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Abstract
In this paper, we study some qualitative properties of the solutions for the following difference equation
at+ayp +aiyna + o+ GeYng

B+ Boyi + B1Yn-1+ -+ BiVn—i

Yn+1 = 4 n=0, (*)

where 1, a,ay,ay, ..., a, B, Bo, Bi, -, B € (0,00) and k isanonnegativeinteger number. We find the
equilibrium points for Eq.(*) and then classify these points in terms of local stability or not. We investigate the
boundedness and the global stability of the considered equation. Also we study the existence of periodic
solutions ofEq.(*).
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. Introduction
Inthispaperwestudytheboundednessandtheglobalattractvityofthesolutionsof the differenceequation

o+ agyn + oqyh_q + o+ oYk
Ynt1 = . . nk nzo0, )
B+ Boyn + B1yn—1 + -+ BxVn-x

where r, a, ag, ay, ..., o, B, Bo, B1, --» Bk € (0,00) and kisanonnegativeintegernumber. Also we investigate the
periodicity character of the solutions ofEq.(1).

The study of the properties of the solutions for the difference equations such as periodicity, global stability and
boundedness has been discussed by many authors. See, for examples the following papers and the references
therein:

Cinar [1] studied the properties of the positive solution for the equation

Xn-1

T n=201,...
1+ x,X,-1

Xn+1 =

Yang et al [17] investigated the qualitative behavior of the recursive sequence

— ax,_1 + bx,_, 101
1= =V, -
n+ c+ an_lxn_z ’ ’

Li etal[13]studiedtheglobalasymptoticofthefollowingnonlineardifferenceequation

a+ Xn-1 + Xn—2 + Xn-3 + Xn-1Xn—2Xn-3

Xpi1 = n=0,1,..,

a+ Xpn—1Xn-2 + Xpn—1Xn-3 + Xpn—2Xp-3 +1 '
with a = 0.
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Kulenovic and Ladas [10] presented a summary of a recent work and a large of
openproblemsandconjecturesonthethirdorderrationalrecursivesequenceofthe form

a+ fx, +yx,_1 + 06X,
A+ Bx, + Cxy_q + Dx,_,’
In [15],Xianyi and Deming proved that the positive equilibrium of the difference equations

XpXp—1 + X2 +a Xp_1 + XpXp—2 + @
= and X4 = n=01,..,

Xn+1 = n= 0,1,

Xn+1 =
" Xy + Xp_1Xp_o + @’ XnXp_1 + Xp_p +a’

withpositive initialvaluesx_,, x_;, xpand a nonnegativeparametera,isgloballyasymptotically stable.
Simsek et al [14] obtained the solutions of the following difference equation

Xn-3
Xn+1 = #Xn_l‘ n= 0,1, e
In [5], Yalginkaya et al. investigated the dynamics of the difference equation
aXp—x
X =———, n=01,...
"7 b+ oxPx, g

For more related results see [2-5], [7-8] and[11-12].
Inthefollowingwepresentsomedefinitionsandsomeknownresultsthatwillbe useful in the investigation ofEq.(1).
Now consider the difference equation

X1 = f(Xn, Xn—1 s Xn— ) n=0,1,.., (2)
WithX_y, X_i41,..., Xo € I, for some intervall c R andf: I¥*1 — R be a continuous function.
Defintion 1: Eq.(2) is saidto be permanent if there exist numbers m and M with 0 < m < M < oo such that for any
initial conditions x_y, X_y41,., Xo € (0,00) there exists sa positive integer N which depends on these initial
conditions such that

m<x,<M forall n=N.

Defintion 2:

(i) The equilibrium point x of Eq.(2) is locally stable if for everye > 0 there exists § > 0 such that for all x_,, X_y41, -,
Xo € Iwith |x_ —X| 4+ |[X_x41 — X|+... +|xo — X| < Swe have [x, —X| < eforalln > —k.

(ii) The equilibrium point x of Eq.(2) is globally asymptotically stable if x is locally stable and there exists A > 0,such that
forall x_y, X_yg41, -, Xo € Iwith|x_, —X| + [x_ 11 — X[+... +]|Xg — X| < A,we havelim,_, x, = X.

(iii) The equilibrium point x of Eq.(2) is global attractor if for all x_y, X_y41, ..., Xg € I, we havelim,_, x, = X.

(iv) The equilibrium point x of Eq.(2) is globally asymptotically stable if X is locally stable, and X is also a global attractor
of Eq.(2).

(v) The equilibrium point X of Eq.(2) is unstable if X is not locally stable.

Observe that, the linearized equation of Eq.(2) about the equilibrium point X is

Y = PoYn + P1Yn—1 + * + PxVn—i (3)

_df(x,x,..,.x)  Of(X,%,..,X) _0f(x,x,...,%)
Po = ax, P11 = 9%, sy P = 9%,
and the characteristic equation of Eq.(3) is
k
Ak+1 _ Z pilk_i =0.
i=0

=
Theorem A [9]:Assume that py, p2, ..., P € R. Then the condition;

k
Dml<1

i=0
is a sufficient condition for the locally stability of Eq.(3).
Theorem B [6]: Let J be some interval of real numbers, f € C[J"*1,]] and let {x, }>__, be a bounded solution
of the difference equation
Xne1 = f(Xp, Xn_1 ) oor Xny )y n=0,1,.., 4)

where

]

with

I = 1}i_)rg)infxn, S = &i_)rgsupxn, I,Se].
Then there exist two solutions {I, };>-_and {S, };—_., of Eq.(4) with

=1, Sy=5 IS, €ll,s]foralln € Z.
and such that for everyN € Z, IyandSyare limit points of {x, }o—_,.
Furthermore, for every m < —uv,there exist two subsequences {x,, }and {x;, Jof the solution {x,};__, such that
the following are true

I}l_glo X, = Iy and I}ij?oxl" = Syforevery N >m.
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The solutions{I, };—_and {S, };—_. are called full limiting sequences of Eq.(4).

Il. Boundedness for the solutions of Eq.(1)
In this section we study the boundedness of the solutions for Eq.(1).
Theoreml:Every solution of Eq.(1) is bounded and persists.
Proof Let A7 be a solution of Eq.(1) and assume
thata* = min{a, ay, @y, ..., @, }, a* = max{a, ay, @y, ..., a; }, B* = min{B, By, B1, ---, B} and B =
max{p, By, B1, ---, Bi.}- It follows from Eq.(1) that
o+ 0oyn + Ayn_g + - Yy
B+ Boyh + B1yn—1 + -+ Bx¥n—
max{a, ag, &q, ., Gy (L +yn + i1 + -+ Vi)

~ min{B, Bo, By, -, B} (L + 5 +yn_qg + -+ yn)
max{a, ag, &y, ..., Oy } _ar

- min{Bv BO' Bl! ey Bk} B F

Yn1 =

Similarly it easy to see that

*

min{a, oy, ay, ..., oy } o«

Yn = = o
maX{B' BOJ Blt ey Bk} B
Thus we get
a* *k
0<y:=B**§yn§B* =§ <o, forall n=1L

Therefore every solution of Eq.(1) is bounded and persists. Hence the result holds.
Theorem 2: Every solution of Eq.(1) is bounded and persists.
Proof Let {y, };—_, be a positive solution of Eq.(1). Then it follows that
a ®o¥n "
B+ Boyh + -+ BxYn—k B"‘ Bovh + -+ + BiYn—k
akYn k

B"‘Bo%"‘ﬁlyn 1+ “+ BiYn—x

04 (04
<SERTRtTE S Zsﬁ”

Y1 =

Then{y, }r-_y is bounded from above byD, that is y,, < D for aII n=1.
Now we can obtain the lower bound of{yn o _x by two ways;
(1) By the change of varlabIeSyn == for all n = 1,Eq.(1) can be rewritten in the form
g = Ny Zy_ + BoZn-1Zp—2 - n—k + o+ BrZnZp_1 o Zn_i1
ntl = azizl_; ... ; wFQOZE_1Zh _y e Zh g ZRZ 2

BB B sk _B ZBL._*

Ta oy oy
Thatisy, = dl—* for all n > 1 and therefore
1 _ 1
d* S‘FZ? B:

D, forall n>1,

mlsz
'Go|$2

and this completes the proof.
(1) Since y,, < D for all n > 1, we get from Eq.(1) that
a a
Y, = = =
MT B4 Boyh + Buyhog + o+ Buyio B+ DT XN B
Then we see again that

sk

a” = <y, < +Z D, forall n>1,
B+Dr LoB T T B

thus the proof is so completed.
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I11. Stability Analysis

In this section we investigate the global asymptotic stability of Eq.(1). Observe that the equilibrium points of

Eq.(1) are given by y = ;:gg: where A = ¥¥ (o, and B = T, B;.

Lemma 1: Eq.(1) has a unique positive equilibrium point if one of the following is true:
(i) AB < Ba,
(iyr < 1,
(iliyrAp < AB + a[B(r + 1) + B(¥)"] + AB(¥)",or
(iv) TAB < B(ra + 2By + B@)™*H) + B2 ().
ProofDefine the function f(x) = X _ x, x € R.Therefore

B+Bx"
.. . _Tx""'(AB — Ba) _« . B . _
f(X) —W—l, f(O) —E> 0, llmf(X) = —oo0 and lim f(X) = 00,
n—oo n-—o
N 7Y =148 —
Thus inparticular f(y) = W — 1.Now we discuss the following cases:

() If (i) holds we obtain that f(5) < 0 for all y € R* and then Eq.(1) has a unique positive equilibrium pointjy
satisfies the relation y = ;:gw and this completes the proof of (I).
(I1) Note that

f@ <0 r@F (AR - Ba) < [B+BE)]?
S 1) (A —Ba) <[a+ A1 +BO)]
S rAB(Y)" —rBa(¥)” < af + aB(H) (r + 1) + AB(¥)*"
= AB) (r—1) < aB +aB@) (r +1) + AB()¥,
which is true by (ii), then the result follows.
(11) Again, we see from case (iii) that
f <0 ABr—1)<Ba(r+ 1) +aBf@)™" + AB(H)"
STrAB <AB+a[Br+1)+BH) ]+ ABH)".
Therefore again Eq.(1) has a unique positive equilibrium pointy.
(1V) The proof of the case wherever (iv) holds is similar to the previous cases and will be omitted. Thus the
proof of the theorem is so completed.
Define the function Fby
o+ aoyn + 0 yn_1 o+ Yy

B+ Boyh + Biyn—1 + -+ Buyh i

F(yn'yn—lt '"JYn—k) = (5)
Then
oF rynZilaB — aB) + Xfsg i (B — o B) yh—i]

ayn —i B (B + BOYn + Bl}In 1 T+t BkYn k)z
Thus the linearized equation of Eq.(5) about the equilibrium point yof Eq.(5) is the linear difference equation

r@’ ! . ~
Wirt = 5 B Gy Z[(as aB) + () Z(als, &8I Waoy = 0,
whose characteristic equation is

H\r—1
wk“—ﬁﬁ(as aﬁ)+(y)f2(aﬁ, @010+~ = 0.

Then it follows by Theorem A that the equmbrlum point yof Eq. (1) is locally as-ymptotically stable if
k

Dy @ — ap) + ny(aiﬁj — ;)| < (@+A7)E + BT,

i=0

, i=01,...

Remark 1: For any partial order of the quotients 5 ;—0 ;—1 ,;—", the function F(y,,, ¥,—1, -, ¥ ) defined by
k

relation (5) has the monotonicity character in some of its arguments.

Therom 3: Every solution of Eq.(1) is globally asymptotically stable if one of the following holds

Q) A>2GandB > 2L

(ii) A <2G,B<2Land

r—1
BHLG 4+ 5) > @6 - Mot + (20— B+ LAY yr-isi (6)
Y y ; y

(i) A<2G,B>2Land
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r—1 r—1
B+LO + 77) + (B - 2L)Z Y > (26 — A) (w—l + Z 51‘7—1‘). %)
i=0 i=0
(iv)  A>2G,B<2Land

r—1 r—1
B+LOT + 77) + (A —26) <5r—1 + H‘yi) > (2L - B)Z sy (8)
i=0 i=0

Proof: Assume that {y, };—_, be a solution of Eq.(1). Observe that it was proven in
Theorem 4:that every solution of Eq.(1) is bounded and therefore it follows by Theorem B (Method of Full
Limiting Sequences [6] )that there exist solutions {I,}-_.,) and {S, }o>—_,, of Eq.(1) with
y <I=1]= gi_r)goinfyn < Ji_)rgsupyn =5,=5 <6,
where
1,,S, €[I,Sl,n="--,-10,1,....

Now since S = 1, it suffices to show that | = S, Now we obtain from Eq.(1) that

I I a+a0[£1+ (X1112+"‘+ aklfk > a+ GI" + HS™
T VT B Bl + BT, et B, T B+ KIT+LST
where H=A -G and K=B — L. Then we obtain

a+GI" + HS™ < BI + KI"™' + LIS™,

or equivalently
a < BI+KI"™' + LIST — GI" — HS”,
Similarly it is easy to see that
a > BS+ KS™' 4+ LSI" — GS™ — HI".
Therefore it follows from Eqgs.(7) and (8) that
BS + KS™*1+LSI" — GS” —HI" < BI 4+ KI"*! 4+ LIS" — GI" — HS"
or
BU—=S)+ KA — ST —LISq"™ 1= S — (G -H)I" - S") =0,
or equivalently
BU—=8)— KU+ 1" 1S+ -+ S+ ST)— LIS 2+ 1" 3S + I"*S% + ..
W IST 4+ STTH- (G - [T+ ITTES + -+ ISTT2 4+ ST >0,
or

G—-H
I=[B+KI"+S)+H-G6)S"1+ (K —-L- T) IS+ -+ I1STH] = 0.
Notethat H =A — G and K = B — L, then

A-26\" . .
(1—5)ﬁ+1<(1r+5T)+(A—zc)5r-1+(3—2L+ - )er-lSllzo. 9)

Note that if (i) is true then we obtain that

A=2G o
[;+K(1r+sr)+(A—2c;)sr—1+<B—2L+ 5 ) I7-isi > 0.

Thus it follows from (9) that I > S and the this completes the proof (i).
Proof of (ii): Notethaty <1 <y < § < §, therefore we see that

B+ LG +7) < B+ LU +ST), (10)
and
r—1
A—26G .
(A—26)s™ + (B 2L+ )Z [r-ist < (26 — A)6T
i=0
r—1
A—26 .
(B—2L+ - )Zyﬂ—lal. 1)

i=0
Then we get from (6), (10) and (11) that

A-26\C
B+ L(I" +ST) + (A —26)S™ + (B 2L+ )Z risi > 0,
i=0
Thus it follows again from (9) that / > Sand this completes the proof of (ii).
The proofs of cases (iii) and (iv) are similar to the proofs of the previous cases and will be omitted. The proof of
the theorem is so completed.
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IV. Existence of Periodic Solutions of Eq.(1)
In this section we investigate the existence of periodic solutions of prime period two of Eq.(1). In fact to
achieve the existence of periodic solutions of Eq.(1) we need some very complicated computations so we here
consider the case whenever r = 1 the cases when r > 1 and r < 1 are similar. Let

D= @, E=D= Y «, F= Y fadR= )y f.
i=0

i=0 j=0 j=0
i—odd j—even i—odd j—ven

Theorem 5: Assume that » = 1,D > E 4+ 8 and R > F then Eq.(1) has periodic solutions of prime period two
if and only if
(R—F)(D—E—pB)*>4F[aF + E(D — E — B)]. (12)
Proof First suppose that there exists a periodic solution {..., ¢, ¥, ¢, 1, ¢, ¥, ... } of Eq.(1), where ¢ and y are
distinct positive real numbers. Then it follows from Eq.(1) that ¢, y satisfy the following
a+ D¢ + EyY’ a+ Dy’ +E¢"

“prre Ry " VT B R v R
which are equivalent to
OB+ Fp™™ ! + RpY™ = a + D™ + EY7, (13)
and
YB + FY™ 1 + RYp™ = a + DY + E¢". (14)

Subtracting (14) from (13) gives
Bl =)+ F(@™ =y ) + RoY@™ ™ = ¢"") = (D — E)("—¢").
Wherever r = 1 we see that

B =) +B(p—P)(@+y) =D —-E)B(P—1).

Since ¢ # 1, we have

D—-E-B
$+h=—p (15)
By adding (13) and (14) we obtain
B(p+¥) + F(@* +9?) + 2R¢pp = (D + E)(¢ + ), (16)
and therefore
_aF+E(D—-E—p)
¢y = F(R-F)
Thus ¢ and y are the roots of the following quadratic equation
2_D—E—,B aF+E(D—E—,8)_0 a7

F YT FR-P)
Again since ¢ # 1, we obtain

<D—E—B>2 >4[aF+E(D—E—,8)]

F F(R—-F) ’

which implies that (R — F)(D — E — §)? > 4[aF + E(D — E — 8)]. Thus (12) holds.

Second suppose that the condition (12) is true. We will show that Eq.(1) has positive prime period two
solutions.

Now assume that k is odd (the case wherever k is even is similar and will be left to the reader). Choose

D-E—f +\[(D—E—[3)2 _ 4laF+E(D=E=p)]

F F F(R—F)
Yy = =y3=y1=¢= 5 :
and
D-E-f _ (D—E—ﬁ)z _ 4[aF +E(D=E—p)]
F F F(R—F)
Yhp1 ==Y =Yy =y =

> :
It is easy by direct substitution in Eq.(1) to prove that y; = y_; = ¢ and y, = y, = i and then it follows by
Mathematical Induction that

Vong1 =@ and Vo =P forall n=>1.
Thus Eq.(1) has the positive prime period two solution

Lo, 0.9.0.9,..3

where ¢ and 1 are the distinct roots of the quadratic equation (17 ) and so the proof is completed.
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