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Abstract:

Based on the definition of a strongly 2-nil clean ring and the concept of fuzzy subring, we introduce a new
structure that is a strongly 2-nil clean fuzzy ring. Some of characteristics of a strongly 2-nil clean fuzzy ring are
as follows: (i) If R is a strongly 2-nil clean fuzzy ring then u(1-x)=u((p-q)+g) for two idempotent elements p,q
and a nilpotent element g; (ii) u(x-x"3 )=u(z) for a nilpotent element z, (iii) u(1-x-t)=u(g) for a tripotent element
t and a nilpotent element g; (iv) u_t is a subring on R for t €/0,u(0)].
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. Introduction

An element of a ring with a unit element is said to be clean if it can be written as the sum of an
idempotent element and a unit element. A ring is called as a clean ring if every element of it is clean [6]. If R is
a clean ring and commutative then R is called as a strongly clean ring [7]. If each element of a ring R can be
written as the sum of idempotent and nilpotent elements, then R is called as a nil clean rings [2]. Furthermore, if
a nil clean ring R is commutative then it is called a strongly nil clean ring [3]. The structure (strongly) nil clean
rings has attracted a lot of attention. For example, Ying et al. [9] have discussed about a strong sum of
idempotent and tripotent that commute. Chen and Sheibani [1] have introduced the strongly 2-nil clean rings
including their related concepts. A ring is said to be strongly 2-nil clean ring if each element of the ring can be
written as the sum of two idempotent elements and nilpotent elements that commute [1]. One of important
properties is that R is strongly 2-nil clean rings if and only if every a € R, then there are two idempotents
elements e, f € R and a nilpotent element w € R that commute such thata =e — f + w.

In 1965, Zadeh [10] developed the concept of fuzzy sets. A fuzzy set on a set X is defined as a mapping
from domain X into codomain [0,1]. The theory of fuzzy sets has evolved in many directions since its inception,
and it now has applications in a wide range of domains. This concept was exploited by Rosenfeld [8] to
construct the fuzzy subgroup theory. In 1982, Liu [4] proposed the fuzzy ring concept.

In this paper, we combine the concept of strongly 2-nil clean and fuzzy rings to develop a new
structure, namely strongly 2-nil clean fuzzy rings. Some properties of strongly 2-nil clean fuzzy rings will also
be derived.

1. Preliminaries
Before discussing the main results, we present some important properties of strongly 2-nil clean rings
and fuzzy rings. The proof can be found in the given references.

Strongly 2-nil clean rings

Lemma 1. [9] Let a € R. If a? — a is nilpotent, then there exists a monic polynomial 8(t) € Z[t] such that
0(a)? = 6(a) and a — 8(a) is nilpotent.

Lemma 2. [1] Let R be a ring. Then the following statement are equivalent:
1) R s strongly 2-nil clean
2) For any a € R, there exist two idempotents ¢,d € R and nilpotent w € R that commute such that
a=c—d+w.

Theorem 1. [1] Let R be a ring. Then the following are equivalent:
1) R isstrongly 2-nil clean
2) Foralla € R,a—a® € N(R)
3) Foralla € R,a? € R is strongly 2-nil clean.

DOI: 10.9790/5728-1803020105 www.iosrjournals.org 1| Page



Strongly 2-Nil Clean Fuzzy Rings

Theorem 2. [1] Let R be a ring. Then the following are equivalent
1) R isstrongly 2-nil clean
2) Foranya € R, there exists a tripotent ¢ € R such that a — ¢ € R is nilpotent and ca = ac.

Theorem 3. [1] A ring R is strongly nil clean if and only if
1) 2 e Risnilpotent
2) R isstrongly 2-nil clean.

Fuzzy Subring
In the following part, we provide some concepts of fuzzy subring.

Theorem 4. [5] Let u be a fuzzy subset of R. Then u is a fuzzy subring of R if and only if y, is a subring of R,
for each t € [0, u(0)].

Theorem 5. [5] Let R be a ring with identity, and let u be a fuzzy subset of R. If u is a fuzzy subring of R, then
F(R) aring.

Proposition 1. [5] Let R be a commutative ring. Let 4 and v to be two fuzzy subrings of R such that u c v.
Then E,(R) is a subring of F,(R).

I11. Main Results

Definition 1. Let R be a ring with identity element 1, Id(R) is the idempotent element set in R and U(R) is the
unit element set of R. A fuzzy ring u of R is clean fuzzy rings if any x, y € R satisfies

a) wu(x) = min{u(p),u(q)} foreachp € Id(R),q € U(R).

b) wulx+y) = min{u(p, + q,), u(p, + q,)} for each p;,p, € Id(R),q4,q, € U(R).

) u(=x) =u(-(p+q)) = ulp + q) for eachp € Id(R), q € U(R).

d) u(xy) = min(u(p; +p,) - 1(q, + q2)) for each py, p, € 1d(R), q1,q; € U(R).

Lemma 3. If R is a clean ring with identity element 1, Id(R) is the idempotent element set of R and U(R) is the
unit element set of R, then fuzzy ring u of R is a clean fuzzy rings of R.
Proof. Let x,y € R. Since R is a clean ring, then there are elements p,,p, € Id(R), q;,q, € U(R), such that
X =p, +q.,Y =Dp; +q,, and thus

Q) u(x) =u(py +q1) = minfulp,), u(q}

b) n(xy) = pulp: + q1) (P2 + q2) = min{u(py + q1), 1P, + 42)} = min{u(x), u(¥)}.

0 u(=x) = pu(—=ps + q1)) = ulps + q1) = u(x).

|

Definition 2. Let R be aring, Id(R) is the idempotent element set in R and N(R) is the nilpotent element set in
R. A fuzzyring p in R is a nil clean fuzzy ring if each x,y € R satisfies

a) w(x) = min{u(p), u(q)} for eachp € Id(R),q € N(R).

b) u(x+y) = minfulp; + q1), u(p, + q2)} for each py, p, € Id(R), q1, 92 € N(R).

0) u(—x) =u(—@ +q)) = u@ + q) for each p € Id(R), q € N(R).

d) u(xy) = min{u(p + q) - u(r + s)} for each p,r € Id(R),q,s € N(R).

Lemma 4. If R is a nil clean ring with idempotent element set Id (R) and nilpotent element set N(R), then fuzzy
ring i in R is a nil clean fuzzy ring in R.

Proof. Let x,y € R. Because R is a nil clean ring, then there exist p,,p, € Id(R), q,q, € N(R), such that
X =p; +q,Y = p, + q,. Hence, we obtain

a) wu(x) =pulp; + q;) = minfu(p,), u(q,)}
b) uCey) = u((py + 9., + q2)) = min{u(p, + q1), u(p; + q2)} = minf{u(x), u(»)}
0 u(=x) = u(=p; +q1)) = u(p; + q1) = p(x).

| ]
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Proposition 2. Let R be a ring with identity element 1, Id(R) is the idempotent element set in R, N(R) is the
nilpotent element set in R, and U(R) is the unit element set in R. If i is a nil clean fuzzy ring on R, then y isa
clean fuzzy ring of R.

Proof. Let x € R. Since p is a clean fuzzy ring then u(x) = u(p; + q,) = min{u(p,), u(q,)} for any p, €
Id(R),q, € N(R). Since q; € N(R), there isn € Z*so that ;" =

|

Definition 3. Let R be a ring and its idempotent element set and nilpotent element set are respectively denoted
by Id(R) and N(R). A fuzzy ring u in R is called a strongly nil clean fuzzy ring if any x, y € R satisfies
a) wu(x) = min{u(p), u(q)} and u(pq) = u(gp) for each p € Id(R), q € N(R)
b) u(x+y) = min{ulp; +q),ulp, +q2)} and  p(p1q1) = u(qip1), (P2, q2) = 1(g.p,) for each
p1, P2 € I1d(R), q1,q; € N(R).
©) u(=x)=u(-@+q)=unbp+q) =ulpq) = ulgp) for eachp € Id(R),q € N(R).

Lemma 5. If R is a strongly nil clean ring, Id(R) is the idempotent element set in R and N(R) is the nilpotent
element set in R, then a fuzzy ring  in R is a strongly nil clean fuzzy ring on R.
Proof. Since R is a strongly nil clean ring, every x € R can be expressed in terms x = a + b, with a € Id(R)
and b € N(R) that commute. A fuzzy ring u on R must satisfy

a) wu(x—y)=min{u(x),u(y)}vx,y €R

b) u(xy) = min{u(x),u(y)}vx,y €R

¢ u()=1,
and x,y € R can be expressed intermsof x =a+ b andy = ¢+ d for a,c € Id(R) and b,d € N(R). Thus, a
fuzzy ring p in R is a strongly nil clean fuzzy ring.
]

Definition 4. Let R be aring, Id(R) is the idempotent element set in R, N(R) is the nilpotent element set in R.
A fuzzy ring on R is called a strongly 2-nil clean fuzzy ring if each x, y € R satisfies:

a) wu(x) = min{u(p), u(q), u(g)} for each p,q € Id(R), g € N(R).

b) ulx+y)= min{y((p +q)+ g),,u((r +5s)+ h)} for eachp,q,g € Id(R),r,s,h € N(R).
¢) u(=x)=pu(~(@+q)+9))=u((+q) +g) = ux) for each p,q € 1d(R), g € N(R)
d) ulxy) = min{u((p +q)+ g) . /,t((r +s)+ h)} for each p,q,7,s € Id(R), g, h € N(R).

Lemma 6. If R is a strongly 2-nil clean fuzzy ring with identity element and Id(R) is the idempotent element
set in R. If u is a fuzzy subring, then w is a strongly 2-nil clean fuzzy ring.
Proof. Let x,y € R. Then it can be shown that

a) p() =u(+q) +g)=min{up),ulq),n(g)} €R

b) ulx+y)= u[((p +q)+ g) +(r+s)+ h)] > min{u((p +q)+ g),,u((r +s) + h)}

) u(-0)=u(-(@+0)+9))=u(@@+q +g) =n@),vx R

d) uGy) =ul(e+q) +9)(+s)+ k)] =min{u(+q) + g),u(@r +5) + h)}.
| |

Lemma 7. If R is a strongly 2-nil clean fuzzy ring then for each x € R, it holds that

n@=x)=u(l@-9 +9)
for idempotent p, g € R and nilpotent element g € R.

Proof. Let x € R. Because x € R, x can be expressed in the form x = s + g + g for idempotent elements s, g
and nilpotent element g. Next we show that if s is an idempotent element, then 1 — s is also an idempotent
element:
1-5P2=Q10-501-59)
=1-—2s+s?
=1-2s+s
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=1-s.
Let 1 —s =p, g € R isan idempotent element and g € R is a nilpotent element. Then we have that
x=6+q)+yg

1-x=1-((s+q) +g)
l-x=(0-s)-q-g
l-x=p-q-g
l-x=p-q+yg
u@=x) =pu(lo - +9).
|

Theorem 6. If R is a strongly 2-nil clean fuzzy ring, then for each x € R, it holds that u(x —x3) = u(2),
where z € N(R).
Proof. Let x € R. Since R is a strongly 2-nil clean fuzzy ring, Lemma 3 says that there exist two idempotent
elements p, g and nilpotent elements g that commute. Furthermore, we also have that u(1 — x) = /,t((p —q)+
g. Let y=p—g, then we have x#1—r=xy+g. By noting pg=gp, it holds that
yi=@-q?

=@-9*@-9

=@-2pqa+9)—-q)

=p?—pq—2p*q+pq—q°

=p—pq—2pq+2pq+pq—q

=r—q

= y'

So, u(x —x®) = ul(y + g) — (v + 9)°], where (y + g) — (¥ + 9)* =z € N(R).
| ]

Theorem 7. If R is a strongly 2-nil clean fuzzy ring then for each x € R, there exists tripotent t € R such that

u(l —x—1t) = u(g) with g € N(R).
Proof. Let x € R with p,q € Id(R) and g € N(R). Due to R is a strongly 2-nil clean fuzzy ring, we have
(1 —x) =pu((p—q) +g). Fort = p —q, it can be shown that

t*=@-q°

= - W —2pq +q*)
=@-q9@—-2pq+q*)

=p? —2p*q +pq —pq + 2pq* — q*
=p? —2pq + pq — pq + 2pq — ¢*
=p—q

=t.

So, t is a tripotent and we can show that u(1 —x) = ,u((p -q)+ g) = u(t — g). Furthermore, we also have

uldl—x—-t)=pult+g—1t) =ulg), where g € N(R).
[

Theorem 8. If is a R strongly 2-nil clean fuzzy ring with membership function y, then u, is a subring on R for
each t € [0, u(0)].

DOI: 10.9790/5728-1803020105 www.iosrjournals.org 4 | Page



Strongly 2-Nil Clean Fuzzy Rings

Proof. u, = {x € R, u(x) = t} is not an empty set on R because there is t = 0 so that u(0) = 0. Let x,y € u,,
then x,y can be expressed in term of the sum of two idempotent elements and a nilpotent element and u(x) >t
and u(y) = t. Since u is a fuzzy subring on R, we get p(x — y) = min{u(x), u(y)}. It leads to

a) ulx—y)=tthatx—y ey

b) u(xy) = min{u(x), u(y)} that u(xy) =t and xy € u,
So u, is asubring on R.
|
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