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In this paper, we numerically solve the one-dimensional stochastic nonlinear Schrddinger equation in the case of
an additive white noise and with mixed concave convex, sub-super nonlinearities. The aim is to investigate their
influence on the well-known deterministic solutions: stationary states and blowing-up solutions.
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I Introduction

In this work, we are interested to the study of the one-dimensional stochastic nonlinear Schrodinger
(NLS) equation with both a subcritical and a supercritical power nonlinearities in the presence of an additive
noise. The deterministic equation occurs as a basic model in many areas of physics, hydrodynamics, plasma
physics, nonlinear optics, molecular biology. It describes the propagation of waves in media with both nonlinear
and dispersive responses. It is an idealized model and does not take into account many aspects such as
in-homogeneities, high order terms, thermal fluctuations, external forces which may be modeled as random
excitations (see [?, ?, ?, ?, ?]). Propagation in random media may also be considered. The resulting re-scaled
equation is a random perturbation of the dynamical system of the following form

.0 a? _ _ a a a
{la—l:+#+ [ulP"u + alulTtu = ef (u), Ly <x <Ly t>t,u(tyx) = u(x), i(to,x) =), Li<x< Lza—;‘(t,Ll) = i(t,Lz) =0 t=t,.

(%))

where u = u(t,x) , ¢ t >0, x € R; is a complex-valued function and ¢ is C? « >0, L, and L,
are real parameters. The term f(u) includes the stochastic contribution. For an additive noise, f(u) =y is
real-valued, Gaussian, white in time and either white or correlated in space. In this case, the noise does not depend
on the solution. The size of the noise is controlled by the parameter ¢ > 0.

Here, we are particularly interested in the influence of a noise acting as a potential on the behavior of
resolution. Such noise has been considered in [7] : there the paths of the noise are smooth functions and the
nonlinearity is subcritical. In the case of a white noise, considered here, this type of model has been introduced in
the context of crystals (see [?, ?] and also [?, ?] for other models). It is expected that such noise has a strong
influence on the solutions which blow-up. It may delay or even prevent the formation of a singularity. In [1], some
numerical simulations tend to show that this is the case for a very irregular noise: for a space-time white noise.
However, in the supercritical case and for a noise which is correlated in space but non degenerate, it has been
observed that, on the contrary, any solution seems to blow-up in a finite time. Recall that in the deterministic case,
only a restricted class of solutions blow-up. Our aim is to prove rigorously such a behavior.

The case of an additive noise has been considered in [?, ?] and it has been proved that for any initial data,
blow-up occurs in the sense that, for arbitrary t > 0, the probability that the solution blows up before the time tis
strictly positive. Thus, the noise strongly influences this blow-up phenomenon. In the present paper, result is in
perfect agreement with the numerical simulations. The argument is based on three ingredient: first, we generalize
the deterministic argument to prove that blow-up occurs for some initial data: this is based on a stochastic version
of the variance identity (see [?, ?]). Then, we use the fact that the NLS equation is controllable by a forcing term.
Thus, any initial data can be transformed into a state which yields a singular solution. Finally, since the noise is
non-degenerate and the solution depends continuously on the path of the noise, we can argue that, with positive
probability, the noise will be close to the control so that blow-up will happen afterward.

The paper is organized as follows: In Section 2, we introduce the discrete scheme and transform problem
(1.1) into a linear algebraic system.In Section 3, the analysis of local truncation error and stability are shown by
introducing Fourier development replacements in order to apply the Von Neumann techniques. The scheme is
proved to be uniquely solvable. We study the convergence and we analyze the method for consistency and
stability. The Von Neumann method consists in testing the impact of the proposed scheme on an isolated Fourier
mode. Some numerical examples are exposed in order to validate the scheme.
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Il.  The stochastic Schrédinger equation
The considered noises have their paths in #£*. In order to state precisely the equation considered in this
work, we introduce the probability space (QQ, F, P), endowed with a filtration (F;);», and a sequence (B;);en
of independent real valued Brownian motions on R™*, associated to the filtration (F,),.o. We are interested to the
NLS equations with additive noise. We consider the space of complex (resp. real) valued square integrable
functions on R™ endowed with an Hilbertian basis (e;);cy and we are given a bounded linear operator ¢ on this
space. The process
W(t,x,w) = LiZo Bi(t,w)de;(x),
defined for t > 0, x € R™, and w € Q, is then a Wiener process on the space of complex valued square
integrable functions on R™, with covariance operator ¢¢*. We then set
5 ow
X =75
Note that if ¢ is defined through a kernel %, which means that for any square integrable function wu,
pu(x) = [ K, y)u@y) dy.
As a consequence, the correlation function of the noise is given by
E(3E @), 5 0,9)) = c@y)bes,
with
c(x, ¥) = fpn K%, 2K (y,2) dz.
This kind of noise is always uncorrelated -or white- in time. Particularly, if W isa cylindrical Wiener process, i.e.
if ¢ = Id, the noise is also white in space and the spatial correlation c(x, y) is the Dirac mass §,_,. Moreover,
a correlation described by the Dirac mass &,_,8,_s indicates a white noise both in time and space.
Taking in account these notations, we then rewrite the system (1.1) in the form

; dx
2.1

u | 92 , a a
{l St ulP At aulf e =gy, Ly <X < Ly, t > t,u(tx) = up(x) ngstzﬁ(t,L1)=£(t,L2)=0 , t =t

2.1 Finite difference scheme
Consider a time step [ = At and denote
ty=ty+kl, keN,
Now, fix some integer N and consider, a space step
h=Ax =21
- - - N+1 ) - -
We subdivide the interval [L,, L,] into subintervals [x,,, Xm,.1] Where
Xm =Lo+mh  for m=0,.., N+1
Consider also positive parameters A,, A,, Azand py, py, usz suchthat 4, + A, + A; =y +p, +pus =1
Denote by u¥, the approximation of u(t,, x,,) and UX the numerical solution. We introduce the following
notations
Kk _ U7l§l+1_u1l;l—1
OmU = ===

k k gk
U —2Um+Upm
and 51}:1 U m+1 mTUm—1

h2 ’

k
T = 1,04 U + A,08U + 250554, U,

auk — UK 41-Ufy

dx 2h

azuk
d0x2
Let’s denote
g = [ulPu + ajul?
We then discretize problem (1.1) as follows

= AR Uiy AU + g 82, UL

Louk  a2uk

rgUH =i @2

L at + 9x2
where
1 1
fk+5 _ 1 Xk +E.
m Atax tm

1
. . . k+> N
In this case of an additive noise, f,, * should be an approximation of
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1 MAAY (g, 1 (mipax
— f(m_gm S5 ads dx = 2%y e (0)dBi(s)dx

Axat ) m-2)Ax

(m+%)Ax

= et Zien (f(m_%m ei(x)dX> (Biltirs) = Bi(t)

If the orthonormal basis (e;);ey Of L2(L;, L,) is chosen in such a way that

1

em = \/T_xl[(mv—%)Ax,(m+%)Ax)' m= 1' -, N
1

80 = T_x 1[0%AX]'
2

1
EN+1 = JE 1[(N+%)Ax,(N+1)Ax]'

2
then, by orthogonality, we obtain

(m+l)Ax ' '
f(m_lz)Ax e;(x)dx =0 for m=1,,N, and (€N, i £m.
2
Furthermore,
k+3 1
fm = _At\/A_X (ﬁm(tk+1) - ,Bm(tk)), m=1, -, N
K+s

fy 2= _F Bo (ties1) = Bo(tr)),

furt =~ BunaCinn) = s ().

Since the random variables defined by
Bm(tks1)=Bm(tk)
VAt
are independent random with normal law N(0, 1), we choose also the sequence
k+1
()(m 2)kao, m=1,..,N+1
to be a sequence of independent random variables with normal law N (0, 1).

k+2 . . .
Note that from fm+2, we can see that the numerical noise has the form ¢,,,,,, dW, where ¢,,..,, is the orthogonal
projector on the space spanned by < ey, -+, ey, > and the associated correlation function is given by

1

. 1 1
w U xy€e[m—2) Ax, (In+3) Ax],

(

I

Coum = {é, if x, ye€]lo, ; Ax] or x, y € [(N+%) Ax, (N + 1) Ax],
I

0 otherwise.

This confirms that we have an approximation of a space-time white noise. Indeed, it is easily seen that C,,,,, inan
approximation of &,_,. However, it also shows that the numerical noise has length scales always larger than Ax
and in that sense, it is not white.
The numerical problem is considered under the initial data
US =u(ty, x,) =ug(xy), 0<m<N+1,

U = Uy + il (g () + g (uo (m))),
and the boundary conditions

Uf =UF and UE,, = UE, Vk.
Let v € [0, 1] and consider the approximation

gUp) = gy + (L =nUi™),
where
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~ (Y]
g = max| gU—O |-
m m
Next, denote

a; = 2u0 + iy, b, = by = —2u,0,
a, = —4u,0 +il,, b, = 4u,0 — 2gvl,
as; = 2u,0 +ils, c, = —2Uz0 + il
Cc; = 4uso—2G(1 —v)l+il,, C3 = —2U30 + A3,

where o = h—lz We then obtain

a1U7,,€1t11 + a, UT’PC'l+1 + a3 U‘rlfl-:_ll = blurlﬁl_l + sz‘rlﬁl + b3U1I;l+1 + C1U1I;l__11 + C2U11;1_1 (2 3)

1

k+=>

k-1 2
+cgUpsa + efm

with the boundary conditions
(@, + @)U + azUstt = (by + b)Uf + byUF + (¢; + c)Uf?
k+i 24)
+o US4 ef) 2

and
a, U§* + (a + a3)U1(/€+1 =b,Uf_1 + (b, + b3)UII\‘; +c,UNZ3
k+2 (2.5)
+(c + )UN ™ +efy 2

2.2 Solvability of the difference scheme
In the matrix form, (2.3)-(2.5) becomes
AU*t = BUK + CU**+F, k=1 (2.6)

where F is the white noise vector and 4, B and C are the matrix defined as follows

al + az a3 0 b s 0
/al az a3 . . E \
10 R
A=, . w0 |
\3 k3 k3 al az a3 /
0 cee b 0 al az + a3
bl + bz b3 0 ce A 0
/bl bz b3 K . : \
1o |
B=1, "0 |
\s b, b, by /
0 0 by b,+bs
cg+ec ¢ 0 e e 0
/ c c; €3 i \
2 PO S
\S o G C3 /
0 e 0t
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In order to prove the solvability of the difference scheme (2.3)-(2.5), we have to calculate the determinant of the
matrix A. This is based on techniques developed in [?, ?, ?, 7] and treating the invertibility of a general tri-diagonal
matrix. We recall the basic result in what follows

Lemma 2.1 Consider the following real matrix A

d a 0 .. 0b, d, a,
4= 00 b; d; as 0:
“\:0 .. .. by, dy4 a0 0 .. 0 b,
dy

and define the real vector

a = (ay, ay, ... y)
as follows

a;={1 if i=0d;, if i=1djaj_,—bai_ja;, if i=23..,n
Then, there holds

det(4) = a,,.

Now, we are able to state the main result of this section.

Theorem 2.2 The difference scheme (2.3)-(2.5) is uniquely solvable.

Proof. Denote by Dety.,(A) the determinant of the matrix A. Then, from Lemma 2.1, we have the following
recursive equation

Dety.,(A) — (a, + az)Dety,1(A) + a;a;Dety(A) = 0.
We now divide the proof into three cases.

Casel: u; =0, 4, =% and 4, €]0, 1].
1

Standard computations yield '
Dety;z(A) = (N +3)(A; +2,)(1 = )M DM+ = 0.

A-2)GA -1 and 1, €]0, 1]

Case2: u;, =0, 4, = rY

If we denote by
62 = (/‘11 - 1)(511 - 1) + 4/11/12,

. A1+A+68
X, =i e L LA
2
. AtAp-8
Yo =i AR
_ A1tdy | @ Xp[A1—(A1+42)(1+43)]
¢, =-— + = ,
s 5 A (1-Ai—1y)
C, = M+dy 0 X[ —(A1+42)(1+47)]
2 5 5 A1 (1-2A1-13)

Then, also by standard computations, we obtain
DetN+2 (A) = C1X:{V+2 + CZXéV+2 = 0,
Case 3: u, = 0.
Let’s consider the complex values
8§ =4(ay +as)? —4a,a;, ¢
Then, we have
Dety.,,(A) = C;IN*2 + C,EN*2 = 0.
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It follows from the cases above that the system (2.6) is uniquely solvable.

2.3 Consistency, Stability And Convergence of the Discrete method
The principal part of the local truncation error of the method arising from the scheme (2.2) is given by

9%y 2 9u | d%u
L(t, x) = lh@ (A3 — A1) + Ly — 13) (hz ot + m)

i0°u 23u 164u

+2 (hz Ch #3) at2 +EF) +h? ( (4 + /13) Zat 24 6x4) (2.10)

+o(I? + h?)

It follows, particularly that, taking [ = o(h3), it becomes that £(t, x) tends to 0 as [ and h tend to 0. This
means obviously that the method is consistent.

Our good is to optimize numerically (2.10), (relativity to the parameters A; and y;, for i = 1,2,3) in order to
obtain the minimal possible error.

We remark that, in the particular case when

M=23=4A € ]0, 1] m=us=p € 10, 1[
and
A, =1-21 € ]0, 1] U, =1-2u € 10, 1]
we obtain
2u 9?2 a 19
£t ) = 1 (5 +55) + 12 (15235 + 5 5) + (@ + k),

This particular case makes that the scheme is consistent just when taking the condition [ = o(h?), and not
necessarily [ = o(h?) as in the general case. This is due to the fact that the second term of the summation in the
right hand of (2.10), which was in the origin of the last condition (I = o(h?)), is simplified as u; = us.

We now proceed by proving the stability of the method by applying the Lyapunov criterion. A linear system
L(Xp41) Xpy Xp_1, --.) = 0 isstable in the sense of Lyapunov if for any bounded initial solution x, the solution
X, remains bounded for all n > 0. Here, we will precisely prove the following result.

Lemma 2.3 P,: The solution U™ is bounded independently of n whenever the initial solution U° is bounded.

We will proceed by recurrence on n. Assume firstly that || U° |I< n for some 7 positive. Using the system (2.6),
we obtain

AU I B I UK I+ C MUt I+ FI, k=1 (2.11)

Next, recall that, for I = o(h5*%) small enough, s > 0, we have
a, = 2u h® +id, = ik, b, = by = —2u,h* = 0,
a, = =4 hs +id, - il,, b, = 4u,h’ —2gvi - 0,
az = 2(h% +id; = id;, ¢, = —2uzh® +idy =iy,
€, = 4uzh® =21 —v)L+id, - il,, €3 = —2uzh® +id; = i,

As a consequence, for h small enough,
I B I< max(|2b; + by|, |b; + by + bs| + |2bs + b,|) < % (2.12)
and

I C II< max(|2c; + ¢, |c; + ¢; + c3],|2¢5 + ¢3|) < max(|24; + 4,],1, 1245 + A,]) < 3,
(2.13)

The operator A converges to the operator A, as h goes towards 0 and [ = o(h5*2) with s > 0. where
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A+, A3 0 o o 0
/Al 2‘2 2‘3 . . . \
_.]0 . U |
ao=if| S0 |
\s o A A, A /
0 b b 0 /’{1 /’{2 +/13

Next, observing
Il A—Ap lI< Ch®. (2.14)

Lemma 2.4 ltexists C' suchas | A,UlI=C'IIUN, vV U,
Proof. Denote by Dety,,(4,) the determinant of the matrix A,. Then,let a,, a,, and a5 are continuous and
h,l — 0 observing that
Detyy,(Ag) — i(A; + A3)Dety 4 (Ap) — A A3Dety(4q) = 0.
Recall here that we have already proved in (2.2) for u, = 0 (Case 1 and Case 2) that the Dety.,,(4,) # 0, which
means that A, is invertible.
The following lemma deduced from (2.14).

Lemma 2.5 For h small enough, it holds for all U that
2L U< (1 Ag Il =Cho) I U I A IS (I Ag Il +C()h®) Il U 1< 2220

3IIAoII

Ul

-17pt Indeed, recall that equation (2.14) affirms that || A — A, I< Ch® for some constant C > 0.
Consequently, for any U we get
(IFAg I =ChY MU =N Al< (I Ag I +C(a)h®) I U 1.

For h < EIA;JI/S we obtain

200 < (I g Il =Ch%) < (Il Ag Il +Ch®) < 22t

and thus Lemma 2.5. As aresult, (2.19) yields that
||A0||

3IIA0II

| yn+t II< NU™ N +3 010"+ F . (2.15)
For n = 0 this |mpI|es that
1 - 0 1 =
(RVARES iAol (WA +"A " o= +"A " Il F . (2.16)
Using the discrete initial condition
Ul=U"1+lg.

Here we identify the function ¢ to the matrix whom coefficients are ¢,, = @ (x,,). We obtain
U NI U I+ 1@ 1. (2.17)
Hence, equation (2 18) yields that

1 0| 4 Sl 20FN
W= o VU Sr o (2.18)

Now, the Lyapunov criterion for stability states exactly that
Vex>03aAn>0 s.t; 1UISn = IUMISeg Vn=0. (219)
Forn=1and || U! I< &, we seek an n > 0 for which || U° |I< 5. Indeed, using (2.18), this means that, it

suffices to find n such that
7 6l | 21FI

ol 1 ™ Aol T Aol
IAole—6LIgl—2IF]
For 5, = ———*——, L

Consequently, choosmg n €]0,n,[ we obtain (2.20). Finally, (2.18) yields that || U |I< «.
Assume now that the U¥ is bounded for k = 1,2, ...,n (by &) whenever U° is bounded by n and let £ > 0.
We shall prove that it is possible to choose n satisfying | U™ |I< e. Indeed, from (2.15), we have

| Un*t < L (7s1 +21F). (221)

So, one seeks, & for WhICh (751 +2[FIN)—e<0

A 2|IF
For g = M,then I U"+1 I< & whenever || UK IS &, k=12,..,n

Next, it holds from the recurrence hypothesis for ¢, that there exists n > 0 for which || U° [I< n implies that
| Uk I< &, for k = 1,2, ...,n, which by the next induces that || U™ |I< e.

—e<0. (2.20)

Lemma 2.6 As the numerical scheme is consistent and stable, it is then convergent.
This lemma is a consequence of the well known Lax-Richtmyer equivalence theorem, which states that for
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consistent numerical approximations, stability and convergence are equivalent. Recall here that we have already
proved in (2.10) that the used scheme is consistent. Next, Lemma 2.3, Lemma 2.5 and equation (2.19) yields the
stability of the scheme. Consequently, the Lax equivalence Theorem guarantees the convergence. So as Lemma
2.6.

I11.  Numerical implementations
We want to investigate the noise effects on stationary solutions in different cases. As mentioned in the
introduction, stationary waves play an important role in physics and the effect of white noise on propagation in not
well-known. Noise effects on solitary waves have already been studied for the NLS equation and for
Korteweg-de-Vries equation (see [?, ?, ?, ?]). Let us recall that there exist deterministic solutions of the following
form ([?])

u(x, t) = \/j—jexp(i(% cx — 0t + @))sech(v/a(x — ct) + ¢),

2
where a, q,, 6 =C:—a, @ and ¢ are some appropriate constants. For fixed t, this function decays

exponentially as |x| — o. It is a soliton-type disturbance which travels with speed ¢ and with a governed
amplitude.
In the first one, subject of Figure 1, the time and the space partial derivative parameters are fixed to the particular

case where

/11=/13=/1=§ and #1=l13=.u=§-
In the second case, which is more general then the first one, we take different values for the parameters A; and y;
(1 <i < 3), precisely,

(A, =029 (b, =0.25

| |

{/12 = 0.38 and g,uz = 0.45

| |

k/13 =0.33 ku3 =0.3
This last example is expressed numerically in Figures 2, 3 and 4.

In both cases, the presented simulations of the equation (2.1) are given considering an additive noise. In the
numerical scheme (2.2), the computations are done for —80 < x < 100 with a space step h =1 and for
0 <t <10 with a time step [ = 0.01. We fix also the soliton parameters a = 0.01, g, = 1, ¢ = 0.1 and the
phase parameters ¢ = ¢ = 0. Finally, we consider the parameters of the nonlinearity ¢ = 0.73, p = 1.5 and
v = 0.5.

For small amplitudes of the noise, corresponding to small values of the parameter &, we can see that the
solitary wave is not strongly perturbed and the noise does not prevent its propagation. This is clearly expressed in

the particular case where 1, = 1; = A4 =§ and u, = p; =u = g by Figure 1 (e, fand g). Itis also confirmed, in

the more general case where A, # A5 and p, # us, by Figure 3 (g, h, and i). However, going to Figure 1 (c, d and
e), we can remark that, as the noise level becomes higher, the wave is progressively destroyed. We can remark the
same behavior in the general case, especially in Figure 2 (c, d, e and f). For the deterministic case corresponding to
e = 0, and physically interpreted by the absence of noise, the solution of the problem is given, in the first case by
Figure 1-h and in the second one by Figure 1-j. It represents the stationary wave.

Now, in both cases, taking the amplitude of the noise € > 0.0003, it is clearly seen that the wave
explodes under the influence of the additive noise. The phenomenon appears respectively in Figure 1 (a and b) for
the particular case where 1; = A; and y; = u5 and in Figure 2 (left side of a and b) for the more general case
where A, # A; and u; # us.

In the next, we will look at the general case. Being interested to the right side of Figures 2 and 3, we can
see that the infinite norm of u presents many observable peaks. As we decrease the value of ¢, the amplitude of
the noise decreases consequently and its influence on the the deterministic solution disappears progressively. That
is why the blow-up phenomenon appears less and less, and so are the peaks. More precisely, we can remark that
the soliton wave starts to appear with small perturbations of the deterministic equation, corresponding to weak
values of the parameter . As examples, we can cite ¢ = 0.00007, € = 0.00003 and & = 0.00001 respectively
in Figures 3-g, 3-h and 3-i.

Finally, taking € = 0 in Figure 3-j, we can say that we did proceed to a simulation of the solution in the
deterministic case and the infinite norm’s figure tends to a linear shape. We can say that we did start with a
blow-up phenomenon to convert it into a soliton wave, also we did straightening the infinite norm of the solution.

Looking at the effect of noise on one trajectory, we show, in Figure 4, the profiles of the solution with
additive noise at a final computation time for several values of €. We see that in any case the profile has the same
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shape as the solitary wave and has been diffused and damped. But, we see in Figure 4 (g and h) that the noise effect
is really strong and the wave has been completely destroyed.

IV.  Conclusion
It is noted that the stochastic nonlinear equation (1.1) can be considered as a white noise random
perturbation of the deterministic equation defined by (¢ = 0). Such a perturbation occurs when the size of the
noise, described by the real-value parameter ¢ is positive. We proved, in this work, that as € — 0, the solution of
the perturbed case converges to the unique trajectory of the deterministic equation. Then, we can say that the
stochastic model would be more realistic, and we can observe a similar evolution phenomena about the solution as
that given by the deterministic case.

(a) (b)

(f)

Plots in (¢, x)-plane of |u| for one trajectory in the case where 4, = A; =1 = é and u, =pu; =pu= i: 1.3cm

(@) € = 0.005, 0.5cm (b) € = 0.002, 0.5cm (¢) € = 0.001, 0.5cm (d) € = 0.0009, 1.9cm (e) € = 0.0007,
0.87cm (f) £ = 0.0003, 0.68cm (g) € = 0.0001, 0.65cm (h) € = 0.
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O

Plots in (¢, x)-plane of |u| (left side) and of its infinite norm (right side) for one trajectory in the general case:
2.3cm (a) € = 0.003, 0.5cm (b) € = 0.001, 0.7cm (¢) € = 0.0009, 0.7cm (d) € = 0.0003, 0.8cm (e) € =
0.0001.
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lifn

)

)

oy
.

Plots in (¢, x)-plane of |u| (left side) and of its infinite norm (right side) for one trajectory in the general case:
2.3cm (f) € =0.00009, 0.5cm (g) € = 0.00007, 0.8cm (h) € = 0.00003, 0.8¢cm (i) € = 0.00001, 0.8cm (j)
e=0.
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Plots in (¢, x)-plane of |u| for one trajectory 1.3cm (a) € = 0.002, 0.5cm (b) € = 0.0009, 0.5cm (¢) € =
0.0004, 0.5cm (d) € = 0.0002, 1.9cm (e) € = 0.00009, 0.56cm (f) € = 0.00006, 0.6cm (g) € = 0.00004,

1.
[2].
[3].
[4].
[5].
[6].

[71.
(81

(9]

[10].
[11].
[12].

[13].

0.35cm (h) € = 0.00003, 0.5cm (i) € = 0.00001, 0.8cm (j) € = 0.
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