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Abstract: This article presents a review on Jacobsthal and Jacobsthal-Lucas numbers. Some basic properties
of Jacobsthal numbers J,, and Jacobsthal-Lucas numbers j, are given in this article. Except j,, all J,, and j,, are
odd integers. The relations between Jachsthal and Jacobsthal- Lucas numbers are mentioned in this article.
These numbers can be represented by matrices. Fibonacci numbers can be expressed in terms of Jacobsthal
numbers and vice versa. Also the identities satisfied by Jacobsthal numbers are discussed in this article.
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I.  Introduction
The Jacobsthal numbers are integers named after the German mathematician Ernst Jacobsthal. The Jacobsthal
sequence {J,, }is defined by the recurrence relation
Jnvz=hhi1+ 2 Jo=0J1=1,n=20 (1)
Where, J, denotes nt" Jacobsthal number. Putting n = 0 in (1) we get J, = J; + 2J, = 1. For n = 1, we have
J3 = J, + 2J; = 3. Similarly, other Jacobsthal numbers can be calculated from (1).
The Jacobsthal-Lucas sequence{j, }is defined by the recurrence relation
Jn42 = Jnt1 T 2, Jo=2,j1=1Ln=20 (2)
Where, j, represents nt" Jacobsthal number. Putting n = 0 in (2) we havej, = j; + 2j, = 5. Forn =1, we
have j; = j, + 2j; = 7. Similarly, other Jacobsthal-Lucas numbers can be found out using (2).
The Jacobsthal Oblong sequence{J,,, } is defined by the recurrence relation
Jon =JuJnt1, 20 3
Where, J,,, denotes nt"Jacobsthal Oblong number.
From (1), (2) and (3), we have the following Table no.1 for sequences of Jacbsthal numbers J,,
Jacobsthal-Lucas numbers j,, and Jacobsthal Oblong numbers ], . It is observed from this table, all J,;, j,,& Jon,
except j, = 2, are odd integers.

Table no.1: Sequences of J,, j, & Jon -
9

n 01 2 3 4 5 6 7 8 10........
I 0 1 1 3 5 11 21 43 85 171 341.........
Jn 2 1 5 7 17 31 65 127 257 511 1025........
Jon 0 1 3 15 55 231 903 3655 14535 58311 232903.........

The rest of the article is organized as follows. Section-Il presents few interesting properties of
Jacobsthal and Jacbsthal-Lucas numbers. The interrelationships between Jacobsthal and Jacobsthal-Lucas
numbers are mentioned in Section-I11. Matrix representations of Jacobsthal and Jacobsthal-Lucas numbers are
given in Section-1V. The relation between Jacobsthal numbers and Fibonacci numbers is mentioned in Section-
V. The analogy of Jocobsthal and Jacobsthal-Lucas numbers with other number systems is presented in section-
VI. The first set, second set and third set of identities satisfied by Jacobsthal numbers are given in Section-VII,
Section-VIII and Section-1X respectively. Finally, conclusion is given in Section-X.

I1. Properties of Jacobsthal and Jacobsthal-Lucas numbers
The following few important properties of Jacobsthal and Jacobsthal-Lucas numbers are stated by A.F.Horadam
in [1].

1. (a) For odd n, Jacobsthal numbers can be known using the expression
n—1
Jn = ZLZO ] (n B ; B s) 2° forodd n 4)
Example: Applying the notation (i) = xl(;’ix), in the above expression (4), we have forn = 5,
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— V2 (4—s)! 55
Js _252051(4—25)12
_ 4! 0 3! 1 2! 2 _ _
:>]5_ﬁ2 +HZ +ﬁ2 =14+46+4=11

This is true as per the Table no.1.
(b) For even n, Jacobsthal-Lucas numbers can be found out using the expression
o = ZEZ]O (L) (n - S) 2° foreven n (5)

n-—s S
Example: Substituting n = 6 in the above expression (5), we get
c_y3 (6 (6=9) ¢
Jo = =0 (6—5) s1(6—25)! 2
=8 B0 O Ba1 L 8 M o2 6 3 3
_6X0!6!2 +5x1!4!2 +41-><2!2!2 +3x3!0!2
=1+4+124+36+16 =65
This is true as per the Table no.1.
2. (a) Jacobsthal nu_mbers can be found out using the generating function
LaJix = (1 —x—2x)7! (6)
Using the Binomial expansion in RHS of the above expression (6), we get
Jo+Jax + J5x? + Jax® + -
=1+ (—1)(—x — 2x%) + ERCIED (o — 222 4 CUEEDEID Ly y2)3 4
=1+ (x+2x%) + (x% + 4x* + 4x3) + (x3 + 8x° + 3x2 x 2x% + 3x X 4x*) + -+
=1+x+3x2+5x3+ -
Comparing both sides of the above expression, we get
]1 = 1.]2 = 1.]3 =3, ]4=5,....
Thus the Jacobsthal numbers are calculated from its generating function (6).
(b) Jacobsthal- Lucas numbers can be known using the generating function
LTt = 1+ 401 - x —2x3)7! @)
Using the Binomial expansion in RHS of the above expression (7), we obtain
Ji+ x4+ Jax? + x5+ = (1 +4x) (1 + x + 3x2 + 523 + )
=(1+4x)+ (1 +40)x + (1 +4x)3x% + (1 + 4x)5x3 + -
=1+5x+7x>+17x3 + -
Comparing both sides of the above expression, we have
j1 = 1, j2 = 5, j3 = 7, j4 = 17,
Thus the Jacobsthal-Lucas numbers are determined from its generating function (7).
3. (a) Jacobsthal numbers satisfy the Binet formula
]n:%:# fOI’nZO (8)
Where a and S are the roots of quadratic equation
x2—x—-2=0
Solving the above quadratic equation, we get « = 2 and g = —1.
(b)The Binet formula for Jacobsthal-Lucas sequence is given by

jp=at+pr=2"+(-1)" forn=0 %)
4. (a) Jacobsthal numbers satisfy the Simson formula
]n+1]n—1 _]‘rzt = (_1)n2n—1 (10)

Proof:  Using the Binet formula (8), we have
2 (a"“—ﬁ”“)(a”‘l—ﬁ"‘l)—(a"—ﬁ")z
]n+1]n—1 _]n =

9
_ (aZn_an+1ﬁn—1_ﬁn+1an—1+ﬁ2n)_(a2n+ﬁ2n_2anﬁn)

9
_ _an+1ﬁn—1_ﬁn+1an—1+2anﬁn _ —a"‘lﬁ"‘l(a2+ﬁz—2aﬁ)
- - 9

9
—an_lﬂn_l(a—ﬁ)z
9
Substituting « = 2 and f = —1 in RHS of above expression, we get

Jnsthna = Ji = =2 (=D = (=2t
Hence the Simson formula for Jacobsthal numbers is proved.
(b) Jacobsthal-Lucas numbers satisfy the Simson formula
Justin-1 = J& = 9(=1)" 1271 (11)
Proof: Applying the Binet formula (9), we get
Jntthno1 —Jg = @+ (@ + ) — (@t + B)?
— (aZn + a,n+1'8n—1 + ﬁn+1an—1 + ,an) _ (a2n + ﬁZn + Zanﬁn)
— an+1ﬁn—1 + Bn+1an—1 _ Z(Znﬁn
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— an—lﬁn—l(a _ ,3)2
Substituting « = 2 and g = —1 in RHS of above expression, we obtain
_jn+1jn—1 _]1% =9x 2n—1(_1)n—1 .
Hence the Simson formula for Jacobsthal-Lucas numbers is proved.
5. (a) Jacobsthal numbers satisfy the summation formula
Zjl—]'”zz = for n>0 (12)
This formula can be verified by taking an example. For n = 6,
LHSof (12) =, +Js+Ja +Js +Je =1+3+5+11+21 =41
RHSof (12) =2 =22 = 41
Since LHS = RHS (12) is verified.
(b) Jacobsthal-Lucas numbers satisfy the summation formula
Iy =2 for n2 0 (13)
This formula can be ver|f|ed by taking an example. For n = 6,
RHS of (13) =2 = 2= = 126
As LHS = RHS, (13) is verified.
6. (a) Jacobsthal numbers satisfy the relation
3(]n+1 +]n) =3x2" (14)
Forn=35,LHS =3(Js +Js) = 3(21 + 11) = 96 and RHS = 3 x 2° = 96. Hence (14) is verified.
(b) Jacobsthal-Lucas numbers satisfy the relation
jn+1 +jn =3x2" (15)
Forn =5, LHS = js + js = 65 + 31 = 96 and RHS = 3 x 2° = 96. Thus (15) is verified.

I1. Interrelationships between Jacobsthal and Jacobsthal-Lucas numbers
The following interrelationships between Jacobsthal numbers and Jacobsthal-Lucas numbers are given in
[1]. These relations are verified by taking examples and showing that the LHS of a relation is equal to its RHS.
Table no.1 is referred for the values of Jacobsthal and Jacobsthal-Lucas numbers.

1 ]n]n ]Zn (16)
Proof: Using Binet formulas (8) and (9) in LHS of above expression(16) , we get
a a Zn 2n
A = = J,n = RHS of (16) [By eqn. (8)]

Hence, (16) is proved To verlfy (16) consider the example n = 3. Then LHS = j;J/; =7 x 3 =21 and RHS
= Jo = 21. Since LHS = RHS = 21, the relation (16) is verified.

2. ]n _]n+1 + Zjn 1 (17)
Forn =5,LHS = js =31 and RHS= Js + 2], = 21 + 2 X 5 = 31.

3. 9]n _]n+1 + 2]n 1 (18)
Forn =6,LHS=9J, = 9 x 21 = 189 and RHS = j, + 2js = 127 + 2 x 31 = 189.
4. ]n+1 +]n - 3(]n+1 +]n) (19)
Forn =5, LHS = js + js = 65 + 31 = 96 and RHS= 3(J + J5) = 3(21 + 11) = 96.
5. Jnst =Jn = 3Ung1 — ) + 4D =20 + 2(-1)" (20)
Forn =5,

Jnt1 = Jn = Jo —J5 = 65— 31 =34,

3Ups1 —Jo) + 41" =3(s —J5) + 4(—1)® =3(21—11) + 4 = 34 and

2+ 2(-1)" =25+ 2(-1)°=32+2=34 .
Since the above three expressions have same value for n = 5, the relation (20) is verified.
6. Jua1 = 2n = 3@ = Jar1) = 3(=D)"H! (21)
Forn =4,
Jn+1 = 2n = J5 — 2j3 =31 —2x17 = =3,
3(2n = Jur1) =3@2 % Ju —J5) =3(2x 5—11) = -3 and
3(-)"t =3(-1)°=-3
. As the above three expressions have same value for n = 4, the relation (21) is verified
7. 2]n+1 +]n 1= 3(2]n+1 +]n 1) + 6( 1)n+1 (22)
Forn=4,LHS=2js+j;=2%x31+7=69 and RHS =32 x Js +J3) + 6(=1)° =3(2x11+3) -6 =
69.
8. jn+r +jn—r = 3Un+r +]n—r) + 4(_1)n—r = Zn—r(22r + 1) + 2(_1)n—r

(23)

Forn=4andr = 2,
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jn+r +jn—r =j6 +j2 =65+5= 701
3(ntr +Jnr) +4(-1)"7" =30 +/2) +4(-1)* =321+ 1) +4=70
and 2" (227 + 1) + 2(-1)" T = 22(2* + 1) + 2(-1)? = 70.
Since the above three expressions have same value for n = 4 and r = 2, the relation (23) is verified.
9. Jntr —Jn—r = 3Untr —Jnr) =27 (ZZT -1 (24)
Forn=4andr = 2,
Jnar =Jn—r =J6 —J2 = 65— 5 = 60,
3Un+r =Jn—r) =3Us—J2) =3(21 - 1) =60 and
20T (227 — 1) = 22(2* - 1) = 60.
As the above three expressions have same value forn = 4 & r = 2, the relation (24) is verified.

10. o= 3], + 2(-1)" (25)
Forn=5LHS=js =31and RHS = 3Js + 2(—-1)° =3 x 11 — 2 = 31.
11. 3], +j, = 2"t (26)
Forn = 6, LHS = 3/, + j, = 3 X 21 + 65 = 128 and RHS= 27 = 128.
12 ]n +jn = 2]n+1 (27)
Forn =6, LHS = J, + j, = 21 + 65 = 86 and RHS= 2/, = 2 x 43 = 86.
lim In+1) — lim Jn+1) _

13 n—>oo(ln)_n—>oo(jn)_2 (28)
Forn = 9,2t =110 _ 3% 1 994 and for = 14,221 =15 = 1923 5 001,

Jn Jo 171 o J1a 5461
Forn =8,/nt1 =19 _ 311 1 9gg and for = 9,/21 = /10 _ 1925 5 (05,

Jn J8 257 Jjn jo 511

The above examples show that as n increases, both the ratios ];—“ and “]L—“ approach to 2. Hence the relation
(28) is verified.

14, m in _ 3 (29)

. n — o/n
Forn=9,2 =21~ 2988,

Jo 171
Forn = 10,22 = 22 & 3 005.

J10 341 ]

The above examples show that as n increases jﬁ become closer and closer to 3. Hence the relation (29) is
verified.
15. jn+2jn—2 _]‘r% = _9Un+2]n—2 _]r%) = 9(_1)n2n—2 (30)

Proof: Using the Binet formula (9) in left terms of the above expression (30), we get
Jnszinz = JE = @32 + B (@ + B0 — (@ + B")?
— a,n+2ﬁn—2 + ﬁn+2an—2 _ Zanﬁn
— an—Zﬁn—Z(az _ ,32)2
=2"2(-D)" 2 x 9 = 9(—1)"2" 2 (30 a)
[Fa=2& B=-1]
Using the Binet formula (8) in the middle terms of the expression (30), we have
~Uns2fn—z = J7) = —(@"*? = fr*H)(a" 2 = f"7%) — (a™ = f")?
— an+2ﬁn—2 + Bn+2an—2 _ zanﬁn
— an—Zﬁn—Z(‘ZZ _ BZ)Z
=2"2(=D)" 2 x 9 =9(=1)"2" 2 (30b)
[a=2& B=-1]
As the values in (30 a) and (30 b) are equal, Eqn.(30) is proved. To verify (30) take an example with n = 6.
Then
Jna2inez — 2 = jgja — j& = 257 X 17 — 65 = 4369 — 4225 = 144,
~9Un+2Jn—2 —J2) = =9(sJs — J&) = —9(85 x 5 — 21?) = —9(425 — 441) = 144
and 9(—1)"2""% = 9(—1)02* = 144,
Since the above three expressions have same value for = 6, the relation (30) is verified.
16. ]mjn +]njm = 2]m+n (31)
This relation same as (16) form =n. Whenm =4 &n =5, LHS = J,js + J5j, =5%x 31+ 11 X 17 = 155 +
187 = 342 and RHS = 2]y = 2 X 171 = 342.
17. jmjn + 9]m]n = 2j‘m+n (32)
For m=48&n=5, LHS = j,js + 9/Js = 17 x 31 + 9 X 5 x 11 = 527 + 495 = 1022 and RHS = 2j, =
2x511 =1022.
18. Ji + 9% = 2 (33)
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This relation is same as the previous relation (32) for m=n. If n =4, LHS = j? +9J/? =172 + 9 x 52 =
289 + 225 = 514 and RHS = 2jg = 2 X 257 = 514.

19. Jmdn = Jndm = (_1)n2n+1]‘m—n (34)

Form=58&n=4, LHS = Joj, — Jajs = 11 X 17 — 5 x 31 = 187 — 155 = 32 and RHS = (—1)* x 25], =
1x32%x1=32.

20. Jmdn = I = (_1)n2n+1jm—n (35)

For m=5&n=4, LHS = jsj, — 9JsJs =31 x 17 —9 x 11 X 5 = 527 — 495 = 32 and RHS = (—1)* x
2%, =1x32x1=232.

21. Ja = 9% = (=12 (36)

This relation is same as the previous relation (35) for m=n. If n =4, LHS =j? —9J2 =172 -9 x 52 =
289 — 225 = 64 and RHS = (—=1)*25j, = 1 X 32 X 2 = 64.

V. Matrix representations of Jacobsthal and Jacobsthal-Lucas humbers
The matrix description of Jacobsthal and Jacobsthal-Lucas numbers is given by Koke and Bozkurt in [2]. These
authors have defined Jacobsthal F-matrix as follows:

/12
F=(] o) 37)
and proved for any natural number n that
]n+1 2]11 )
o= ( 38
T (38)

The Jacobsthal F-matrix (37) can be generated by taking n = 1in (38).Thus we have
F= T2 2]1) 1 2)
2o 1 0
Jacobsthal numbers satisfy the following matrix relatlon

(k) o

This relation can be verified by taking n = 2 . Using (37) in (39), we have
2 .
RHS of (39) :(1 g) G’f) = (JZ J]rz ]1) = Gz) [+ J5 = J, + 2Jyfor n = 1in (1)]

= LHS of (39)
Jacobsthal-Lucas numbers satisfy the following matrix relation.
Jn n—1

The above relation can be verified by taking n = 3. Using (37) in (40), we get

RHS of (40) (1 0)63) (’3”]2) (f*) [+ ju = js + 2j, forn = 2 in (2)]

= LHS of (40)
The matrix relation (38) can be verified by taking n = 3. Then,

LHSof(38):F3=F><F><F=(1 2)(1 2)(1 2):(3 2)(1 2)2(5 6)

2 5213050601210 3 2
— (/4 3\ _ X _
RHS of (38) = (/; 2]2) -G 29=C 9
Since LHS= RHS, relation (38) is verified.
V. Relation between Jacobsthal numbers and Fibonacci numbers

If E, denotes the n*" Fibonacci number, the Fibonacci sequence is given the following recurrence relation.

Foyp=FE,+F,1, n>0, F=1&F =1 (41)
The Fibonacci sequence using the above relation (41) is written as

0,1,1,2,3,5,8,13,21,34,55,89,144,233,........ (42)
Any Fibonacci number is a product of two Jacobsthal numbers. That is,
Fk = ]m]n (43)

This relation is satisfied for the following sets of integers (k, m, n).
(k,m,n) = (1,1,2), (2,1,2), (1,1,2), (2,1,2), (1,2,2), (2,2,2), (4,1,3), (4,2,3), (5,1,4), (5,2,4), (10,4,5), (8,1,6),
(8,2,6), etc.
For example, if (k, m,n) = (10,4,5), the relation F;, = J,Js is satisfied since F;, = 55, J, =5 & J; = 11.
Similarly, any Jacobsthal number is a product of two Fibonacci numbers.

]k = Fan (44)
The above relation is satisfied by the following sets of integers.
(k,m,n) =(1,11), (21,1), (1,2,1), (2,2,2), (1,2,2), (2,2,2), (3,4,1), (3,4,2), (4,5,1), (4,5,2), (6,8,1), (6,8,2), etc.
For example, if (k, m,n) = (6,8,2), the relation J, = FgF, is satisfied since Jo = 21,F3 = 21 & F, = 1.
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VI. Analogy of Jacobsthal and Jacobsthal-Lucas numbers with other number systems
The sequence of Fibonacci numbers {E,} was defined by the recurrence relation (41). The sequences of Lucas

numbers {L,;} and Pell numbers {P,} and Pell-Lucas numbers {Q,} are defined by the following recurrence
relations.

Ln = Ln—l + Ln_z , n 2 2 W|th LO = 2 and Ll = 1 (45)
Pn=2Pn_1+Pn_2,n22WIthP0=0 andP1=1 (46)
Qn=20,_1+Q,_5,n>2WithQ, =0 and Q; = 1 (47)

Some values of sequences {L, }, {P,} & {Q, } are given in following Table no.2.

Table no.2: Values of {L, {P,} & {0Q,}.

n 0 1 2 3 4 5 6 7 8 9 10........

L, |2 1 3 4 7 11 18 29 47 76 123.........

P, |0 1 2 5 12 29 70 169 408 985 2378........

Q, |2 2 6 14 34 82 198 478 1154 2786 6726......

The relation between Jacobsthal and Jacobsthal-Lucas numbers is given by
]njn=]2n (48) [Refereqn-(16)]
The above relation (48) is analogous to the following relation between Fobonacci and Lucas numbers

FnanFZn (49)

This relation can be verified using the Fibonacci sequence (42) and the values of Lucas numbers given in Table
no.2.

Similarly the relation (48) is also analogous to the following relation between Pell and Pell-Lucas numbers
. Pn Qn = PZn (50)
The above relation (50) can be verified using the values of Pell and Pell-Lucas numbers given in Table no.2.

VII.  First set of Identities satisfied by Jacobsthal numbers
The following set of identities satisfied by Jacobsthal numbers are stated in [3]. These identities are verified by

taking examples and showing the LHS of identity is equal to its RHS. The Table no.1 is referred for the values

of Jacobsthal numbers. Let
24n+2_1

Bu =" (51)
24n+2 1
Yo = (52)
24n_q
T, = (53)
M, =24 41 (54)
Op = 5]4n+3 (55)
4n+1
5, = 2 ; +1 (56)
4n+5
v, = 5(2 : +1) (57)
24n+3 1
o = (58)

3
Using the above expressions (51)-(58) and Table no.l1 for Jacobsthal numbers, the values of
Brs Vi T M O O Vi & 1, for n = 0&1 are calculated. These values are given in the following Table no.3.

Table no.3: Values of B, ¥4, T, n) On, On, Va & p, for n = 0&1
Bo B Yo N To T Mo ™ Oy 01 8 6 Vo V1 Ho M

1 21 1 13 0 1 17 257 15 215 1 1 55 855 3 43

Jacobsthal numbers satisfy the following identities.
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1. Forevery n>0 and k > 0,
(ﬁn+1yn+1 - .Bn]/n)]zzk + 8(ﬁn+lrn+1 - Bnrn)jzk =]22k+4-n+4 +]22(]%+94)n+2 _]42-n+4 _]£n+2
Verification: This identity is verified by taking an example.
Forn=08&k =2, LHS = (Biy1 — Bovo)Ji + 8(Bit1 — BoTo)Ja
=(21x13-1x1)52+8(21x1—-1x0)5
= (273 -1)254+8x 21 x5 = 7640
Forn=0&k =2, RHS=J3 +J¢ —J? —J2 =85? + 212 — 52 —1?
=7225+441—-25—-1=17640
[Refer Tables no.1 & no.3]
This identity is verified since LHS=RHS.

2. Forevery n >0 and k = 0,
(Tn+2nn+1 - Tn2+1nn)]22k +28(ﬁn+1‘[n+2 - ﬁnTn+1)]2k
= J3kvan+e + Jikransa = Jinse — Jinsa (60)
Verification:

Forn=08&k =1, LHS = (120, — 1110)J5 + 8(B172 — BoT1))2
2

Using (53), 7, = % = 17. Then,
LHS = (17 x 257 —1x 17)12 + 8(21 x 17 — 1 x 1)1 = (4369 — 17) + 8(357 — 1)
= 4352+ 8 x 356 = 7200
Forn=0&k=1,RHS=JZ +J¢ —J?—J2 =]¢ —]? =852 — 52 = 7200
[Refer Tables no.1 & no.3]
This identity is verified since LHS = RHS.
3. Foreverym >20&k >0,
Z?LOJZZI(-}-ZL' = ﬁo]zzi + .anzk [Ynjzk + BTn] (61)
ifm=2nandn =0,1,2, .....etc.
Verification: when n = 0, we have m = 2n = 0, then
LHS = /3,
RHS =J§ + BoJai [YoJar + 870]
Since, Jo =0,8) = 1,79 = 1& 15 = 0, we get
RHS = J3,
This identity is verified since LHS = RHS.
4, Foreverym >20&k =0,
Yo S3iv2i = Diko 3 + Tnsr)ar Mafar + 8B (62)
ifm=2n+1andn=0,1,2,.....etc.
Verification: whenn = 0, we have m = 2n + 1 = 1, then
LHS = X Jaksai = Jok + Jok+2
RHS = Y10 J3: + ok MoJar + 8Bol =J§ +J5 + t1laic[MoJ2k + 8Bo]
Since, J,=0,/, =1,11 =1,10 =17 & B, = 1, we obtain
RHS =1+ J5, [17), + 8] = 1 + 17]%, + 8],

=[5k + 4z + 1)? (63)
For k = 0, Jacobsthal numbers satisfy the relation
Jok = 4Jai—2 + 1 [Refer Eqn.(71)] (64)
Replacing k by (k + 1) in (63) we get
Jokv2 = 42k +1 (65)

Using (65) in (63), RHS = JZ, + JZ,.,, which is also the LHS of (62). Hence the above identity (62) is verified.
5. For k>0,

J3es1 = 16Jakf2k—2 + 82k + 1 (66)

Verification: Let k = 3, then LHS = J2 = 432 = 1849 and RHS = 16J,J, + 8] + 1 =16 X 21 X 5 + 8 X
21+ 1=1680 + 168 +1=1849. As LHS = RHS, this identity is verified.

6. For k>0,
J3k41 + ke = 10 + 8] (34/5—, + 15) (67)
Verification: When k=2, LHS =J2 +J? =112 + 432 =121+ 1849 =1970 and RHS = 10+

8/,(34], + 15) =10 + 8 x 5(34 x 1 + 15) = 1970. Since LHS = RHS, this identity is verified.
7. Foreverym>0&k =0,

Yo SSrs2ie1 = 2itoJ3is1 + 8Buak [2¥n)ak—2 + 6,] (68)
ifm=2nandn =0,1,2, .....etc.
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Verification: when n = 0, we have m = 2n = 0, then

LHS = /341

RHS = J{ + 8B0/2k [2V0J2k—2 + 8]

Now taking k = 1, we get

LHS=J2=3%2=9

RHS =J + 8B0/2[2v0Jo + 8] =12 +8x1x1[2Xx1x0+1] =9

This identity is verified since LHS = RHS.
8. Foreverym>0&k >0,

Yo S5ir2it = Lito 3ie1 + 8Tnsi)an [20n]2k—2 + 03] (69)
ifm=2n+1andn=0,1,2,.....etc.

Verification: whenn = 0, we have m = 2n + 1 = 1, then

LHS =X{_0 J3x+2i01 = Jaks1 + Jok+a

RHS = Y10 /3141 + 8T1J2[2710)2k—2 + 00]

Now taking k = 1, we get

LHS=J2+J2=32+112=9+121 =130

RHS =J{ +J5 + 8t1J5[2n0] + 0]

=1243248x1x1[2%x17x0+15] =130

This identity is verified since LHS = RHS.

9. For k=0,
Joke+1 =822+ 3 (70)

Proof:
Replacing n by (2k + 1) in the Binet formula (8), we obtain

22kH1_(_qy2k+1

Joks1 =
g2kt (_qy2kt2

3
2k+1
=== [“For k > 0, (—1)%+2 = 1]

3
_ 2%2x23-8+49

3
=8 (ZZk;Z‘l) +3
[sz—z_(_l)zk—z

= |+3 [#Fork > 0,(-1)%2 =1]
= Joks1 = 8Jak_2 + 3 [Using Binet formula (8)]
Hence (70) is proved.
10. Forevery k=0,
Jok =42 + 1 (71)
Proof: Using the Binet formula (8) the RHS can be written as
2k=2_(_1\2k=2 2k _p0_1y2k=2
RHS=4/y, +1=4[F—0—|41=220 2

3 3
2k _
=22 [wFork >0, (-1)% 2 =1]

2%k

3
_ 22k_(_1)2k

[“Fork > 0,(—1)* = 1]
= J, [By Binet formula (8)]
= LHS

Hence (71) is proved.
11. Forevery k =0,
J2iJzi+r + J2rv2)akz = 3 + Jax (136]54 2 + 55) (72)
Verification: When k =1, LHS = J,Js + J4Js =1 X34+ 5x 11 =58 and RHS = 3 + J,(136], + 55) =
34+ 1(136 x 0 + 55) = 58. Since LHS = RHS, this identity is verified.
12. Forevery k =0,
Sz = I3k = 1+ J2u (605, + 23) (73)
Verification: When k =2, LHS = J2 —J? = 21> — 52 = 441 — 25 = 416 and RHS =1+ J,(60], +
23=1+560x1+23=416. As LHS = RHS, this identity is verified.
13. Forevery k >0,
Jak+3Jak+2 = Jak+iSak = 3 + Ja (120)34— + 49) (74)
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14.

15.

16.

17.

18.

Verification: When k=2, LHS = J;Jo —JsJ, =43 %x21—-11%Xx5=903 —-55=2848 and RHS
=3+ J,(120J, + 49) = 3+ 5(120 x 1 + 49) = 848. Since LHS = RHS, this identity is verified.
Foreveryn 2 0&k > 0,

]2k[8(.8n+1)/n+1 - Bn]/n)]Zk—Z + .Bn+1/1n+1 - Bn.u'n]

= Jakran+sSokvanta  Jokvant3forvantz = JanasSansa — Jans3Jana2
(75)
Verification: Forn =0& k = 2,
LHS= J4[8(B1yv1 — BoYo)J2 + Bittr — Botkol
=5[8(21 x 13 — 1 x 1)1 + 21 x 43 — 1 x 3] = 15380
RHS= JoJs + JoJe — JoJa — JaJo = 171 x 85 + 43 x 21 —11 X 5 —3 x 1 = 15380
As LHS = RHS, this identity is verified.
Foreverym > 0&k = 0,
YitoS2kr2ifakv2ier = BizoJ2if2iv1 + Butok [BYaSak—2 + ] (76)
ifm=2nandn =0,1,2, .....etc.
Verification: Forn=1&k = 2,
LHS = %70 Jasais+2i = JaJs +JeJ7 +JeJo = 5 X 11+ 21 x 43 + 85 x 171
=55+903 + 14535 = 15493

RHS = 370 J2iJ2i41 + BiJal8BY1)2 + 1]
= JoJ1 +J2J3 + JaJs + BiJa[8Y1)2 + 4]
=0x1+1x3+5x11+21x5[8x13x 1+ 43]=15493
As LHS = RHS, this identity is verified.
Foreverym > 0&k =0,
Yo 2k+2ifak42i41 = DizoJ2i2i+1 F Tns1S2uc [8MnS2k—2 + Vil (77)
ifm=2n+1andn=20,1,2,.....etc.
Verification: Forn=1&k = 2,
LHS = 270 Jasails+ai = Jals +JeJ7 + JaJo + J1oJ11
=5x11+21x43+85x%x171+ 341 x 683
=55+903 + 14535 + 232903 = 248396
RHS= Y7 0 J2i)air1 + T2Jal8n1J2 + 1]
= JoJ1 +J2J3 + JaJs + JeJ7 + T2)a[811); + V4]
=0Xx14+1x3+5%x11+21x43+17 x5[8 %257 x1+ 855]
[t, = 17 using (53)]
=3+ 55 + 903 + 85[2056 + 855] = 248396
Since LHS = RHS, this identity is verified.
Forevery k >0,
J3er1 = 14+ 8J (2] + 1] (78)
Verification: For k = 2,
LHS = J2 = 112 = 121
RHS=1+8/,[2/,+1] =1+8x5[2x1+1] =121
As LHS = RHS, this identity is verified.
Forevery k =0,
J3iws = Jike1 = 8+ 8J2[30)p4—, + 13] (79)
Verification: For k = 2,
LHS = J2 —J2 = 432 — 112 = 1849 — 121 = 1728
RHS = 8 + 8/,[30/, + 13] =8 + 8 x 5[30 x 1 + 13] = 1728

VIII. Second set of Identities satisfied by Jacobsthal numbers

The following set of identities satisfied by Jacobsthal numbers are mentioned in [3]. These identities are verified

by taking examples and showing the LHS of identity is equal to its RHS. The Table no.1 is referred for the
values of Jacobsthal numbers.
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Define
15 =1and (1}, — 7)) = 2*"T3(50 x 2" — 1) (80)
forn=0,1,2, .....etc.
N 28n+4+1
Yn = forn=0,1,2,.....etc. (81)
Bi = 23and (B4 — Br) = 2#75(200 x 24" — 1) (82)
forn=0,1,2, .....etc.
28n+8_1
N, = = forn=0,1,2,.....etc. (83)

Jacobsthal numbers satisfy the following identities.

1. Forevery n=>0 andk >0,

_ 2 2 2 2
Jocl4 W1 = Vadlzk—2 + Thr — T} = Jokvan+a — Jokransz — Jinsa + Jin+2

(84)
Verification: Forn =1& k = 2,
LHS = J,{4(y; — v, + 75 — 71} (85)
Substituting n = 1 in (80), we get
(t3 — 1) = 27(50 x 24 — 1) = 102272 (86)
Applying (81) we obtain
12 20
yi =12 17“ =241 and y; =2 17“ = 61681 (87)
Using (86) & (87) in (85) we have
LHS = 5{4(61681 — 241) x 1 + 102272} = 1740160 (88)

Us=5&J, =1]
Now, forn = 1 & k = 2, RHS of (84) is given by
RHS = J2, — J%, — J& + J¢ = 1365% — 3412 — 852 + 212
= 1863225 — 116281 — 7225 + 441 = 1740160 (89)
The values of LHS in (88) is equal to the value of RHS in (89). Hence this identity is verified.
2. Forevery n=>0 andk =0,

Jor {41 = m)J2k—2 + Buv1s — B = Ik sanse — Jokranta + Jin+a — Jinse

(90)
Verification: Forn=0& k = 2,
LHS = J,{4(1 —no)J)2 + B1 — Bo} (91)
Using (83) we obtain
. 2841 . 2161
Mo =—7 = 15 and i = T 3855 (92)
Substituting n = 0 in (82), we get
(Br — B3) = 25(200 — 1) = 6368 (93)
Using (92) & (93) in (91) we get
LHS = 5{4(3855 — 15) x 1 + 6368} = 108640 (94)

Us=5&),=1]

Now, forn = 0 & k = 2, RHS of (90) is given by
RHS = Jfy —J§ +J§ —J§ = 341* — 85% + 52 — 217

= 116281 — 7225 + 25 — 441 = 108640 (95)

The values of LHS in (94) and RHS in (95) are equal. Hence this identity is verified
3. Foreverym=0&k =0,
Yo (=D k2 = Zito(DY3: + ok [4¥n)zk—2 + T3] (96)
ifm=2nandn =0,1,2, .....etc.

Verification: whenn = 1, we have m = 2n = 2, then
LHS = 32_0(—= 1) J3142; and RHS = X7 (= 1) J3; + Jox [4¥iJ2k—2 + 5]
Now taking k = 2, we get
LHS = N o(= 1) Jsar = J§ —JE +J5 = 5% — 217 + 85?

=25 —441+ 7225 = 6809
RHS = Y7o (=1)' J3; + Jal4yiJ2 + 7i]
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=J5 —J; +Ji + Jal4yi), + 1] (97)
Substituting n = 0 in (80), we have
7 — 15 =23(50 — 1) = 392
=717 =3924+1;=392+1=393 (98)
Using (87),(98) and the values of Jacobsthal numbers in (97), we obtain
RHS = 0% — 12 4+ 5% + 5[4 x 241 x 1 + 393] = 6809
This identity is verified since the value of either LHS or RHS is equal to 6809.
4. Foreverym=>0&k =0,
o(=1)YZkr2i = Zito(=D3: = Jor [405J2k—2 + Bi] (99)
ifm=2n+1andn=20,1,2,.....etc.
Verification: whenn =1, we have m = 2n + 1 = 3, then
LHS = X7_o(—=1)" 3k s2i and RHS = X0 (= 1)' J3; — Jar[411)2k—2 + Bi]
Now taking k = 2, we get
LHS=Y3 o (1) J2,, =J} —J2 +]J& —J? = 5% — 21% + 85% — 3412
=25—-441+7225—-116281 = —109472
RHS = X7_o(=1)'J3; — J4l4ni); + Bi]
=J§ —J; +Ji = J¢ = Jal4ni), + Bi] (100)
Substitutingn = 0 in (82), we have
B — B = 2°(200 — 1) = 6368
= B{ = 6368 + B; = 6368 + 23 = 6391 (101)
Using (92),(101) and the values of Jacobsthal numbers in (100), we get
RHS = 02 — 12 + 52 — 212 — 5[4 x 3855 x 1 + 6391] = —109472
This identity is verified since the value of either LHS or RHS is equal to (-109472).

IX. Third set of Identities satisfied by Jacobsthal numbers
The following set of identities satisfied by Jacobsthal numbers are mentioned in [3]. These identities are verified
by taking examples and showing the LHS of identity is equal to its RHS. The Table no.1 is referred for the
values of Jacobsthal numbers.

Define
13 =1and (1% — 1;7) = 101 x 2471 4 25 x 24n+3(24n — 1) (102)
forn=0,1,2, .....etc.
By =13 and (8%, — BrF) = 401 x 24+3 + 100 x 247 5(2%4" — 1) (103)
forn=0,1,2,.....etc.
=49 and (B4 — Ba) = 799 x 24t 4 25 x 24nt9(24n — 1) (104)

forn=0,1,2,.....etc.
Jacobsthal numbers satisfy the following identities.
1. Foreveryn=>0&k >0,

812k 2Wms1 — Vidlozk—2 + Tnt1 — T’} = Jokwants — Jakvans3 — Jin+s + Jin+3
(105)

Verification: Forn=1&k = 2,
LHS = 8/,{2(y; — v + 73" — 71"} (106)
Substitutingn = 1in (102), we get
=1 =101 x2° +25 x27(2* - 1)
=101 %32+ 25X 128 x 15 = 51232 (107)
Using (87) and (107) in (106), we get
LHS = 8 x 5{2(61681 — 241) x 1 + 51232} = 6964480
Nowforn=1&k = 2,
RHS = J75 — Jf = J§ + 3
= 2371%? — 683% — 1712 + 43?2
= 7458361 — 466489 — 29241 + 1849=6964480
This identity is verified since the value of either LHS or RHS is equal to 6964480.
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2. Foreveryn=>0&k =0,
82241 — M) ak—2 + Bt = B} = Jokvans7 — Jorranss + Jints — Jin+7

(108)

Verification: Forn=1&k = 2,

LHS = 8J4{2(n; —n1)J2 + B2 — Bi"} (109)
From (83), we have

24 _ _
s = 2 - 1_ 1677712716 1 _ 986895 (110)
Substituting n = 1 in (103) we get
5*— B =401 x 27 + 100 x 2°(2* — 1) = 819328 (111)

Using (92), (110) and (111) in (109) we obtain
LHS = 8 x 5{2(986895 — 3855) x 1 + 819328} = 111416320
Nowforn=1&k = 2,
RHS = Jis —Jis +J§ — JH
=10923% — 2731% + 171% — 6832 = 111416320
This identity is verified since the value of either LHS or RHS is equal to 111416320.
3. Foreverym>=>0&k =0,
oD Tkszie1 = Zito(=D 3141 + 8ok [2Vaak—2 + 137]
ifm=2nandn =0,1,2,....etc. (112)
Verification: whenn = 1, we have m = 2n = 2, then
LHS = %70 (= 1)" J3k+2:+1 and RHS = 324 (= 1) J3i1 + 821 [2¥1)2k—2 + 717]
Now taking k = 2, we get
LHS = 520 (— 1) J21g041 = JE — J3 + J& = 117 — 432 + 171% = 27513
RHS = %170 (= 1) J3141 + 8J4l2yi)2 + 717]
=Ji —J5 +J¢ +8ul2yi], + 77" (113)
Substitutingn = 0 in (102), we get
T =15 =101 x 2+ 25x 23(2° — 1) = 202
= 1" =202 + 15" = 202 + 1 = 203 [Refer (102)]
Using the value of y{ from (87) and the above value of 77" and the values of Jacobsthal numbers in (113),
we have
RHS =12 — 32 + 112 + 8 x 5[2 x 241 x 1 + 203] = 27513
This identity is verified since the value of either LHS or RHS is equal to 27513.
4, Foreverym=>0&k =0,
o (=D YSks2i41 = Zito(=D 5141 — 8Jak [207)2k—2 + Br]
ifm=2n+1andn=20,1,2,.....etc. (114)
Verification: whenn =1, we havem = 2n + 1 = 3, then
LHS = %0 (=1)" JZks2i+1 and RHS = 5o (= 1) Ji1 — 8/ [201/2k—2 + B1"]
Now taking k = 2, we get
LHS = X2 (=1)" Jis2ii1 = JE —JF + 5 — 1
=112 — 432 + 1712 — 6832 = —438976
RHS = %70 (=1)" J3141 — 8/4[2n1); + Bi7]
=Ji —J5 +J¢ —J7 — 8Lu2ni); + Bi7] (115)
Substitutingn = 0 in (103), we have
7 — Byt =401 x 2% + 100 x 25(2° — 1) = 3208
= B =3208 + B3 = 3208 + 13 = 3221 (116)
Using (92),(116) and the values of Jacobsthal numbers in (115), we get
RHS = 12 — 32 + 11?2 — 432 — 8 x 5[2 x 3855 x 1 + 3221] = —438976
This identity is verified since the value of either LHS or RHS is equal to (- 438976).
5. Foreveryn=0&k >0,

J2uc 81 — M) 2k—2 + Ba¥a — B}
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6.

[1].
[2].

[3].

[4].
[5].

[6].

= Jok+an+6S2k+an+7 — Jok+antatok+an+s t JanssSanta — JanveJanty

(117)
Verification: Forn =0& k = 2,
LHS = J,{8(ni — mo)J2 + B1™ — B5™"} (118)
Substitutingn = 0 in (104), we get
T — Be =799 x 2% 4+ 25 x 29(2° — 1) = 12784 (119)

Using (92) and (119) and the values of Jacobsthal numbers in (118) we obtain
LHS =5{8(3855 — 15) x 1 + 12784} = 217520
Forn=0&k =2,
RHS = J10J11 — JaJo +JsJa — Jel7
=341 X683 —-85%x171+11x5—-21x%43 =217520
This identity is verified since the value of either LHS or RHS is equal to 217520.
Foreverym>0&k =0,
Yito (=D Jars2ifzkr2i41 = Zimo(— D Jaifzie1 — o [8m3S2k—2 + Br™
ifm=2n+1andn=20,1,2,.....etc. (120)
Verification: Forn=1& k = 2,
LHS = 37 0 (=) Yarais+2i = JaJs —JoJ7 + JeJo — J1oJ11
=5x%x11-21%x43+85x%x171—341x%x 683 =-219216

RHS = 32 0 (= 1) JaiJ2i+1 — JalBNi)2 + Bi™"]

= JoJ1 — J2J3 +JaJs — JeJ7 — Ju[8N1); + 1] (121)
Using (104) in (119) we have
1 =12784 + 3" = 12784 + 49 = 12833 (122)

Using (92), (122) and the values of Jacobsthal numbers in (121) we obtain
RHS=0x1—-1x3+5x11—21x43—5[8x 3855 x 1+ 12833]
= —219216

This identity is verified since the value of either LHS or RHS is equal to (- 219216).

X. Conclusion

Jacobsthal and Jacobsthal-Lucas numbers have interesting properties. Jacobsthal and Jacobsthal-Lucas
numbers are related to each other. These numbers can be represented by matrices. Jacobsthal numbers can be
expressed in terms of Fibonacci numbers and vice versa. The identities satisfied by Jacobsthal and Jacobsthal-
Lucas numbers can be derived from their Binet formulas. This article may inspire curious mathematicians to
explore it further.
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