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Abstract:

Background: This article discusses on determining the area of a bisector triangle, determining the area of the
symmedian triangle, and the comparison of both. The proof is done by using trigonometry rule to find the area
of the triangle and Steiner's Theorem to determine the sides that formed the triangle.
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. Introduction

Several discussions about symmedian have been made. In the early history of the symmedian point,
[10] discussed this topic and continued discuss the symmedian of the triangle and its accompanying circle [11].
The development of the symmedian and the circle formed was developed [6] which discusses tucker circles.
Symmedian points are also called lemoine points. It gives an idea for further discussion about third lemoine
circles [4]. For instance, a study of the First Lemoine Circle [6, 8, 16]. This theorem proves that if P is the
symmedian point of triangle and three parallel lines are drawn to the sides of the triangle where all three lines
through point symmedian P then the six points all lie on one circle. Similarly, for Second Lemoine Circle that
constructed by drawing three anti parallel lines to the sides of the triangle are through the symmedian point so it
will intersect in six points with a side of the triangle. Then, the sixth points will be on one circle [6, 8, 16].
Furthermore, there is Third Lemoine Circle. Let O be a symmedian point on triangle ABC. Then the triangle is
partitioned into three triangles, namely ABCO, AACO and AABO. From each triangle, a circle can be made with
the center points P, Q, and R. If the points P, Q and R are connected by a line segment, it will form APQR.
Additionally, from constructing the three circles of the ABCO, AACO and AABO, will form the intersection of
the circle with side and side triangle extension ABC at six points [4, 6, 16]. Futhermore, if M is the centroid
point of triangles ABC, and L are the center points of the third Lemoine’s circle while K is the simedian point of
triangle ABC, then the three points are collinear [16].

In this paper, the researcher is interested in determining an area of the symmedian triangle A B, C, with
the original triangle ABC. Triangle A B,C is a triangle formed from the intersection of the symmedian lines and
the connected sides of the triangle. In other words, let AA, BB, and CC, is a symmedian line, then the points Ag,
B and C, are connected will form the A;B,C, symmedian triangle. Area of the original triangle and triangle
symmedian will be calculated using trigonometric formulas. Furthermore, the study will discuss about the area
of the triangle formed by the bisector and the median line.

I1. Material And Methods

Several papers have discussed the previous definition of synmedian [3, 5, 7 10, 11].

Definition. 1 (Symmedian Line). Given triangle ABC where a, b and c respectively are the side lengths of BC,
AC, and AB. If 4,, and A, are respectively the median line and the bisector line drawn from the angle A, then
the reflection of the line A,,, against A, produces the line A, which is called a symmedian line.
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Figure 1: Symmedian lines on Triangle ABC

To determine the area of a symmedian triangle, the lengths of BA; and CA, from side BC, CB, and AB; from
side AC, BC, and AC, from side AB,are needed. The Steiners theorem is used to calculate it. [17].

Theoreml (Steiners Theorem): At any triangle ABC, let D and E be the points on the line BC with AE being the
bisector line. If AD is reflected on AE and produces AF, it applies

BD BF _(AB)?
CD CF  (AC)?
A

\

B F E D

Figure 2: Steiner’s theorem
Proof. The proof is discussed in [8]. n

To calculate the area of a triangle, a trigonometric formula will be used.
I11. Result

Theorem 3: Given any ABC, if BC = a, AC = b, and AB = ¢ then 4,, B, and C, are the points of intersection
of the bisector lines on sides a, b and c, respectively. Thus, the area of A, B, C,, is

2(abc)
(a+b)(a+c)(b+c)

Proof: Before showing the area of AA B,C,, we will determine the area of AAC,B,, AC,BA,, and AB,A,C.
Therefore, it is necessary to determine the length of the side BA,, CA,, CB,, BC,, AB; and AC,. using the
concept of congruent triangles
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Figure 3: The Illustration Determines the Length

In figure 3, extend the line CA, through point B make a parallel line AA,; which intersects the extension of CA at
point D. Next draw a line through point A parallel to CB which intersects BD at point F. Then, suppose that E is
the midpoint of BD then by considering ACAA, and ACDB, £ACA, = £BCD and 2CAA, = £CDB we get

A CAA,~ACDB so that it applies
ca _cay
cCD (B
Because CD = CA+ AD and CA, = CB — BA,, so that
CA BC — BA,

CA+AD _ BC
BC-CA = (BC — BA,)(CA + AD)
BC— BA. BC-CA
b= cA+ 4D
5C_ BA. BC-CA
b= cA+ 4B
B4 — BC BC-CA
b= CA+ AB
BA. — BC- AB
b7 AC + AB
ac

then, we will determine the length of the CA,,. because CA, = BC — BA,, then
CAb = BC - BAb

ac
b+c

_a(b+c)—ac
B b+c

ab + ac — ac
- b+c

CAy == @)

~ b+c
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In the same way it is obtained

Byl = ©)
AB, =2 @
AC, == ®)
BC, =~ (6)

After obtaining the Length of BA,,, CA,, CB,,, BC,, AB, and AC,, then determine the area of AAC, B, AC,BA,,
and AB, A, C using trigonometry

By

Cly

Ay

Figure 4: Bisector Triangle
To show the area of AA, BC}, can be done using the trigonometric formula from the angle B obtained

LAA,BC, ==+ BCy- BA, - sin 2B )

Substitute equation (1) and (6) into equation (7)

1 ac ac .
LAAbBCb =Eb—+cm sin B

1 a?c?
LAAbBCb =

2 Bhto@rp S4B

2(b+c)(a+b)

sinZB = ———

Because the area of LAABC from angle B is
1
LAABC = E-AB -BC-sinzB

LAABC=%-c-a-sinAB 9)

Substitute equation (8) into equation (9) to get

1 2(b+c)(a+b)
LAABC = ECC{T' LAAbBCb

LAABC =

b+c)(a+b
*'LAAbBCb

LAA,BC, = ———LAABC
(b+c)(a+b)
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ac
LAABCy = s LAABC (10)
In the same way it is obtained
ab
LAAyB,C = 5= LAABC (11)
bc
LAAB,C, = s LAABC (12)

After obtaining LAA,BC,, LAA,B,C, and LAAB,,C,, then determining the area of A4, B, C,
LAA,B,C, = LAABC — LAA,BC,, — LAA, B, C — LAAB, C, (13)

Substitute equations (10), (11) and (12) into equation (13) so that

ac ab bc
LAA,B,C, = LAABC —mLAABC —WLAABC —WLAABC
_ [ _ ac _ ab _ bc ]LAABC
(b+c)(a+b) (b+c)(a+c) (a+b)(a+c)
= %LAABC
(a+b)(a+c)(b+c)

Theorem 4: Given any ABC, if BC = a, AC = b, and AB = c then 4;, B, and C are the points of intersection
of the simedian lines on sides a, b and c, respectively. Thus, the area of A B,C; is

2(abc)?

@+ bD)(@ + D@2 + 7y AABC

LAA,B,C, =

Proof: Before showing the area of AA B,C,, we will determine the area of AAC,B,, AC;BA,, and AB,A,C.
Therefore, it is necessary to determine the length of the side BA;, CA,, CBg, BC,, AB; and AC,. Using the
steiners theorem is obtained

2 2
BAs BAwm _ (4B) _ (14)

CAs CAm  (CA2 ~ b2

Since A,,is the midpoint, then BA,,, / CA,, = 1. So that equation (14) becomes

BA; c?
CA; b2
BAs  CAg
=T (15)
The line length BA, = a — CAg, substitute it for equation (15) is obtained
a—CA; CA;
2 b2
b%(a — CAy) = c*CA,
ab? — b2CA, = c?CA,
ab? = c?CAg + b?CA,
ab? = CA,(c? + b?)
__ ab?
CAs == (16)

Furthermore, the BA, length is determined by substituting equation (16) into equation (15), so that it is obtained
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BA, CA,
CZ = b2
ab?
BA; pzx 2
b2
BA;  a
2 b2+4c?
aCZ
BAS = b2+C2 (17)
In the same way it is obtained
ca?
BC, = = (18)
ba?
CBy=—— (19)
bc?
AB; = —— (20)
cb?
ACo == (21)

After obtaining the Length of BA,, CAg, CBg, BCg, ABg and AC,, then determine the area of AACBg, AC;BA;,
and AB;A,C using trigonometry

Figure 5: Symmedian Triangle

To show the area of AA;BC, can be done using the trigonometric formula from the angle B obtained

LAAGBC, = =+ BC, - BA; - sin 2B (22)

Substitute equation (17) and (18) into equation (22)

1 ca? ac? )
LAASBCS = Embz—_'_cz sin 2B
LAA.BC, = = a’c” in 2B
—_— . ya
ST @ )t ey "
2 2 2 2
sin 2B = 222000 A4 BC, (23)

Because the area of LAABC from angle B is

1
LAABC = E-AB *BC -sin/B
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LAABC =~-c-a-sinZB (24)

Substitute equation (23) into equation (24) to get

1 2(a® + b?H)(b? + ¢?)
LAABC = ca 3.3 - LAA,BC,
(a? + b?)(b? +¢?)
LAABC = — - LAA;BC;
a’c
aZCZ
LAAGBC, = o LAABC
_ (ac)?
LAAGBC, = o LAABC (25)
In the same way it is obtained
_ (ab)?
LAAB,C = o s LAABC (26)
_ (bc)?
LAABC; = oo LAABC (27)

After obtaining LAA;BCg, LAAB;C, and LAAB,Cy, then determining the area of AA B, C,
LAAGB,C; = LAABC — LAA;BC; — LAA;B,C — LAAB,C, (28)

Substitute equations (24), (25) and (26) into equation (27) so that

_ _ (ac)? _ (ab)? _ (bc)?

LAAGB,C; = LAABC T LAABC e aiied) LAABC @) LAABC
I (ac)? _ (ab)? _ (bo)?
- [1 (a2+b2)(b2+c2)  (b2+c2)(a%+c?) (a2+b2)(a2+cz)] LAABC

2
= 2(abc) LAABC

T (a2+b2)(a%+c?)(b2+c?)

Thus the ratio of the area of the symmedian triangle to the original triangle is

LAABC; 2(abc)?
LAABC ~ (a? + b?)(a? + c2?)(b? + c?)

From theorem 3 and theorem 4, the comparison of the bisector triangle with the symmedian triangle is obtained,

LAA,B,C,  2(abc)-LAABC 2(abc)? - LAABC
LAAB,C;  (a+b)(a+c)(b+c) (a2 + b?)(a? + c2)(b? + c?)

LAA,B,C,  2(abc)- LAABC (a? + b?)(a? + c?)(b? + ¢?)
LAAB,C;  (a+b)(a+c)(b+c) 2(abc)? - LAABC

LAA,B,C,  (a* + b*)(a® + c*)(b® + c?)
LAAB,C;  (abc)(a+ b)(a+c)(b +c)

IV. Conclusion
Symmedian lines are formed from the reflection of the median line against the bisector. To determine
the area of a symmedian triangle, the Steiner's theorem and the trigonometric area formula can be used To
determine the ratio of the area of the bisector triangle and the area of a symmedian triangle, simply using the
area formula.
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