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Abstract:

Gibonacci sequence is a generalization of Fibonacci and Lucas sequences. In this study, we define unrestricted
gibonacci quaternions by picking arbitrary elements of gibonacci sequence for the ordered basis of quaternions.
After obtaining Binet formula for unrestricted gibonacci quaternions, we give generalizations of the some well —
known identities..
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. Introduction
Fibonacci sequence {F,} and Lucas sequences {L, } are defined with numbers which satify the same
recurrence relation, but the initial conditions, namely Fibonacci numbers satisfy
Fn = Fn—l +Fn—2
with initial conditions F; = 0, F; = 1 and Lucas numbers satisfy
Ln = Ln—l + Ln—Z
with initial conditions L, = 2, L; = 1. The well — known identities for Fibonacci and Lucas numbers are Binet
formulas given in the following

F="""andL, = a" + g

respectively. These two famous integer sequences have been studied by many authors because of their
interesting properties. Also, there are many generalizations of the Fibonacci sequence. One of them is gibonacci
sequence.
Gibonacci sequence is defined by the following recurrence relation
Gn = Gn—l + Gn—2
with initial conditions G; = a and G, = b. One can easily see that setting (a,b) - (1,1) gives Fibonacci

sequence whereas (a, b) — (1,3) gives Lucas sequence. The Binet formula for the gibonacci sequence is
ca™—dpm

G, = )
a—p
where c = a+ (a—b)B and d = a + (a — b)a. It should be noted that
cd = a® + ab — b2, 2

The detailed knowledge for gibonacci sequence and its properties can be found in [10].
Quaternions were introduced by Sir W.R. Hamilton in 1843 in order to extend complex numbers. The
set of all quaternions are shown as
H ={a+bi+cj+dk:ab,cdER,i’?=j?=k*=ijk=-1}.
The set of {i, j, k} satisfy the following relations
ij = —ji =k, jk = —kj = i,ki = —ik = j.
Conjugate of a quaternion ¢ = a + bi + ¢j + dk is
q=a—bi—cj—dk
and the norm of q is

llqll = /qq = Va? + b + c2 + d2.
The set of all quaternions H forms an associative normed division algebra over the real numbers with
four-dimension.
Horadam [6] introduced Fibonacci quaternions as follows
o . Qn=En+l:Fn+1+an+_2+an+3'
Similarly, lyer [8] defined Lucas quaternions in the following
Tn = Ln + iLn+1 +jLn+2 + kLn+3'
Halici [5] gave the following Binet formulas fort he Fibonacci and Lucas quaternions and this was a
milestone fort his theory.
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aa"—pp"

Q, = and T, = aa™ + BB".

By following her formulas, many studies have been carried out about Fibonacci quaternions or
generalizations of Fibonacci quaternions so far [1, 2, 3, 4, 7, 9, 11, 12, 13, 14]. All these studies authors choose
the consequtive Fibonacci numbers for the ordered basis {1, i,j, k} of the quaternions. The innovation of this
study is to choose random elements gibonacci sequence for the ordered basis {1, i, j, k}.

Il. Generating Functions and Binet — Like Formulas
In this section, we define gibonacci quaternions and calculate some necessary properties of these
quaternions including Binet formula.

Definition 2.1. For any non-negative integers x, y, z and n, the nth gibonacci quaternion is

GrEx'y‘Z) = Gn + Gn+xi + Gn+yj + Gn+zk- (3)
By setting (a, b) — (1,1), Eq.(3) reduces the unrestricted Fibonacci quaternions:
FEYS = By Pyl 4 oy o+ Fo k )
and setting (a, b) — (1,3) gives the unrestricted Lucas quaternions:
Lgtx‘y‘Z) = Ln + Ln+xi + Ln+yj + Ln+zk- (5)
Definition 1 gives the following recurrence relation for the unrestricted gibonacci quaternions
G(xtYnZ) — G(xn \Z) G(x,y.Z) 6
n n—1 + n—-2 ( )

We know that G, = aF,,_, + bF,,_; from [10]. If this equation and the well-known equation F_, =
(—1)™*E, consider together, the relation G_, = (—=1)"*!(aF,,, — bF,,;) can be obtained. So, we obtain
unrestricted gibonacci quaternions for negative indices as follows

657 = (<1 aR 5™ — bEC) ©

Binet formula for the unrestricted gibonacci quaternions is given in the following theorem.

Theorem 2.2. For any non-negative integers x, y, z and n, the nth gibonacci quaternion is
Ca(x,y,z)a,n _dﬁ(x,y,z)ﬁn

(xy.z) _
G = p— ®)
where a®??) =1 + ia* + ja” + ka? and f&2) = 1+ iB* + jBY + kB~.
Proof. From Egs. (1) and (3), we have
Grsx‘y‘Z) = Gy + Gyl + Gy J + Goy sk
— ﬁ[can _ d,Bn + i(CO(n+x _ d‘Bn+x) +j(can+y _ d’Bn+y) + k(CC(n+Z _ d‘Bn+z)]
= %ﬁ [ca™( + ia* + ja¥ + ka?) — dB" (1 + iB* + jB” + kB?)].
The last equation gives Eq.(8). []
We need the following properties for later calculations.
Lemma 2.3. For any integers x, y and z, we have
aCyDREYZ) = giy2) 4[5 (xy2) 9)
and
BOY D) q@y2) = gryz) _\[5(y.72) (10)
where
gy = [§ — 1 — (=1)* — (1) — (—1)*
and

porn = i(=1)°F,_, + j(-1)F,_, + k(-1)’F,_, .
Proof.From the product of two quaternions and the relation aff = —1, we have
aGyAREYD) = (1 + ia* + ja¥ + ka?)(1 + if* + jB” + kB?)
=1-(ap)* = (aB)’ = (aB)” +i(a™ +B* + a”B” —a’B”)
+j(a? + B +a?f* —a*p?) + k(a® + f* + a*p? — a?B¥)
= 17D =1 - (-1)" = (=1 = (-1 +i(-D (@7 = p77)
+H(D)*(@** =)+ k(=1)Y (™Y = B*7).
We obtain Eq. (9) from the last equation. Eq.(10) can be obtained in a similar way.[]
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I11. Results
By using Binet formula and Lemma 2.3, we can obtain many identities for the unrestricted gibonacci
quaternions. We start with Vajda’s identity given in the following.

Theorem 3.1.For any integers x, y, z, m, n and k, we have
G(x:y’Z)G(x:y’Z) _ Gr;x,y,Z)G(x,y.Z) —_ (aZ +ab — bZ)(_l)an [g(x,y,z)Fk _ ,Ll(x'y'Z)Lk].

m4n m+k m+n+k —
Proof.From the Binet formula (8), we have

(xy.z) ~(x,y.,2) (xy,2) ~(x)y,2)
Gm+n Gm+k _Gm Gm+n+k

= % [(Ca(x,y,Z)am+n _ d‘g(x,y,z)ﬁm+n)(Ca(x,y,Z)am+k _ dﬂ(x,y,z)ﬁm+k)
—(ca®ryDgm — gy gm)(cqrygmintk — gy pmintky]

— é [_Cda(x,y,z)ﬁ(x,y,z)am+nﬁm+k _ Cdﬁ(x,y,z)a(x,y,z)am+kﬁm+n
+Cda(x,y,z)ﬁ(x,y,z)amﬁm+n+k + Cdﬁ(x,y,z)a(x,y,z)am+n+k[)7m]
dED™ (2 gy gn gk _ pey.z) 4 (y.2) ok gn
% (—aler gy dgngh — gy g @y gk
+a(x.y.2)ﬁ(x.y.2)ﬁn+k + B(x,y.z)a(x.y.z)amk)

cd(-1)™

== [(g(x.y.Z) + \/glu(x.yz))ﬁk(ﬁn —am)
+(86» ) — JSuEr gk (gn — )] (From Egs. (9) and (10))
- @ [(V50&Y + yGya)gk(=F,) + (V5O&Y?) — y@r)) gk ]
= LT [VBoCy2F, (ak — B*) — urDE, (@* + 1),
The last equation and Eq.(2) prove the theorem.[]

The Vajda’s identity is a generalization of Catalan’s identity. If we take k — (—n) in Vajda’s identity,
we obtain the Catalan’s identity given in the next theorem.

Theorem 3.2. For any integers x, y, z, m and n, we have
2
G(x’y'Z)G,Ef’_};'Z) _ I:GTE’LX‘y‘Z)] = (a? 4+ ab — bY)(-1)™*1F, [g(x,y,Z)Fn + ,u("'y'Z)Ln].

m+n

If we substitute n — 1 into the Catalan’s identity, we obtain Cassini’s identity given in the following
theorem.

Theorem 3.3. For any integers x, y, z and m, we have
G(x,y,z)G(x,y,z) _ [Grglx.y.Z)]z — (aZ +ab— bZ)(_l)m+1 [e(x,y,z) + H(x,y,z)]_

m+1 m-—1
Another well — known identity is d’Ocagne’s identity. We give it in the next theorem.

Theorem 3.4. For any integers x, y, z, m and n, we have
G Y6 = GUAP 6T = (@ + ab — b (= 1) [0% I, + uI AL, ]
Proof.From the Binet formula for the unrestricted gibonacci quaternions, we have

GG~ 66

= é [(Ca’(x,y,Z)am — dﬁ(x.y.z)ﬁm)(Ca(x.y.z)an+l _ dﬁ(x,y,z)ﬁn+1)
_(ca(x.y,z)amﬂ — dﬁ(x'y'z)ﬁm“)(ca("'y'z)a" _ dﬁ(x,y,z)ﬁn)]

ﬂ _a(x,y,z)ﬁ(x,y,z)am‘gn+1 _ ’B(x,y,z)a(x,y,z)an+1‘8m

+a,(x,y,z)‘8(x,y,z)a,m+1‘8n + ﬁ(x,y,z)a(x,y,z)an'gm+1]
= @ [(6¢»? 4 VEue»2)gm=n (g — B) — (872 — Euy)gm=n (g — p)]
_cd " (x,y,2) (,,m—n _ pm-ny _ (x,y,2) (,,m—n m-n
= “ACDL[/5p(xr ) (gmn — pm=n) — 522 (gnn 4 g
= cd(~D"[0®YDE, _, + u®rIL, _].
The last equation proves the theorem.[

We obtain some identities for unrestricted gibonacci quaternions and give in the following theorem
without proofs.

Theorem 3.5.
xy.z) _ H(xy.z) (x,y.,2)
Gn - Gn—l + Gn—Z

xyz) _ ~(xy.z) (x,y.z)
ZZL=1 Gn+k - Gm+n+2 - Gn+2 )
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(xy.2) _ ~(xy.2)
Yi=1 Gk - Gm+2 —b,

G(X;J’rz) — G,Elx'y'Z)Fn_‘_l + Grglx‘—y{Z)Fn

m+n

GEM? = (~DMGS P Fyy — GEVPR,].

IV. Conclusion

There are many generalizations for Fibonacci and Lucas sequences and some studies on Fibonacci and
Lucas quaternions. Some authors studied Hamilton quaternions whose coefficients are classical Fibonacci and
Lucas numbers or their generalizations, whereas some authors studied other quaternion systems other than
Hamilton quaternions whose coefficients Fibonacci and Lucas numbers also. This study focused on Hamilton
quaternions whose coefficients are gibonacci numbers, another generalization of Fibonacci and Lucas numbers.
The difference between other studies and the current one is to be able to choose arbitrary gibonacci numbers for
the coefficients of the ordered basis {1,i,j,k} of the Hamilton quaternions. Therefore, we named these
quaternions as unrestricted gibonacci quaternions. We gave Binet formula for these quaternions and many
interesting identities for them.
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