): PhookSesaSe = =53, 53— 8., — S 1+ (n+1)SnssSns2 + SneaSns1 — SnpaSngr + 1.

Taking r=0,5=1,t =2 in Theorem 2.1, we obtain the following proposition.

ProrosiTioON 3.12. Ifr=038=1,t =2 then for n = 0 we have the following formulas:
(a): 3L _p kW2 = %[ (dn—9) W7 s+ (dn—13)W2 , + (Sn—28) W2, —2(2n—T)WnyaWnyo —
4(2n —5) WiaaWna1 £ 4Wh i aWiiy + 13W3 L 1TWT 4+ 360§ — 18W,2 W7 — 28W, Wy — 4W;Wy).
(b): Zj::o kW Wy = 13(— (2n—17) W2 neg—(2n —9) W ,H_,—:l (2n —5) w3 it (n—3) WoaWn 0+
8(n—2) W aWay —4W, oWy — 9WF — 11W7 — 28WF + 16W5 W7, + 24W, Wy + 407 Wy ).
(e): Ypg kWisa Wi = S(H ,H_3+H H+m+4l-1-'§+1—2 (2n— 1) WoaeWha e —4W o aWin — AW o Wi —
Wi — Wi —4W§ +6W2 W7 + 4Wa Wy + 407 W ).

From the last Proposition, we have the following Corollary which gives sum formulas of Jacobsthal-

Padovan numbers (take Wy, = @ with @ =1,1 =1, Q. =1).

COROLLARY 3.13. Forn = 0, Jacobsthal-Padovan numbers have the following properties:

(a): i o k@ = 5((4n —9) @} ;+(4n —13) Q7 ., +(8n — 28) @71 -2 (27 — T) @r13Q@ns2—4(2n = 5)
@n+3@ne1 +4Qn+2@n + 16).

(b): T k@r1@ = 3(— (20 —T) @13 — (20 —9) Qo —4(2n = 5) @}, +4(n — 3) Qns3Qnez +
(N —2)Quig@ner —4@n2@ni —4).

(€): Fh o k@raa@r = 3@ 3+Q0 ,+4Q7 1 +2(2n — 1) Qni3@nro —4Qn23Qns1 —4Qn2Qni1 +
8).
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COROLLARY 3.14. Forn = 0, Jacobsthal-Perrin numbers have the following properties:
(a): Y, o kL} = #((4n—9) L2 ;+(4n —13) L2 ,+(8n — 28) L2 ., —2(2n — 7) Lns3Lni2—4(2n — 5)
LypygLlngy +4LpyyLpy +208).
(b): Y okLpmle=3(—(2n—T)L} ;—(2n—9)L; . —4(2n—5) L, 1 +4(n—3) LpnsgLlnia +
8(n—2)Ly gLlpyq —4Ly 5L, —144).
(e): Xh_okLiesaLe = 5(Laig+Lnia+4L7.1+2(2n — 1) Lyyalnio—4Lnyalni1—4LniaLas1 —16).

Takingr=1,5=0,t=1 in Theorem 2.1, we obtain the following Propesition.

ProrosiTioN 3.13. Ifr=1,8=0,t =1 then forn = 0 we have the following formulas:

(a): E:::n EWZ = %(— (3n+19) W2 ;—(12n+43) W2 ,—(12n + 31) W2, +2 (6n + 23) WyyaWaya+
203+ T) WoagWop1 +2(3n +10) W oW +16WF +31WE £ 19WF — 34W, W, — SW, W, — 14
WiW7g).

(b): Y kW W = %((311 FAWE +EBn+10) W2 +(EBn+ T) W2 +(—3n—13) W, W, .+
(3n — 2) WaasWaat + (=61 — 8) Wi Waay — W3 — TWE — 4WF £ 101, W7 £ 502 W, + 20 Wy ).

(c): Zk—ﬂ EWeaWi =5 L{(6n+11)W ,!+3+(ﬁn +23) 11-’§+3+(ﬁn +17) 11'”_,_14-( 6n —20) WaraWiin+
(=3n —10) W, sW, 1 + (=3n — 13) W, W, — 0WF — 1TW] — 11WF + 230,07 + TW, W, +
10W 7 Wa).

From the last proposition, we have the following corollary which gives sum formulas of Narayana numbers

(take W, = N with Ny =0, Ny =1, N, =1).

COROLLARY 3.16. Forn = 0, Narayana numbers have the following properties:

(a): Ypo kNG = 3(—(3n+19) N3 53— (12n+43) Np L, —(12n + 31) Nj 1 +2 (6n + 23) NpyaNpaa+
2(3n +7) NnsaNns1 + 2(3n + 10) NptaNpgq + 13).

(b): X kN i Ve =g((In+4) N2+ (Bn+10) N2, +(3n+T) N2, +(—3n— 13) N,y Ny a +
(3n — 2) NntaNus1 + (—6n — 8) Nuya N1 +2).

(e): g ENkyaNe = g((6n+11) No_3+(6n + 23) N ,+(6n+ 17) N +(—6n — 29) Ny g Npio+
(—3n —10) Ny gNppyq + (—3n — 13) Ny o Ny g +1).

Taking Np = U, with Uy = 3,07 = 1,0 = 1 in the last proposition, we have the following corollary

which presents sum formulas of Narayana-Lucas numbers.

COROLLARY 3.17. Forn = 0, Narayana-Lucas numbers have the following properties:
(a): T okUp =3(—(3n+19)U, 5 —(12n +43) UL, —(12n+31) U, +2 (6n + 23) UnyaUnia +
2(3 4 T)UpegUpir +2(3n4+10)UpinlUyey + 118).
(b): 3o kU 1Uk = g((Bn + ) U2 3+ (3n+10) UL, + (Bn+ T)UZ; + (—3n — 13) UngUny2 +
(3n — 2) Upsalnet + (—6n — 8) UpeaUpnay — 13).
(€): 3o kUks2Uk = 3((6n + 11) UZ g+ (60 + 23) Uz o + (60 + 17) U7 1y +(—6n — 29) Uy oglUnn +
(=3n —10) UpgUpsq + (=831 — 13) Upsalna1 — 47).

From the last proposition, we have the following corollary which gives sum formulas of Narayana-Perrin

numbers (take U,, = H, with Hy =3, H; =0, H, =2).
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COROLLARY 3.158. Forn = 0, Narayana-Perrin numbers have the following properties:
(a): Xp_okHp = §(—(3n+19) Hi 3—(12n +43) Hy ,—(12n + 31) Hy 1 +2 (6n + 23) HyogHuo+
2(3n+7) HoyaHn1 +2(3n+ 10) Hpyp 2 Hpyy + 187).
(b): T g kHe Hy = —({3':" +4)H2 4+ (3n+10)H: ,+(Bn+T7)H: +(—3n—13) Hy o 3H, o+
(3n —2) HyisHp1 + (—6n — 8) HyaHp — 10).
(e): Y p_gkHpsaHy = %{{6?1 +11) H: ;+(6n+23) H2 ,+(6n+ 17) H2 ., +(—6n — 29) HoogHno+
(—3n —10) HyosHpuer + (=30 — 13) Hop o Hpar — 77).

Taking » = 2,5 =3, = 5 in Theorem 2.1, we obtain the following Proposition.

PROPOSITION 3.19. [fr =2 5 =231 = 2 then forn = 0 we have the following formulas:

(a): Xopo bWy = pipss ((18315n — 26674) W1, 5 + (1252350 — 230461) W2, + (212850n — 454000)

W2, 1 —2(45045n — T3042) WassWihaa—10 (54150 — 11279) WitsWay1+10 (128700 — 10757) Waga Wi+
44989WF + 3556967 + 66655005 — 2361741217 — 1969401215 + 23627011 Wo).

(b): Th o EWepa Wi = g — (8415m — 19694) W72 o —11(6435n — 15031) W2, ,—25 (8415n — 11279) W)+
(45015n — 108004) W, Wi, 15+ 5 (143550 — 14873) W, W, ; — (138600 — S0395) W, , W,y —
2510907 — 23612617 — 492350075 + 156019W2 17 + 14614021y — 21599517 17;).

(e): 3o EWipa Wi = gpeee(— (3960n — 15761) W2, ;—(119790n — 112079) W2, ,—25 (3960n — 11801) W2, ,+
(65835m — T7701) Wit 3Win+(4950n — 68335) Wiyt g Wini1—5 (188100 — T421) Wiy a Wiy —19721W5F —

231869W7 — 394025W 7 + 143536 W27 + 732850 Wy — 131155171, ).

From the last proposition, we have the follewing corollary which gives sum formulas of 3-primes numbers

(take Wy =G with Gy =0,G1 =1, G2 =2).

COROLLARY 3.20. Forn = 0, §-primes numbers have the following properties:

(a): 7_, kG = 55 ((18315n — 26674) G2 ; + (125235n — 230461) G2, + (212850n — 454000)
G2, —2 (450450 — T3042) Gy 3Gy 12 —10 (84150 — 11279) Gy 3Gy 11 +10 (128700 — 10757) Gy Gy 1 +
63304).

(b): 37 kCra1Gr = 5y (— (8415m — 19694) G2, ;—11(6435n — 15031) G2 _,—25 (8415m — 11279) G2, +

(480150 — 108004) GpogGria + 5 (143550 — 14873) GpagGrai — (1386000 — 80395) Gy aGroi —
36524).
(€): S _okGraaGr = gy (— (39600 — 15761) G2 ;—(119790n — 112079) G2, —25 (39600 — 11801) G2, +

(65835n — T7701) Gry3Groz+(4950n — 68335) GpagGrit —5 (18810n — 7421) Gy Grq —23681).

Taking G, = H, with Hy = 3, H) = 2, H, = 10 in the last proposition, we have the following corollary

which presents sum formulas of Lucas 3-primes numbers.

COROLLARY 3.21. Forn = 0, Lucas 3-primes numbers have the following properties:

(a): p_o kH? = 5h=((18315n — 26674) H,
H2.,—2(45045n — 73042) Hpi3Hpe2—10 (84150 — 11279) Hyy g Hno1 +10 (128700 — 10757) HpsoHoar+

2709274).

2 o+ (1252350 — 230461) H2, , + (2128500 — 454000)
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(b): Tp_okHew1 Hy = sy (— (8415n — 19694) H2, 5—11(6435n — 15031) H2,,—25 (8415n — 11279) H2,,+
(45015n — 108004) HysgHpaz + 5 (143550 — 14873) Hyy3Hpe1 — (1386000 — 80395) HyypaHpsn —
1995944).

(€): Top_okHysrHy = spbs=(— (3960 — 15761) H2_,—(119790n — 112079) B2 ,—25(3060n — 11801) HZ

(65835n — TT701) HpegHypa+(4950n — 68335) H,y5Hpe1—5 (188100 — 7421) Hy o Hya —2163461).

From the last proposition, we have the following corollary which gives sum formulas of modified 3-primes

numbers (take H, = E, with E; =0,E, =1, E, =1).

COROLLARY 3.22. Forn = 0, modified 5-primes numbers have the following properties:

(a): g kE; = wpg5s((18315n — 26674) E_; + (1252350 — 230461) E

2,5 + (2128500 — 454000)

E2, | —2(45045n — 73042) Ep+3Ep+2—10(8415n — 11279) Ey+3En+1+10 (128700 — 10757) EnsaEns1+
164511).

(b): Yp_okExs1Ex = 5y5555(— (8415n — 19694) EZ . ;—11(6435n — 15031) E2, ,—25 (84150 — 11279) B, +
(48015n — 108004) E,, 3 E, 4 2+5 (143550 — 14873) E, 3 E,, .1 —(138600n — §0395) E, ., E,, ., —108216).

—25(3960n — 11501) E

(658351 — T7701) B3 Enso+(4950n — 65335) Ep3En+1—5 (188100 — 7421) Eyy 2 Epy1 —108054).

(€): Thog kE+2Er = 53055 (— (3960n — 15761) E2_ 5—(119790n — 112079) E2,
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