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Abstract:

The present work is a study of the properties of the product rough approximation space determined by two
rough approximation spaces. It is found that the projection functions are continuous with respect to the induced
topologies on the product space and the individual spaces. Further, the product rough topology is defined as the
topology of rough sets generated by the family of the products of the rough open sets in the rough topologies on
the individual spaces. As in the case of general topological spaces, the product rough topology is found to be the
smallest topology which makes the projection functions rough continuous. The rough interior and rough closure
with respect to the rough product topology are also presented.
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I. Introduction

During the early 1980’s, the development of rough set theory by Z. Pawlak paved a new way to handle
uncertainty in the information available [13]. The theory has found potential applications in various domains.
Since its inception, the rough set theoretical concepts have been correlated with the topological concepts and a
number of studies have been conducted in this regard. Many authors analyzed the topology on the
approximation spaces induced by the lower and upper approximations [2,7,9,10,19,20]. Several others discussed
about the rough set approximations on topological spaces [1,3,8,16].

The idea of rough topology on an approximation space is a relatively new concept. B. P. Mathew and
S. J. John [11] considered a rough topology on a rough set to be an ordered pair of topologies of exact subsets of
the lower and upper approximations of that rough set. The concepts like separation axioms, connectedness, and
compactness on these rough topological spaces were studied by M. Ravindran and A. J. Divya [15]. But these
topologies are actually topology of rough sets and not rough topology of rough sets. Just like a rough set which
is a pair of approximations of a set in an approximation space, a rough topology must be a pair of
approximations of the extended approximation space. Such a definition of a rough topology was proposed by the
present authors and its properties were investigated in [17].

In the present work, the properties of the product of two approximation spaces are investigated. The
approximations of the product of two sets are proved to be the product of their approximations. Also, the
induced topology on the product approximation space is studied. Besides, the product rough topology, which is
defined as the product topology determined by the rough open sets in the rough topologies on the individual
spaces is discussed and it is verified that it is the smallest topology which makes the projection functions rough
continuous. The rough interior and rough closure with respect to the rough product topology are also presented.
The remaining paper is divided as follows: section 2 provides many of the basic concepts and formula needed
for the paper, section 3 studies the topological properties of the product approximation space, section 4 presents
the product rough topology and its properties and section 5 gives the conclusion.

1. Basic Concepts

Definition 2.1: Consider the approximation space (X, 6), where X is a non-empty set of objects and 6 is an
equivalence relation on X. The equivalence classes of 8 are called elementary sets and sets which can be
expressed as union of some equivalence classes are called composed sets [13].

Definition 2.2: The lower and upper approximations of A < X, with respect to 8 are defined respectively as
0(A) = {x€ U: [x], c 4} @)
0(A) = {x€ U: [x],NA=+ @} 2

where, [x]gis the equivalence class of 6 containing x. In other words, 8(A) is the union of equivalence classes

that are contained in A and 6(A) is the union of equivalence classes that have non-empty intersection with A.
Thus, both lower and upper approximations are composed sets on (X, 8) [13].
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Proposition 2.3: The properties of the rough set approximations are as follows [14]:
1) 6@)=60)=060X)=0X) =X
2) 6(A)cAc 6(4)
3) 8(r@)=0)=5 (o)
4) 9(0) =0 =0(0()
5 6(ANB)=6(A)NnO(B),6(ANnB)<c (A NO(B)
6) 0(AuB)20(A)ub(B),8(AUB)=06(A)uUb(B)

7 00 = (), 849 = @A))F

8) ASB=0(4)cH(B), 6(4) SH(B)

9) 8([x]p) = [x]g = O([x]) forall x € X
Definition 2.4: Let (X,6) be an approximation space. Then, the lower approximation operator satisfies the
properties of an interior operator and hence it determines a topology 7y = {A cX:0(4) = A}, called the
induced topology on X. A subset A € T, if and only if 8(A) = A. Hence, T, consists of all composed sets on X.

By property (7) of theorem 2.3, a set A will be closed iff 8(4) = A. Hence all open subsets are closed and 7 is
the quasi-discrete topology. The family of all equivalence classes form a basis for T [14].

Definition 2.5: The rough equality relation ® on P(X) is defined as

(4B)€EO o 6(A) = 6(A)and (4) = 6(A) (3)
Then, O is an equivalence relation on P (X) and the pair (P(X), 0) is called the extended approximation space
corresponding to (X,6) [14].
Definition 2.6: A rough set on (X, 6) is given by a pair of approximations (4, A4), where 4 and 4 are subsets of
X such that A = 6(A4) and A = 6(4), for some A € X [14]. For convenience, a rough set may be denoted by
6(A) = (6(A),6(A)), where A € X.

Definition 2.7: The rough inclusion, rough union, rough intersection and rough complement operations of
rough sets are given in [5] as

(6(4),8(4)) < (6(B),6(B)) & 6H(A) S 6(B), 6(A) S 6(B) (4)
(8(4),8(A) u(B(B),8(B)) = (8(4) UA(B),B(A) U B(B)) ()
(8(4),8(A) N(B(B),8(B)) = (8(A) N O(B),6(A) N H(B)) (6)
(8(A4), 6(A))° = {(B(A)E, (B(A))°) = (B(A), 6(A%)) ™

respectively.

Definition 2.8: Let T be a subfamily of P(U). The pair (8(7"), ©(7)) is called a rough topology on X, if both
O(T) and O(T) are topologies on X. The set X together with the rough topology is called a rough topological
space [17].
Definition 2.9: Let (8(7), 8(7)) be a rough topology on X. The rough set (8(A), 8(A)) is called rough open if
6(A) isan open setin ©(7) and 6(A) is an open set in ©(T). It is called rough closed if its rough complement
((B(A)C, (B(A))C) = (8(A%), 8(A)) is rough open [17].
Definition 2.10: The rough interior of a rough set (8(4), 8(A)) is the largest rough open set contained in it. The
rough closure of a rough set is the smallest rough closed set containing it.[17].
Definition 2.11: The set X; x X, together with the equivalence relation 6 defined by

(x1,%2) 0 (y1,¥) © x160,y1, X6,y )]
is called the product approximation space of (X,, 6;) and (X,, 8,) [12].
Proposition 2.12: For all elements x € X; andy € X, [(x,¥)]s = [x]g, X [¥]g, [12].
Definition 2.13: Let (X,7;) and (X,,7;) be two topological spaces. The product topology is the topology 7" on
X, X X,, generated by the basis B ={U xV : U €T}, V € T,} [6].

Proposition 2.14: The product topology on X; X X, is the weakest topology that make each projection function
I;: X; X X, — X; defined by II; (x; X x,) = x; continuous [6].
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I11. Topology on Product Approximation Spaces

Let (X,,6,) and (X5, 6,) be two approximation spaces where X, and X, are non-empty sets and 6, and
6, are equivalence relations on X; and X, respectively. Then, (P(X;),0,)and (P(X,),0,) are the
corresponding extended approximation spaces. Let (X; X X,,8) be the product approximation space.

Theorem 3.1: For all A; € X; and 4, € X,,
i) ﬁ(Al) X &(Az) =0(A; X 4,)
i) 61(A4;) X 6,(4;) = (4, X A3). 3
Thus,(ﬁ(Al) X 0,(4,), 61(A41) % 0,(A,)) = (8(A; X A,), 6(A4; X 4,)) isarough set on (X; x X,,0).
Proof:
) Vx; €Ay, x; €Ay, (x1,%) €0(A; X 4,) & [(x1,%,)]g € Ay X Ay & [x1]g, X [x2]g, € A1 X A,
S [x1]p, € A1,[x2], €4, & x € ﬁ(l‘h) X2 € Q(Az) S (x,x;) € ﬂ(l‘h) X &(Az)-
Thus, (4, X 4,) = 0:(4;) X 8(4,).
i) (x,x) € §(A1 X A;) & [(x,x2)] N(A; X Az)_i p < [951]_91 X [x;]g, N(A; X A_z) FQ _
= [9_51]61 NA, # (P_’[xz]ez n_Az #@ ©x; €6,(4,),%; € 0,(4;) & (x1,x;) € 6,(4;) X 0(4,).
Thus, 6(A; X A,) = 6,(4,) X 6(4,).
Theorem 3.2: Forall A; € X; and 4, € X, ,
) 004 x 49 = (6,4, x X,) U (X, x 6,(4,°))

i) B((A; % 4,)%) = (8,(4,°) x X,)U (X, x 8;(4,%)).
Proof:
) (x,x;) €0((A; X A)9) & [(xg,x,)]9 € (A1 X A))¢ & [(x1,%,)]gN(A; X A)) = @
S [x1]g, X [x2]6,N(A1 X A2) =@ & [x1]g, NA; =D OR [x;]g, NA, =0
— P S c — c
o x, ¢ 0,(A;) ORx, & B,(4;) = x, € (8,(4))) OR x, € (B;(4,))
= x; €6,(4:°) OR x; € 6,(4,°) & (x1,%,) € 6:(4:°) X X, OR (x1,%;) € Xy X 6,(4,)°
o (0,%,) € (6;(4,°) x X, ) U(X; x 6,(4,)°)
Thus, 8((4; X 4,)%) = (6;(4,%) x X,) U (X, x 6,(4,)°)
i) (x1,%,) € 0((A; X 42)) & [(01,%,)]9N(A; X A,)¢ # B = [(x1,%,)]g & Ay X A,
& [x1]p, X [x2]0, € A1 X Ay & [x1]g, € A1 OR [x;]g, € A,
c c
S0 6(A) OR %, € 6,(4) = x, € (6,(4)) OR x, € (0,(4)
e x; €60,(4,°) OR x, € 6,(4,°)
o (,2) € (B (A4°) X %) OR (r,x) € (X, x 8,(4,5))
o (0,%,) € (8,(4,5) x X,)U (X, x 8,(4,°))
Thus, B((4; X 4,)6) = (8;(4,°) x X,)U (X, x 8,(4,°)).
Theorem 3.3: Let Tig, and T2g, be the induced topologies on X; and X, respectively and T, denote the induced

topology on X; x X,. Then, the projection functions TII;: X; X X, — X; are continuous with respect to the
induced topologies on X; X X, and X; for i = 1,2.
Proof:

Wehave, 73, = {4, € X;:6,(A)) = 4,}.7;, = {4, € X,:0,(4,) = 4,} and T, = {4 € X, x X,: 6(4) = 4}.
The projection function from X; x X, to X; is given by IT, (x;, x,) = x4, V (x4, x,) € X; X X,.

Let A; be an open set in (Xl,fl‘lel). Then, 6, (A,) = A,. Consider I, "' (A,).

Clearly, 6 (11, (A;)) € I, X (A,).

Now, (x;,x,) € TI; ' (A;)) = I, (xy,x,) EA, = x, EA, = [x1]e, € A,

Also, (y1,¥) € [(x1,x2)]g = 1, ¥2) € [x1]g, X [x2]0, = ¥1 € [x1]9, = ¥1 € Ay

So, (y1,y,) € I, "1 (A;). Hence, [(xy,x,)]o € T, *(A,). Therefore, (x;,x,) € Q(Hl‘l(Al)).

ThusT1, 7 (A;) € 6 (1,7 (A))).

It follows that, Q(l‘[l‘l(Al)) =T11,""(A,). Therefore, I, "*(A,) is an open set in (X; X X,, Tp).
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That is, the inverse image of open sets in T, are open. Hence I, is continuous. Similarly, I1, is continuous.
Corollary 3.4: Let :7"1‘91 and :7"2‘92 be the induced topologies on X; and X, respectively and T denote the induced
topology on X; X X,. Then, J; is stronger than the product topology on X; X X, determined by T, and T2q,-

Proof:
The product topology on X; X X, determined by 7‘191 and 7‘292 is the weakest topology on X; x X, that makes

each projection functions continuous. From theorem 3.3, each projection function is continuous with respect to
the topology T, on X; X X,. Therefore, 7 is stronger than the product topology on X, X X, determined by 7"191

and 7"262.

1V. Product Rough Topology

Definition 4.1: The product of the rough set 8, (4,) on (X;,6,) and the rough set 8,(A4,) on (X,,0,) is defined
as the rough set 6(4; x 4,) = (8(4; x 4,), 6(A; X A,)) on the product approximation space (X; X X,, ).
Theorem 4.2: Let (0,(7}), 0,(7;)) and (0,(72), 0,(73)) be rough topologies on X; and X, and Ty, and Ty,
denote the underlying topologies of rough open sets on X; and X, respectively. Then, the family of rough sets
By = {6'1(A1) X 0,(4;): 0,(A)) EZy, 0,(4,) € ZTZ} is a basis for a topology of rough sets on X; X X,.
Proof:
Consider 61(4,) x 6,(4;), 0:(By) X 0,(B,) € By, where 6,(4,) = (ﬁ(Al)»e_l(Al)) €Ty,
0,(A2) = (6,(A;),6,(4,)) € Ty, and 6,(B,) = (6.(B,),6,(By)) €Ty, , 6,(B,) = (6,(B,),6,(B,)) € Ty,
Then, (81(A;) X 6,(4,)) N(61(B,) x 6,(By)) L

= (ﬁ(/h) X ﬁ(Az): 6,(4;) x 6,(4,)) N (ﬁ(BJ X ﬁ(Bz) ,6,(By) X 0,(B,))

= (ﬁ(“h) X ﬁ(Az) nﬁ(BJ X ﬁ(Bz); 6,(A;) X 6,(A;) N 6,(B,;) X 6,(B,))

= (ﬁ(“h)nﬂ([ﬁ) X ﬁ(Az) nﬁ(Bz); 6,(4;) N 6,(B;) X 6,(A;) N 6,(B,))

= (ﬁ(“h)nﬁ(&): 6,(4) N 6,(B,)) X (Q(Az) N6:(B,),6,(A;) N 6,(B,))

= (462(41), B,(4) N(B1(By), B5(B,))) x ({81 (B, B(B,)) N (65 (B,), B, (B,)))
Since both T7; and T, are topologies of rough sets,
(01(4,), 0,(A))N(B,(By), 61(By)) € Ty, and (6, (B,), 6,(B,)) N (01(By), 0,(B,)) € T,
Therefore, 6, (A4,) % 6,(A4,) N 6,(B;) %X 0,(B,) € Bs. Thus, By is closed under finite rough intersection.
Also, since X; € Ty, and X, € T, X; X X, € B;. Hence, B, forms a cover for X; X X,.
Therefore, Bis a basis for a topology of rough sets on X; X X,.
Definition 4.3: Let (0,(7}), 0,(7;,)) and (0,(%), 0,(7;)) be rough topologies on X, and X, respectively and
Ty, and T, denote the underlying topologies of rough open sets on X, and X,. Then, the topology generated by
the basis By = {6,(4,) x 6,(4,) : 6,(4,) € Ty, ,60,(4;) € STZ} is called the product rough topology on
X, X X;.
Theorem 4.4: Let T, be the product rough topology on X; X X,, generated by ®B,. Then, the product of two

rough closed sets in T, and T4, is a rough closed set in Ty
Proof:

(6,(D,), 6, (D;)Yand (8, (D,),8,(D,)) are rough closed sets in T7, and Ty, respectively
=, (ch),_e_l(ch)) and (8,(D,°),0,(D,“)) are rough open sets in T, and T, respectively
= (E(ch),e_l(ch)) X (X2,_)(2) and (X;, X;) x (6, (D, ), 6,(D,*)) are rough open sets in T, since
(X1, X;) and (X, X,) are rough open sets in T, and Ty, respectively
= (6,(D;¢) x X,,6,(D;€) x X,) and (X; x 8,(D,€),X, x 6,(D,*))are rough open sets in T
= (E(ch) X X,,0,(D;€) x X,) U (X, x &(_DZC),X1 x 6,(D,%)) is arough open set in T
= ((ﬁ(ch) X Xz) U (Xl X &(Df)), (6,(D;“) x X,)U (X1 X Q_Z(DZC))) is rough openin T,
= (0((D; X D,)),6((D; x D,)E)} is rough openin T
= (6((D; x D,)),8((D; x D,))) is rough closed in T
= (0,(D,),0,(D,)) x (6,(D,),0,(D,)) is rough closed in T
Thus, the proﬁct of two rough closed sets in Ty, and Ty, is arough closed set in Ty
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Lemma 4.5: Let (0,(7;), ©,(7;)) and (0,(7;), ©,(7;)) be rough topologies on X, and X, respectively and let
T, be the product_rough topology on XR X,. Then, the projections II;: X; X X, — X; are rough continuous
functions with respect to T, and T, for i = 1,2.

Proof:

Let 6, (4,) = (6, (A4,), 6;(A4,)) be a rough open set in T,

We have, I1,~* (ﬁ(Al)) = 0,(4) x X, and 11, 7* (8 (4,)) = 6 (A,) X X,.

Hence, 11, (0,(41), 8:(4,))) = (62(41) X X, 3(41) X Xo) = (6,(A)), 0,(41)) X (Xy, X,).
Also, (81(4,), 61(4,)) isarough open setin Ty and (X, X,) is arough open setin Ty,.

Hence, (ﬁ(Al), 0,(4,)) x (X,, X,) isarough open set in the rough product topology T ..
Thatis, I1,~* ((ﬁ(Al), 9_1(A1))) is a rough open set in the rough product topology T

Hence I1; is continuous and similarly, II, is continuous.

Theorem 4.6: The product rough topology on X; X X, is the weakest topology that make the projection
functions IT;: X; X X, — X;, rough continuous functions with respect to ¥, and ¥y fori = 1, 2.

Proof:

From lemma 4.5, the projections are rough continuous functions with respect to ¥, and Ty, for i = 1, 2.

Let T, represent any topology of rough sets on X; x X, that make both the projections IT, and II, rough
continuous. We will prove that the basis of the product rough topology 8, € I

Consider a basic rough open set (6 (4), 8(4)) € By

Then, (8(A), 8(A)) = (6. (A,), 6;(4,)) X (6,(4,),6,(4,)), where (6, (4,),6,(4,)) and (6,(4,),6,(A,)) are
rough open sets in T and Ty, respectively.

We have, TT, ™ ({6 (4,), 8, (4,))) = (61(A;) X X, 8 (4;) X X;) and

M, ((82(42), 85 (42))) = (X, X 6,(A;)X,, X, X B,(A;))

Both I1, and IT, are rough continuous functions with respect to the product rough topology I,

Hence IT, * ((ﬁ(Al),B_l(Al))) and I1, * ((ﬁ(Al),e_l(Al))) are rough open sets in T,

Thus, (6,(A4;) X X,6,(41) X Xp) and (X; x 6,(4;)X;, X; X 6,(4,)) are rough open sets in Ty".

Since, T;' is a topology, (6;(A4;) X Xy, 0,(A;) X X,) N (X, x 0,(4,), X, x 6,(A,)) is a rough open set in
T Thatis, (6. (A4,) X 6,(A,), 61(4;) X 6,(4,)) is a rough open set in T;".

Thus, (8(4), 6(A)) € T,'. Hence, By € T,'. It follows that T, € T,
Thus, the product rough topology on X; X X, is the weakest topology that make the the projection functions
I;: X; X X, — X;, rough continuous functions with respect to T and I, fori = 1,2,

Theorem 4.7: If (ﬁ(Al),B_l(Al)) and (&(Az),e_z(Az)) are rough sets on (X;,6;) and (X,,8,) respectively,
then

i) int ((6, (A1), 65 (A1) X (85(4,), 85(4,))) = int (6;(A,), 85 (A1) X int (6,(A;), B (4,))

i) ¢l (61(4:), 81 (4:)) x (8,(A2), 8, (4,)) ) = ¢l (6 (4:), 8 (4,)) X cL{8,(4,), 6 (4,))

Proof:
i) Therough interior of a rough set is the largest rough open set contained in it.

So, int (6, (A,), 6; (A1) € (0.(A,), 6, (4)) and int (6,(4,), 6, (4,)) € (6,(4,),0,(4,)).

Hence, int (6 (4,), B; (A1) X int (8,(A,),8,(4,)) € ((61(A1), 01 (A1) X (8,(4,),8,(4,))).

Also, int (0, (4;),6,(4,)) and int (6, (4,), 0,(A,)) are rough open sets in T, and T, respectively.

Hence, int?ﬂ(Al),B_l(Al)) X int (9__2(A2),9_2(A2)) is a rough open set in T

Therefore, int (6, (A;), B; (A;)) X int (8,(4;), 8,(4,)) € int ((6,(A;), 85 (A1) X (6,(4,), 6, (4,))).

Now if (8(B), 8(B))is an arbitrary rough open set contained in (ﬁ(Al), 0,(A)) x (&(Az), 0,(4,)), then
(0(B), B(B)) = U, ((6, (U, B (U) x (8,(V)), 8,(V))))

where (ﬂ(Ui): 6, (U;)) X (&(]/l)' 6,(V;)) € By, Vi.

S0, U, (465 (U, B ()} x (6, (V)), 8,(V))) ) € (61 (A1), 85 (4)) X (6, (4,), 8, (4,).
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Hence, for each i, (8 (U;), 0, (U)) X (8, (V1), 6, (V) € (61(4,),01(41)) X (62(A,), 6,(A42)).
Thatis, (63 (U, 33 (U) € {8,(41), 85 (4,)) and (8,(), T, (V) € (0, (4,), 5 (A,), Vi

Also, (ﬁali),ﬁ_l(Ui)) and (&_(Vi),Q_Z(Vi)) are rougl open sets, Vi. N

Therefore, (6, (U,), 6, (Uy)) € int (6:(A,),0:(4,)) and (8, (V;), 6,(V)) € int(6,(4,),0,(4,)), Vi.
Thus, (6, (Uy), 8, (U)) x (8,(V,), 0, (V;)) € int (6, (4,),0,(4,)) X int (8,(A,),0,(4,)), Vi.

Hence, (8(B), 8(B)) < int (0, (A,),6,(41)) X int (0,(A,), 6,(A2)).

It follows that int (ﬁ(Al),H_l(Al)) X int (&(AZ),B_Z(AZ)) is the largest open set in T, contained in
(ﬁ(“h): 0_1(141)) X (&(Az)'g_z(Az))-

Thus, int ((6:(4,), 8;(A1)) % (6,(4,),0,(42))) = int (6, (Ay), 05 (A1) x int (6,(47), 8 (A,)).
ii) The rough C|OSL£E of arough set is Ee smallest rough closed_set containing it. .
So, cl (ﬁ(“h)’ 6,(4)) 2 (ﬁ(AJ' 6,(A,)) and cl (Q(Az)' 6,(4;)) 2 (E(Az)» 6,(A2)).
Hence, cl (8 (4:), 8 (A1) X cl (8, (42), 8,(4,)) 2 ({61(4:), 81 (A1) x (8:(A,),8,(A,)) ).
Also, cl(0;(4,),6,(4,)) and cl(6,(4,),6,(A,)) are rough closed sets in T, and T, respectively.
Hence, clTﬁ(Al),e_l(Al)) x cl (B__Z(AZ),H_Z(AZ)) is a rough closed set in T
Therefore, cl (8 (4,), 85 (4,)) X cl(8,(42),,(A;)) 2 l ((63(41), B (4,)) X (8,(42),8,(4,)) ).
Now if (6(C),8(C)) is an arbitrary rough closed set containing {6, (4,), 8, (4,)) X (6,(4,),6,(4,)),
Then (9(C©),8(C©)) is a rough open set contained in (ﬁ(Alc),e__l(Alc)) X (ﬁ(Afi@(Azc)). Hence,
(0(C),8(C)) = U, (461 (U, 85 (U)) x (85 (V), B (V))) for (8, (U)), B, (U)) X (8, (V)), B (V) € By
Also, (8; (U,), 8, (U)) X (8,(V)), 8, (V) € (61(A;,€),8,(4,)) % (8, (4,°),8,(A,)) for each i.
Hence,THI(Ui),B_l(Ui)) g_(91 (Alc),e_l(Alc)_)and (6,(V), e_z(vi))E (6,(A4,°),8,(4,°)) for each i.
Therefor;(ﬁl(UiC),6_1(Uic)72 (6,(4,),0,(A)) and_(ez(vf),e_z(vf)_)g (6,(4,),6,(A,)) for each i.
Also, (6, (U;6), 85 (US)) and (6,(V,€), 8, (Vi) are rough closed sets. N
So, (g@f),ej(uf)) 2l (ﬁal),e_l(Al)) and (6,(V;),6,(Vi%)) 2 ¢l (6, (45),6,(A,)) for each i.
Hence, (6, (U;), 6, (U;°)) x (X,,X;) 2 cl (6, (A,), 6, (A,)) X cl (6,(4,),6,(4,)) and
(X1, X;) X (0,(V,©), 8, (Vi) 2 ¢l (81(A,),6; (4,)) X cl (6, (A;), 0,(A,)) for each i.
Thus, N, ((6(U,€), 85 (U,)) x (X5, X;)) 2 cl(6,(A;), B (A1) X cl (8, (A,), 8,(4;)) and
N (00, %0 % (0, (V9), 85 (VD)) 2 el (6,(41), 85 (4,)) X cl (8,(A,), B (A,)).
S0, N (402 (U:), B (U,)) x (%5, %,)) U N, (41, X0) x (8, (Vi), B (V))
2 cl (6, (4,),6,(4,)) X cl(6,(4,),6,(4,))

Now, N; ((ﬁ(UiC)JQT(UiC)) X (Xz»X2>) U n; (<X1'X1) X <ﬁ(ViC)'9_2(ViC)))

=N; ((ﬂ(Uic)’g_l(UiC» X (X2, Xo)U(Xy, X;) X <ﬁ(ViC)'9_z(Vzc)))

= 0 (62(U€) X X, 8(U€) x XD UK, x 8,(ViE), X, x 8,(VE)))

= N (02(U€) x X, U X, x 6,(VE),8:(UF) x X, U X, x 5 (V°))

= MO, X VIO, X V)N = N0 W, x V), 8(U; x V)

= (UKBW; x 7,8, x V)" = (8(CE),BC) = (8(0),BC))
Thus, (6(C),0(C)) 2 cl{61(A1), 0:(A1)) x cl(6,(A2), 6,(4,)).
Therefore, cl (ﬁ(Al),B_l(A_l)) X cl (&(Az),B_Z(Aj)) is the smallest closed set containing (rough closure)
(46,40, 8,(41)) x (6,(4,),0,(4,))).

V. Conclusion

The relationship of rough set theory with topology has been of great interest for researchers, from the
very beginning of this theory. In this paper, the properties of the product approximation space determined by
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two approximation spaces have been studied. It has been found that the projection functions are continuous with
respect to the induced topologies on the product space and the individual spaces. Also, the induced topology of
the product approximation space is proved to be stronger than the product topology of the induced topologies on
the individual spaces. Further, the product rough topology has been defined as the product topology determined
by the rough open sets in the rough topologies on the individual spaces. It has been verified that as in the case of
general topological spaces, the product rough topology is the smallest topology which makes the projection
functions rough continuous. The rough interior and rough closure with respect to the rough product topology
have also been discussed. The results presented in this paper can be extended to the product of a finite number
of approximation spaces.
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