
IOSR Journal of Mathematics (IOSR-JM) 

e-ISSN: 2278-5728, p-ISSN: 2319-765X. Volume 17, Issue 3 Ser. I (May – June 2021), PP 52-58 
www.iosrjournals.org 

 

DOI: 10.9790/5728-1703015258                                www.iosrjournals.org                                             52 | Page 

On Product Approximation Spaces 
 

Sheeja. T. K.
1
  

1
(Department of Mathematics, T. M. Jacob Memorial Government College, Manimalakunnu, India-686662) 

 

Abstract: 
The present work is a study of the properties of the product rough approximation space determined by two 

rough approximation spaces. It is found that the projection functions are continuous with respect to the induced 

topologies on the product space and the individual spaces. Further, the product rough topology is defined as the 

topology of rough sets generated by the family of the products of the rough open sets in the rough topologies on 

the individual spaces. As in the case of general topological spaces, the product rough topology is found to be the 

smallest topology which makes the projection functions rough continuous. The rough interior and rough closure 

with respect to the rough product topology are also presented. 
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I. Introduction 

 During the early 1980’s, the development of rough set theory by Z. Pawlak paved a new way to handle 

uncertainty in the information available [13]. The theory has found potential applications in various domains. 

Since its inception, the rough set theoretical concepts have been correlated with the topological concepts and a 
number of studies have been conducted in this regard. Many authors analyzed the topology on the 

approximation spaces induced by the lower and upper approximations [2,7,9,10,19,20]. Several others discussed 

about the rough set approximations on topological spaces [1,3,8,16]. 

The idea of rough topology on an approximation space is a relatively new concept. B. P. Mathew and 

S. J. John [11] considered a rough topology on a rough set to be an ordered pair of topologies of exact subsets of 

the lower and upper approximations of that rough set. The concepts like separation axioms, connectedness, and 

compactness on these rough topological spaces were studied by M. Ravindran and A. J. Divya [15]. But these 

topologies are actually topology of rough sets and not rough topology of rough sets. Just like a rough set which 

is a pair of approximations of a set in an approximation space, a rough topology must be a pair of 

approximations of the extended approximation space. Such a definition of a rough topology was proposed by the 

present authors and its properties were investigated in [17]. 
In the present work, the properties of the product of two approximation spaces are investigated. The 

approximations of the product of two sets are proved to be the product of their approximations. Also, the 

induced topology on the product approximation space is studied. Besides, the product rough topology, which is 

defined as the product topology determined by the rough open sets in the rough topologies on the individual 

spaces is discussed and it is verified that it is the smallest topology which makes the projection functions rough 

continuous. The rough interior and rough closure with respect to the rough product topology are also presented. 

The remaining paper is divided as follows: section 2 provides many of the basic concepts and formula needed 

for the paper, section 3 studies the topological properties of the product approximation space, section 4 presents 

the product rough topology and its properties and section 5 gives the conclusion. 

II. Basic Concepts 

Definition 2.1: Consider the approximation space      , where   is a non-empty set of objects and   is an 

equivalence relation on  . The equivalence classes of   are called elementary sets and sets which can be 

expressed as union of some equivalence classes are called composed sets [13].  

Definition 2.2: The lower and upper approximations of     , with respect to   are defined respectively as   

                                                                                                                                       (1) 

                                                                                                                                  (2) 

where,     is the equivalence class of   containing  . In other words,      is the union of equivalence classes 

that are contained in A and      is the union of equivalence classes that have non-empty intersection with A. 

Thus, both lower and upper approximations are composed sets on       [13].  
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Proposition 2.3: The properties of the rough set approximations are as follows [14]: 

1)            ,             

2)              

3)                      

4)                      

5)                 ,                  

6)                 ,                  

7)             
 

                

8)                         

9)                      for all     

Definition 2.4: Let       be an approximation space. Then, the lower approximation operator satisfies the 

properties of an interior operator and hence it determines a topology                    called the 

induced topology on  . A subset       if and only if       . Hence,    consists of all composed sets on  . 

By property (7) of theorem 2.3, a set A will be closed iff        . Hence all open subsets are closed and    is 

the quasi-discrete topology. The family of all equivalence classes form a basis for    [14]. 

Definition 2.5: The rough equality relation   on      is defined as  

                                                          and                                                                      (3) 

Then,   is an equivalence relation on      and the pair          is called the extended approximation space 

corresponding to        [14]. 

Definition 2.6: A rough set on       is given by a pair of approximations      , where   and   are subsets of 

  such that         and        , for some      [14]. For convenience, a rough set may be denoted by 

                ,  where      . 

Definition 2.7: The rough inclusion, rough union, rough intersection and rough complement operations of 

rough sets are given in [5] as 

                                                                                         (4) 

                                                                                            (5) 

                                                                                              (6) 

                                                                                                     (7) 

respectively. 

Definition 2.8: Let   be a subfamily of     . The pair             is called a rough topology on  , if both 

     and      are topologies on  . The set   together with the rough topology is called a rough topological 

space [17]. 

Definition 2.9: Let             be a rough topology on  . The rough set             is called rough open if  

     is an open set in      and      is an open set in     . It is called rough closed if its rough complement 

                                is rough open [17]. 

Definition 2.10: The rough interior of a rough set             is the largest rough open set contained in it. The 

rough closure of a rough set is the smallest rough closed set containing it.[17]. 

Definition 2.11: The set       together with the equivalence relation   defined by 

                                                                                                                                                    (8) 

is called the product approximation space of         and         [12]. 

Proposition 2.12: For all elements       and     ,                      [12]. 

Definition 2.13: Let         and         be two topological spaces. The product topology is the topology   on 

     , generated by the basis                   [6]. 

Proposition 2.14: The product topology on       is the weakest topology that make each projection function 

             defined by              continuous [6]. 
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III. Topology on Product Approximation Spaces 

Let         and         be two approximation spaces where    and    are non-empty sets and    and 

   are equivalence relations on    and    respectively. Then,           and            are the 

corresponding extended approximation spaces. Let           be the product approximation space. 

Theorem 3.1: For all       and      , 

i)                        

ii)                       . 

Thus,                                                  is a rough set on          . 

Proof: 

i)              ,                                                            

                                                                      . 

Thus,                      . 

ii)                                                                   

                                                                       . 

Thus,                      . 

Theorem 3.2: For all       and       , 

i)          
         

                  
    

ii)          
         

                  
   . 

Proof: 

i)                  
                       

                          

                                                           

                                                         
 

                
 

 

                            
                

                
                            

  

                                   
                   

   

Thus,          
         

                   
   

ii)                  
                     

                      

                                                     

                                                
 

                  
 

  

                  
                  

   

                         
                                

    

                         
                  

    

Thus,          
         

                  
   . 

Theorem 3.3: Let      
 and     

 be the induced topologies on    and    respectively and    denote the induced 

topology on       . Then, the projection functions               are continuous with respect to the 

induced topologies on       and    for      . 

Proof: 

We have,     
                   ,    

                    and                     . 

The projection function from       to    is given by                               . 

Let    be an open set in         
 . Then,          . Consider   

      . 

Clearly,     
          

      . 

Now,            
                                     . 

Also,                                                          . 

So,           
      . Hence,               

      . Therefore,              
       . 

Thus,  
           

       . 

It follows that,      
          

      .  Therefore,   
       is an open set in            . 
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That is, the inverse image of open sets in     are open. Hence    is continuous. Similarly,    is continuous. 

Corollary 3.4: Let      
 and     

 be the induced topologies on    and    respectively and    denote the induced 

topology on       . Then,    is stronger than the product topology on       determined by     
 and     

. 

Proof: 

The product topology on       determined by     
 and     

 is the weakest topology on       that makes 

each projection functions continuous. From theorem 3.3, each projection function is continuous with respect to 

the topology    on      . Therefore,    is stronger than the product topology on       determined by     
 

and     
. 

IV. Product Rough Topology 

Definition 4.1: The product of the rough set        on         and the rough set        on         is defined 

as the rough set                              on the product approximation space          . 

Theorem 4.2: Let                  and                 be rough topologies on    and    and    
 and    

 

denote the underlying topologies of rough open sets on    and    respectively. Then, the family of rough sets  

                              
            

  is a basis for a topology of rough sets on      . 

Proof: 

Consider                               , where                            
   

                          
 and                            

                            
.  

Then,                                 

                                                                            

                                                                            

                                                                              

                                                                                

                                                                                    

Since both    
 and    

 are topologies of rough sets, 

                                   
 and                                      

. 

Therefore,                               . Thus,    is closed under finite rough intersection. 

Also, since       
 and       

,         . Hence,    forms a cover for      . 

Therefore,   is a basis for a topology of rough sets on      . 

Definition 4.3: Let                  and                 be rough topologies on    and    respectively and 

   
 and    

denote the underlying topologies of rough open sets on    and   . Then, the topology generated by 

the basis                             
            

  is called the product rough topology on 

     . 

Theorem 4.4: Let    be the product rough topology on      , generated by   . Then, the product of two 

rough closed sets in    
 and    

 is a rough closed set in   . 

Proof: 

               and                 are rough closed sets in    
 and    

 respectively 

       
        

    and       
        

    are rough open sets in    
 and    

 respectively 

       
        

             and               
        

    are rough open sets in   , since       

                                                               and         are rough open sets in    
 and    

 respectively 

       
           

        and          
            

   are rough open sets in    

       
           

                
            

    is a rough open set in    

        
                

          
                 

     is rough openin    

           
            

    is rough openin    

                         is rough closed in    

                                 is rough closed in    

Thus, the product of two rough closed sets in    
 and    

 is a rough closed set in   . 
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Lemma 4.5: Let                  and                 be rough topologies on    and    respectively and let 

   be the product rough topology on      . Then, the projections              are rough continuous 

functions with respect to    and    
 for      . 

Proof: 

Let                        be a rough open set in    
. 

We have,   
                     and   

                    .  

Hence,   
                                                                 . 

Also,                 is a rough open set in    
 and         is a rough open set in    

.  

Hence,                         is a rough open set in the rough product topology   .  

That is,    
                    is a rough open set in the rough product topology   . 

Hence   is continuous and similarly,    is continuous. 

Theorem 4.6: The product rough topology on        is the weakest topology that make the projection 

functions             , rough continuous functions with respect to    and    
 for      . 

Proof:  

From lemma 4.5, the projections are rough continuous functions with respect to    and    
 for      . 

Let     represent any topology of rough sets on       that make both the projections    and    rough 

continuous. We will prove that the basis of the product rough topology       . 

Consider a basic rough open set               . 

Then,                                            , where                 and                 are 

rough open sets in    
 and    

 respectively. 

We have,   
                                          and  

  
                                             . 

Both     and    are rough continuous functions with respect to the product rough topology    . 

Hence   
                    and   

                    are rough open sets in    . 

Thus,                         and                          are rough open sets in    . 

Since,     is a topology,                                              is a rough open set in 

   . That is,                               is a rough open set in    . 

Thus,                . Hence,       . It follows that       . 
Thus, the product rough topology on        is the weakest topology that make the the projection functions 

            , rough continuous functions with respect to    and    
 for      . 

Theorem 4.7: If                 and                 are rough sets on         and         respectively, 

then 

i)                                                                            

ii)                                                                         

Proof: 

i) The rough interior of a rough set is the largest rough open set contained in it. 

So,                                    and                                   . 

Hence,                                                                        . 

Also,                    and                    are rough open sets in    
 and    

 respectively. 

Hence,                                       is a rough open set in   . 

Therefore,                                                                           . 

Now if            is an arbitrary rough open set contained in                                , then 

                                                 

where                                      . 

                                                                       . 
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Hence, for each  ,                                                                  . 

That is,                                                                       . 

Also,                                                        . 

Therefore,                                                                             . 

Thus,                                                                         .  

Hence,                                                  . 

It follows that                                       is the largest open set in    contained in 

                                 .  

Thus,                                                                             . 

ii) The rough closure of a rough set is the smallest rough closed set containing it. 

So,                                   and                                  . 

Hence,                                                                      . 

Also,                   and                   are rough closed sets in    
 and    

 respectively. 

Hence,                                     is a rough closed set in   . 

Therefore,                                                                        . 

Now if             is an arbitrary rough closed set containing                                , 

Then               is a rough open set contained in       
        

          
        

   . Hence,  

                                                  for                                   . 

Also,                                        
        

          
        

    for each  . 

Hence,                        
        

    and                       
        

    for each  . 

Therefore,       
        

                    and        
        

                    for each  . 

Also,       
        

    and        
        

    are rough closed sets. 

So,       
        

                      and        
        

                      for each  . 

Hence,      
        

                                                and 

              
        

                                        for each  . 

Thus,         
        

                                                  and 

                
        

                                         . 

So,         
        

                              
        

      

                                     

Now,         
        

                                
        

      

                             
        

                          
        

      

                                      
           

                
           

      

                                      
                

        
                

      

                                 
            

                            
 

  

                                            
 
                

 
             

Thus,                                                 . 

Therefore,                                     is the smallest closed set containing (rough closure) 

                                 . 

V. Conclusion 

The relationship of rough set theory with topology has been of great interest for researchers, from the 
very beginning of this theory. In this paper, the properties of the product approximation space determined by 
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two approximation spaces have been studied. It has been found that the projection functions are continuous with 

respect to the induced topologies on the product space and the individual spaces. Also, the induced topology of 

the product approximation space is proved to be stronger than the product topology of the induced topologies on 
the individual spaces. Further, the product rough topology has been defined as the product topology determined 

by the rough open sets in the rough topologies on the individual spaces. It has been verified that as in the case of 

general topological spaces, the product rough topology is the smallest topology which makes the projection 

functions rough continuous. The rough interior and rough closure with respect to the rough product topology 

have also been discussed. The results presented in this paper can be extended to the product of a finite number 

of approximation spaces. 
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