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Summary

The comparative analysis of the effects of moving loads travelling on highly prestressed orthotropic rectangular
plate resting on Pasternak foundation is investigated. When moving load traversing a structure is considered as
a mass body, its effects are twofold: the gravitational effect of the moving load and the inertial effects of the
load mass of the deformed structure. In this work, the two cases are presented. The motion of the plate is
governed by a fourth-order partial differential equation for which the highest derivatives is multiplied by a
small parameter. Such problem is amenable to singular perturbation. Of particular interest is the method of
matched asymptotic expansions (MMAE). The basic idea underlying this method is the representation of the
solution to the dynamical problem by two expansions, each of which is valid in part of the domain after which
matching of the different expansions is done in order to obtain a composite solution which is uniformly valid in
the entire domain of definition of the problem. The result is then shown in plotted curves. These reveal that the
critical speed is higher in moving force problem than in the moving mass for the various values of shear
modulus and rotatory inertia. So this is a clear indication that resonance is reached earlier with moving force
than with moving mass.
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. Introduction
The dynamics of elastic structures, beams and plates, under moving loads is nowadays under intensive
study due to the development of high speed transportation system and its importance in engineering designs and
constructions. Moving loads such as trucks, cars, trains, bikes and so on, have a great effects on the dynamic
stresses in the elastic media they traverse. They cause such bodies to vibrate even very intensively especially at
high speeds. These may have devastating effects on such engineering structures on which they move. According
to [1] dynamical problems involving moving loads can be generally grouped into the following three classes:

@ In the first case, the mass of the moving load is considered much smaller than the mass of the structure
it is traversing,

(b) The second class comprises of the system for which the mass of the structure is assumed to be much
smaller than that of the moving load and thirdly is

(© The case in which both the mass of the structure and that of the moving load are of comparable
magnitude.

The first case is much simpler than the second and the third. In fact, the first is the commonest problem treated
in literature. In this problem, the inertial effects of the moving load are assumed negligible and only the force
effects of the moving load are taken into consideration. Thus, this type of problem is termed the “moving
force” problem. Though, the problem, on the assumption, has been greatly simplified, the following question
arises: how safe is a design based on this assumption. The justification of this assumption would have been
established had the solution of this approximate model been proved to be an upper bound for the actual
deflection of the dynamical system. This approximation model in which the vehicle-track interaction is
completely neglected has been described as the crudest approximation known in the literature of assessing the
dynamic response of an elastic system which supports moving concentrated masses. The most difficult of all the
three types of the problem is the third, while both the second and third problems involve not only the
consideration of the force effects of the moving load but also its inertial effects, the moving load in the formal
does not have mass commensurable with the mass of the structure. The third type of problem may be termed
“moving mass” problem. This is an improvement over existing works in literature that determine the
displacement response of plate-structures under the action of moving loads. In this work, the third case is
presented. When the inertia effect of the moving load is so considered, the governing partial differential

DOI: 10.9790/5728-18030268116 www.iosrjournals.org 68 | Page



Comparative Analysis of the Effects of Moving Loads Travelling On Highly Prestressed ..

equation of motion becomes complex and laborious and no longer has constant coefficients. In particular, the
coefficients become variable and singular. More complicatedly is the situation whereby the plate-structure is
highly prestressed and orthotropic in which bending effects at the boundaries are considered. In particular when
a plate-structure is highly prestressed a small parameter multiplies the highest derivative in the governing
differential equation. This class of dynamical plate problem in which a small parameter multiplies the highest
derivatives in the governing differential equation is not common in literature. However, this class of plate
problems have been solved when the plate is executing free vibration or when a static load is acting on such
plates, Hutter and Olunloyo [2, 3]. Instances in which plate-structures are subjected to moving concentrated
forces are attempted by [4], with the discovery that it may not be safe to rely on the approximate solution
produced by the problem of dynamic response of plates to moving forces (as opposed to moving masses). The
problem of highly prestressed orthotropic plate-structures subjected to moving masses is rear in literature.
Notwithstanding it is being treated by the work of Tolorunshagba and Oni [5], Tolorunshagba [6]. Outside the
aforementioned researchers who worked on orthotropic structures, several authors have treated moving mass
problems. Foremost amongst researchers of a moving load on a plate is the work of Willis [7] who investigated
the effects of weights travelling over bars with different velocities. Others are Stokes [8], Timoshenko [9],
Lowan [10], Bondar [11], Reissmann [12, 13], Holl [14] and the monograph of Fryba [1] to mention but few.
Some of these renown researchers who have worked on moving mass beam problems are Stanisic et al. [15, 16,
17], Milormir et al. [18], Sadiku and Leipholz [19], Oni [20], Gbadeyan and Oni [21] to mention just very few.
Generally speaking, structures may be seen as subjected to two loadings, namely the applied load and inertial
forces at every instant time.

Keywords: gravitational effect, inertial effect, singular perturbation,

Il.  Problem Formulation
In this study, the effects of moving loads travelling on highly prestressed orthotropic rectangular plate
resting on Pasternak foundation is investigated. When the effects of shear prestress and shear deformation is
neglected, the transverse displacement response of a highly prestressed orthotropic rectangular plate occupying
the domain and traversed by moving concentrated loads, when the rotatory inertia correction factor is
incorporated, is governed by the fourth-order partial differential equation of the form

AW (x, 7y, E A (xy,t A*V(x, vt A2V (x, vt A%V (x, 7t
Do (7 _)+2fo xyH , 0VELD _ xyh . 0VEYD

62’4 axzayz yy ayd dxz yy ayz

9% fe*v(x.y,t) d*V(ZF D) V(% 7, t) vz yt) *V(ETFD) .
*“R"fﬁ( 9z 352 )“‘ I ( a2 T oy )*Kv(x'y'”

= P(x,y,0) (1

Where Dgz andDygare respectively the flexural rigidities in ¥- and y- directions. Dgpis the effective torsional rigidity. Ngz and
Nygare respectively the axial prestress in X- and y- directions. x, ¥ are the spatial coordinates. T is the time coordinate. Rz is the
rotatory inertia correction factor. u is the mass of the plate per unit area, V (X, 7, £) is the displacement response of the plate,
P(X, ¥, t)is the applied external moving load. V2V (X, ¥, t)is the Laplacian operator on V(X, ¥, ). G and K are respectively the

shear and foundation moduli.

Sinee the plate is assumed to be fully clamped, the boundary conditions are

=0, 0=y<b), .___ wvxy )
P21 0sy<pVEID-0 THE—<o @1
y=0, 05;?51] . WV(xyt) _
S—b o=p<1)/E®FD=0 5 =0 (2.2)
For simplicity. the plate is assumed to be at rest prior to the arrival of the load, and so the initial conditions are
av(x,y,0
vy =0, ZEID _, @)

The concentrated load travelling on the rectangular plate has mass commensurable with the mass of the plate. Thus, the external
load takes on the complicated form

- — N d2V(EFE)
Py D = B(& 7.0 (1- 222520 (4)

dr?

in which P(%, ¥, ). the continuous moving force acting on the rectangular plate, is denoted as
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P(x 7D =Mgs(x—c'E)5(¥,— o) (4.1)

where 6(X — a) is the unit concentrated force, acting at a point ¥ = a, called the Dirac delta function, M is the mass of the
: . . d2V(EF.E) . . . _ .
rectangular plate. g is the acceleration due to gravity and LVEZD is a convective acceleration operator on V (X, ¥, {) defined in

dz
Fryba[1] as

az a2 FE , 02
—_—= 2 .* - .’: e 5
e o Caxar ¢ aw )

Here physical meanings can be given for the terms involved in the right hand side of equation (5). The first term measures the
effect of acceleration in the direction of deflection. the second term measures the effect of complementary acceleration (i.e.
Coriolis force) and the third term measures the effect of the part of curvature (1.e. centrifigal acceleration) of the plate induced
by the mass of speed ¢* at the position of action.

In view of equations (4) and (5) equation (1) becomes

o 9%V (x%y, ) - V(% 7, t) V(% 7.0) 0%V (x,y,t) . 92V (%, y.0)
X FE T <lsy 92072 VT gy TR 52 vy d y?
82 (av(x 3D  *V(xy D) *v(xy, D) aV(xy b  V(xyD)
— UR j— + — -G + + KV(xyt
# °‘6t2( dx2 9 y2 ) at2 dx? a 72 ) x50

o (3WETD 0%V (%, ¥.1) a2V (%, y,t)
— Mgé(x,—c'T)o(F— V.o )( éfz + 2¢* afaf + *® =

= Mgd(x,—c'E)8(¥,— ¥o) (6)
52  NONDIMENSIONALIZATION

For the purpose of approximate solution, it is pertinent to present equations (6), (2) and (3) in dimensionless form. This act brings
out the important dimensionless parameters that govern the behaviour of the dynamical system. With the introduction of the
dimensionless quantities L, Ny, D, and t, into equation (6) results in

2wy t)

Wy 0 | AWy, O) W yt) 3Ty t) O (. 6)
_ gz _

2 —
dx4 +aa;g dx20y2 az Ayt EPE 2 3y2 3r2
PWxy,t) W yt) WV (xy,t)  0%V(xy,t)
_ (Iar[ t29x2 at20y? -G FPE 3y2 + KV(x,y,t)
PWyt) Wyt WD)
+T,8(x — et)5(y — ¥,) [ e = =
= Mpgd(x —ut)d(y — yo) %)

where it is assumed that 0 < £ << 1, as will happen if the flexural rigidity is weak compared to the high prestress, and is defined
as

_ Dy,
NE
where as usual D, denote the plate’s bending rigidity in the x-direction, N, a reference prestress and L is a characteristic length
with respect to which the deflection and the two coordinates are normalized viz: V = WL, u = xL, v = yL. On the other hand
time is assumed to be normalized with respect to a characteristic frequency w such that

uL?

—=
Nyw

E2

(8.1)

t=owt and 1. (8.2)

The coefficients af and @2 measure material orthotropy such that
D D

2 _ X 2 _ Yy
ai =——, a;=—=— (8.3)
DJCJC Dxx
While g7 and 37 measure the prestress ratio and are defined as
N. N
2 _ XX 2 _ Yy
=— = 8.4
=g By (84)
respectively.
Also
R
Aor = ﬁ (8.5)

is the coefficient of rotatory inertia.
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S — 8.6
N (8.6)
is a measure of the mass ratio and

c’L 7,

c= o Yo = T (8.7)
subject to the boundary conditions (in non-dimensional form).
x=0 0<y<h dW(x,y, t)

Wix,y,t)=0=———— 9.1
x=1 Ogiysb] (.3,0) dx ©.1)
=0, 0=x=1 aW(x,y,t
y . . } W(x,y, t—) =0= & (92)
y=b 0=x<1 dy

together with the initial conditions
aW(x,v,0
W y,0) = 0= L&) (10)

OPERATIONAL SIMPLIFICATION

It is observed that a small parameter nultiplies the highest derivatives in equation (7). For such problems a regular perturbation
lowers the order of the differential equation —except in this regions of rapid change(often called boundary layer) where the high
value of the derivative cancels the effects of the multiplying small parameter- which in turn means the solution cannot satisfy all
the boundary conditions. A special treatment is therefore needed in the region near as well as at the boundary where its boundary
condition is yet to be satisfied. And as such. the problem is only amenable to singular perturbations. in particular the method of
matched asymptotic expansions (MMAE). However, equation (7) 1s considerably simplified by introducing the Laplace integral
transformation defined by

W(x,y,s) :j W(x,y, t)e™=dt, 5>0, t=0 (11)
o
with the properties
[ §(t —ty) e~stdt = e™sto (12)
0

Taking t as the principal variable will make equation (7) to become

3*w(x,y,s) a*w(x, y,s) d*w(x,y,s) 9*w(x, y,s) 9*w(x, y,s)
| 2 e g pp I g R W ()
2w(x,y,s) 3*w(x, v, t) 2w(x,y,s) 9*w(x,y,t) .
— S [ o T | G e a2 + KW (x,y,s)
+ T8y — yo{Ia + 20", + I} = Mogd(y — )l (13)
where
= 92w(x,y,t)
I, = §(x — ct) —————e~5tdt 14.1
o= | G- (141)
= *w(xy,t)
I, = §(x — ct)————e~Stdt 14.2
b= | o= (142)
« a2w(x,y,t)

I.= §(x — ct)——————e~5tdt 14.3

o= se- e (143)

I;= J §(x — ct) e stdt (14.4)

0

The integrals (14) cannot be easily evaluated and so use is made of trigonometrical series representation of the Dirac delta
function obtained from the Fourier series expansion of the function as
S(x—ct) =14232% [cos2arctcos 2mrex + sin2aret sin2mrex] (15)

In view of equation (15) the complete Laplace transformation of equation (13) is

o d*w(x,y,s) ,%w(x,y,s) d*wl(x,y,s) g 2w(x,y, s)_ﬁzazw(x.y,s)

pp + 2af 3x73y7 az 377 5 %2 % 3y + S2W(x,y,s)
22w(x,y,s) 0%w(x,y,t) ?w(x,y,8) 0%w(x,y, 1)
— @ S? Ix? + 252 -G Ixz + 3y +KW(x,y,s)
M —s%
+ T80y = yo) [s2W (x, 7,5) + 26" s Wi (x,7,8) + ¢ Wia(x,7,9)] = —98(y — yo)e ™ (16)
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subject to the boundary conditions

x=0 0=y<h ow(x,y,s)
o1 0myep) WERZ0=ZIS az.1)
y=0 0<x<1 _ . dwxys)
y=b oses1) Wene)=0==5E= 72
together with the initial conditions
dw(x,y,0)
W(x.y. 0) =0= T (18)

6.2 SOLUTION PROCEDURE

In equation (16), an exact uniformly valid solution in the entire domain is not possible since it is observed that a small parameter
multiplies the highest derivative in the governing differential equation. In accordance with the informal principle that the
behaviour of solution is governed primarily by the highest order terms [37]. This is due to the bending effects at the boundaries.
Consequently. solution valid away from the boundaries breaks down near as well as at the boundaries. Thus only approximate
solutions are possible. The two but equivalent approaches that could be used to tackle this type of problem are the method of
composite expansions (MCE)and the method of matched asymptotic expansions (MMAE). In this research work, MMAE is used.
This technique provides an approximate solution to the given problem in terms of two separate expansions which are valid in a
closed interval Q[0 < x < 1,0 <y < b]. The two expansions called inner and outer. neither of which is uniformly valid but
whose domain of validity together cover the interval Q. To define “domain of validity” one needs to consider intervals whose
endpoints depend on the small parameter, say €. In the construction of inner and outer expansions, constants and functions of ¢
occur which are determined by comparison of the two expansions that is “matching”. The comparison is possible only in the
domain of overlap of their regions of validity. Once overlap is established. matching is easily carried out. The method of matched
asymptotic expansions (MMAE) developed by Bretheton [12] required that the asymptotic solution of equation (16) be of the
form

Wo(x,y,t) + eW, (x,y,t) + 0(e?) (19)

Substitution of equation (19) into equation (16) produces. after rearranging and equating coefficients of the powers of . the
following recurrence relations

Substitution of equation (19) into equation (16) produces, after rearranging and equating coefficients of the powers of &, the
following recuurence relations

HJ%;C.%S)
g _sx
——6(y = yode <, v=
= 0'. v = (20)
DV*W,_,(x,y,5), v=2
where
. a2W,(x,y,s) a*W,(x, y,s) AW, (x,y,5) 3*W,(x,y,5)
Hy(x,7,8) = —p7 g T2 g2 T I I 2, ) — e |y 4 S
[22W,(x, ¥, 5)  37W,(x,y,5)
-G EPE + ay2 + KW, (x,y,s)
W, (x,y,s) W, (x,y,5)
+ Tpd(y — yo) (szw,,(x. ¥,5) + 2c5—— Ep +c? Iéxz 21
and
AW, _5(x,y,5) a*W, _»(x,y,s) W, _5(x,y,5)
DVAW, _,(x,y,8) = 7(T+2a’f ax2ay? +aZ 3y ) (22)

Here the subscript of B/ (x. vy, s) denote the order of £ and V* =V? - V?(V?is the Laplacian operator) while /2 is as earlier
defined.

Subject to the transtformed conditions at the boundaries

Vlfj(x,y,s)|xzql =0, j=0,1,2, .. (23.1)

aW.(x, v, s

oWy (x.y.5) =0, j=0,1,2,... (23.2)

a:\’ x=0,1

Ww; (x, y,s)|y:0'b =0, j=0,12,.. (23.3)
IW:(x,y,s
W (6y,s) =0, j=0,1,2,... (23.4)

dx B
y=0b

To obtain expression valid at the boundary, say near x = 0. the inner variable is set as X = = to yield a solution valid at the edge
£
x =0as
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WiX,y,s) = W5 (X,y,5) + eWi (X, y,5) + 0(£?) (24)
where superscript i refer to inner solution. Equation (24) is also valid near x = 1. where the inner variable is set as X = —
Expressions similar to (24) cm be written down for the solutions near y = 0 and y = b. where the inner variables are set

respectivelyas ¥ = Land ¥ = 2=, thus
wt (st)— WO(XYS)+EW1(XYS)+O(EZ) (25)

Substitution of equation (24) into equation (16) near either x = 0 or x = 1 produces respectively
WX, y,s) azwi(x, 5)
T (B2 4 s + Go — €2 8(y — )|

2wt 4wl

—2(X,y.5) —2(X,y.5) i
= [BF + apes® + Gl - Y= — 243 o [KO +57+ Szrﬂaw—yoP]WJ—Z(X,y,S)

ayz 7P axzgy?
5 IWE (X, v.5) 0, v=0,1,34,..
— 2csly _— _s
06y —¥o) ax Myg6(y — y,)e o=
Alternatively. the expression of equation (26) can be re-written as

v=2 (26)

oW (X, v.s) LG QW (X,y.5)

X, v.s W (X.y.s X.y.s
L—(\4w )7f9 Pf . )7{19132 ( )Jrcr ("‘7}'{]! 0 -2
ox ox? ox? ox? oX-

. O (XL s L, (X, s W (X, v, s) .

:20-5'1—00(}’_}’0 )M—Zaf V__a( aJ .5)"')892 - V__(a 2 5)'*'32;},\;—2(-‘17-3"-5)
ox~ Ox"0y” ) oy”
LW (X, y.s . . M,g =
+a,,s” M =5 T, 8(y—y W (X, v,5)+ g, T v =2, 27

2 > o J
ay u
Subject to boundary conditions

W/ (X,y,5)

) =0,1,3,4, .. 28
T ,1 (28)

WUE(X,_}F.S) =0=

Similarly, near y = 0 or y = b, one obtains the differential equations

24w, 2w,
(xY,5) (x¥,5)
2 % (BF + apes® + Go)#
azw, —2(xY,5) AW, _,4(x,Y,s) aw, —2(x¥.s)
= [Bf + coes? + Go — PTo6(y — ¥o)] z\xzx’ = — . T - 2af (3‘3:26;2 =
(x,Y,s)
— 2scTyb(y — m* (2 + Ko+ +57T68(y — ¥o) )Wy ¥ = 0,134, (29)
6W(y} 62W(,y‘)
a2 % (B3 + ags? +CO)%

a2w,_ y O, (x,Y,s) a*w,_
_rp2 2 2 v—2(x¥,5) [ A 2 v—2(x.¥,s)
= [B + @ges® + Gy — L8 (¥ — ¥p)] Ax2 - Oxt —2aj dx2ay?
) oW, _5(x,Y,s) s+ K,
O | 0
sclyd(y — Vo) ax 528 (y — ¥,

—5
) Wufz(x,}’,s] + MOQ 5(}’7}'0)9 Ch , U= 2 (30)

Subject to the boundary conditions

_ awixys)

D v=0,123,.. 31

Wi (x,Y,s) =
SOLUTION PROCESS

The solutions of equations (20) for the function W, (x,y, s) and equations (2), (27). (29) and (30) for the functions W,(X,y,s)
and W, (x,Y,s) subject to the respective boundary conditions (28) and (31) are sought using finite Fourier sine integral
transformation method.

LEADING ORDER SOLUTION
Here the solutions of W (x, ¥, 5) and W (x, ¥, s) are sought.
SOLUTION FORWJ(x,y,5)
Substitute v = 0 in the recurrence equation (20). the governing differential equation for Wy?(x, v, s) is given as

2 azwo(x,y.s') 2 aZWOCx,yJS) _

W, (xy.5) + 32w, (x,.5)

5%V + @gS* ] — KoWo(x,v,5)

Bi dx?2 B ay? dx? dy?
Wy (x,y,5) P Woteys IMWatxy.s 92 Wotxy.s)
+ Go [ n@xz + ay;” = T8y — vg) SzWﬂ{x,y,s) + 2sc a;ys + 2 6;;3 =
—S5
= —Mog 6(y —yole=" (32)

DOI: 10.9790/5728-18030268116 www.iosrjournals.org 73| Page



Comparative Analysis of the Effects of Moving Loads Travelling On Highly Prestressed ..

Now. one attempts equation (32) for the solution of W?(x, y, s) by introducing the finite Fourier sine transform defined as

1
W(m,y,s) = j W(x,y,s)sinmmx dx (33
1]
With the inverse
Wix,y,s)=2 Z W{(m,y,s)sinmmx (34)
m=1
and
b nmwy
W(x,n,s) =j W(x.y.s)sinT dy (35)
0
with the inverse
2 nm
Wi(x,y,s)= EZ Wi(x,n,s) sinTy (36)
m=1

Thus, the transformation of (32) with respect to X is

Wy (m,y. s)

377 + QW (m, y,5) = 116(y — ¥o) (37)

where

Bim?n? — s?+ m?miags® — Ko+ m*n2Gy — T8 (y — y) + (52 + c*m?n?)

2= 37.1
o (67 + @ges? + Gl ( )
—5
Mygmmuc? [1 - (—1)"‘97]
T, = 37.2
(B2 + gs? + Go) (52 + c2m2?) (37.2)
The general solution of (34) is
T
Wo(m,y,s) = G cosg,y + G,sing,y + (P—lsinqol (y — o) (38)
1
While the transformation with respect to y is
a2We(x,n, s AWL(x,n, s _
Oa(xz . @2 - gx ) + @ Wy (x,m, s) = 130 T (39)
where
Iyc? _
0 = B2 +ags?+ Gy — “}) (40.1)
2lsc
o= /1]1 (40.2)
22 nm? 2 87T,
sz ‘82275‘24* B2 a’OtSZ Kg +TGO bu/
P3 I (40.3)
%gsin n?;)yn/
T, = 0, (404)
The complimentary solution of (39) is
Wo o (x,1n,8) = Gze"* + G e??* (41
where
V1= V03 —4p; (42.1)

Y2 = $2— |97 — 493 (422)

Making use of the method of variation of parameters, the particular solution of (39) can be shown to be
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Consequently. the general solution of the ordinary differential equation (39) is

o Tz c 7( CY1+5)
LA (x,n,s):G3enx+G4eV1”+—( ) [17.9 c ]e”lx
. '(:".Vl —¥2) Chc:: fs
2
o ( )[1 e (5 )] er (44)
(r2 =y \eyz +5
The inversion of (38) and (44) gives the general solution of the equation (31) as

. T
We(x,y,s)= 2 [ Gicosp,y + Gysing,y + q)—lsr'.nqpl (¥ —¥o) ] sin mmx
1

2 T c _(cn+5)
+ 2] o = e ¢ 1 () [1 o (%) o
b (rn—12) \eyy +s
T, c ~ CY2+S) . onmy
+ —( )[1 —e c ] eYZJ‘] sin—— (45)
(ra —v) \eyy +s b
where G, G, G; and G, are arbitrary constants yet to be determined by matching.

LEADING ORDER SOLUTION (INNER PROBLEM)

The differential equation governing the inner solution (near x = 0,1, ) in equation (27) where one neglects the terms with
negative subscripts, one obtains for the leading order problem

a*wi(X,y,s) . d*w(X,y,s)
T—[ﬁf+”0t52+Go—Czroﬁ(.y—J’o)]TZ0 (46)
subject to
y aws(X,y,5)
wi(X,y,s)=0= —ax (47)
Solving equation (46) subject to equation (47) produces
. 1 1
bo(¥) [X+8—e_‘glx _B_] , near x =20
Wy (X,y,s) = 3 1 (48)

= 1 1
by(¥) [X +—e X ——]. nearx = 1
6, 6,

where
67 = B + ags? + Gy — 2T (y — ¥p)

Similarly. the differential equation governing the inner solution (near y = 0,b) in equation (29), when one neglects the terms
with negative subscript. one obtains for the leading order problem

Wi (x,Y,s) LW (x,Y,s)

9
ar+ 2 are (49)
Subject to
Wi(x,Y, Oy (x. ¥, 5) 0 50
{ Y, s) = = (50)
where
(B2 + ags? + Gy)
02 = ————— 51
2 a? (51)
Solving equation (49) subject to equation (50) produces
. 1 1
fo(x)[YJrB—e_“’ZYfB—] , neary=10
Wi(x,Y,s) =4 _ ° 12 (52)
f(x Y+—e’62yf—], neary =>b
W [¥ e et y
Thus. the leading order solution of the inmer problem (27 — 31) can be written down as
; Lo-0ix L x =
bo(y) [X +518 1 91] nearx =0
b L-x L x =
by(y) [X +Ble 1 91] nearx =1
(53)
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folx) [y+9L2€—ﬂzY_Si] neary = 0

2
ft"o(x) [Y+9Le’azy—ai] neary =nb
2 2

where exponentially growing terms have been discarded as unmatchable. The functions 130 ,50 , fo and f"o are vet to be
determined. The unknowns in (45) and (53) will be determined by matching inner and outer solutions. To this end, Van Dyke’s
matching principle which requires m-term inner expansion of (the n-term outer expansion) equals the n-term outer expansion of
(the m-term inner expansion) is adopted. Thus matching one-term outer expansion written in inner variable (45) with one term
inner expansion written in outer variable (53) (1-1 matching) immediately produces

Mygmmc? [1 - (—1)"16’_?5]

sin 54.1
(B2 — ags?+ Gy)(s2 + c2m?m?) #1Yo ( )

G =

Mggnmcz[l — (—l)me’sf“]sinqplyocotqolb

Ty . Ty
G, =— sin cot@,b ——caos - 542
2 o P1YpC0lP, ?, P1Yo (BZ — tgy5? + Go) (52 + c2m2n?) ( )
o e (e
b3 = (y1—v2) (ryﬁs) [1 e ¢ 5)] (54.3)
T c cyz+s
G, = —2(—) [1 e (F% )] (54.4)
(3 —7v2) \eya +5

In view of equations (54) equation (45) becomes

2Mygmmuc?[1 — (=1)me™/¢]

Wolx,v,s) = (FZ— aus? + Gy) (52 + c2mn®) SINQ,YoCOSP, YSINMITX
L2 I cos@ bsingry 1, .
— sin —_— ——cos sin
@, 1Yo Sing, 2, PrYoSIMPLY
Mygmmc?[1— (—1)me=>/¢] ] ] ) T, . )
— (B7 — agus® + Gg) (52 + c2mien®) SiNg; YoCoSp,ysing, y| sinmmx + 2(? sing,(y — yo)sinmmx
1~ ot 0 1
N 2 Yo T2 ( c ) [1 _(cy1+5)] N 2 Y T2 ( c )[1 _(cv:eﬂ)]
—el¥ ———— —e c —eM¥ — —e c
b (Y2—v)\eyy +s b (1 —v2)\ery +s
1 +
+ Ee”” 2 ( £ )[1 — ef(cyzc S)H Sm_mry (55)
b (Y2 —v1) \eys +5 b
where

2 [BEm*m? — 52 + m*m2ag,s? — Ky + m?*m2Gy — Tyd(y — ¥o) (8% + c*m?n?)]
! B3+ ags% + Gy

2l sc

P2 =
T2
B3+ toes® + Gy — %

n?m2f2 — b%s? + n?nays? — b%2Ky + n’m2Gy — bs?Ty,

b2B2 + b2ag,s2 + b2G, — bTyc?

Q3 =

Mogm'rrcz[l —(=1)™e _S/"]

.= _ _
! (B + ageS?+ Gy) (s2+ c2m?m?)
. nm
Myge=*/¢sin Tyo
T~ =
2 [,c?

BE+ ags? + Gy — 5

Vi =92 + "922_4(93
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Yo =@ — (03— 4o,

B Gy
Bf — ages? + Gy = —ttgy |87 ——— ——| — @y [s? — wi] (56)
Qor ot
Futher simplification of equation (55) produces
—[1-(=1)™e S A(s2+ A Ag(s?2+ A
W(x,y,s) = 2M.gmmc?sin mnx -1 /el si l 4)] yocos( a( +)
(2 + As)(s? + Az) Uor(s? + Al)] Uor($?+ Ay)
o vma—s [A3(52+A4)] . [Az(s2+A,)
[1—(—1)me=5/;] cos EmEEw) b sin (7T A

+
. [As(s2+ A
As(s2+ A )(s2+ A,)sin [%3:(12—_:_]\41))
—[L-(=DMe /] [As(s?+Ay) (A3(52 + m)) NN GEYW)
@ (5% + Ag)(s? 1‘ A;) e (5% +Ay) Yo €08 @oe(sZ+4A;) et oe(52+4Ay) Y
[1—(=1)™e ~5/] . [As(sZ+Ay) Ay(s2+A,)
2A3(s2 + AL (s? +Az) [ﬂ’or(sz +Ay) eos [fﬁot(52 +4Ay) Yo

_ - (=1)me 5/l cos As(s2+AY)
A(s2+ A )(52+A5) (52 +A,)

2M-gmmnc? sin% c [1 _ 9—(61'1+5fc] Pt 1 1
- 57
bt e (Cr'l + s) (32 +Ae S7+ Al) (57)

As(sz +A,)
W52+ A)

yu

¥ sin

+
n—n

The Laplace inversion of (57) is defined as

We(x,,t) = Py (Fi(x,3,8) + F2(x,y,8) — F3(x,y,t) + Fy(x,5,1) — Fs(x,3,1))

+ Py, (Fo(x,y,) = Fy(x,7,0)) (58)
where
Py, = 2M.gmmc? sinmmx (59.1)
2M.gmnc? | nmy
== sin—2 9,
Py, ba., sin 5 (59.2)
1 [ote [1—(=1)"e~5/,] Ag(s2+4,) As(s?+4y)
—_ st P -
B0 = g ) T AR A7) (aot(mm)”"m (aot(szul) v & (600
. A3(32 + A4:)] . As(gz + Aa,)
F,(x,y,t) :i aﬂmest [1-(-Dme™%] o8 I:aot(sz +4,) b sin (s +4) ds (60.2)
BT i Ms(s7 +A)(57 +Ay) NGEYW) '
aot(52+A1:)
1 [atie 1—(—1)me ™5 As(s2+A A(s+ A,
F(x,y,t) = -— S '}. /] —si a( s u y ds(60.3)
21l J g oo oe(s2+ Ag)(s2+ Aj) @or(52+ Ag) aor(s2+ Ay) '
_ 1 o 1—(—1)me 5 As(sZ+ A, Asz(s2+ A _
F4(_x,y,r)=—,j S el ) /C]. sin 3(. 2l [ As(s” +Ad) y, ds (60.4)
21l J oo As(s2+A,)(s2+4,) o (s2+4,) ay(s2+4,) ’
atico —5 2 - a2
[1-(=1)"e /] Az(s? +Ay) [ As(s?+Ay)
Fe(x,y,t) =— > st : ————| y,ds (60.5
ST B We Y WICET W bl ma ey ) Eal rarecEww) Rl
a+ico . c [1 _ 9—(cr1+5/C] pT1x
Fe(x,y,t) = — s — — ds 60.6
ooV = S e & (en + )0 —19) (52 + Ag) (606)
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Ery e = [ _cllmeT e 60.7
7y = 2 cHwe (ery +8)(1 — 1) (82 +A)) s (607)

In order to evaluate the integrals in (60), the Cauchy residue theorem is employed. The singularities in the integrals are poles. In
particular the denominators of the integrands of F, (x,v,t), F,(x, v, t) ,Fy(x, v, t), Fy(x, v, t), and F5(x, v, t) have simple poles
atatS = +il;,5 = +i\, , 5= *iA,,5 = *iA,, It is straightforward to show that

A0, — A2 Ay(Ay— A2)
Sin [#] v Coslathe — A5).
ar (g = 20)) % e, @, = 2) (e

F (67,0 = T, TN o 1— (=1yme s/ ]~ emitst[1 — (—1yme s/ ])
Sin [Ag(A“ ] Vo Cos[Aa(A“ A3 )J v
4 @, (A — AY) @, (N — AF) (e:AZt {1 —(~1)me _EAZ/(_]
21A2(A5‘ — A a, ’
_ it [l_(_l)m iy D (61.1)
AN, — 4)1 A 2, — A3
=2 S e, =)

F, (x,y,t) =

2 (0 B, 1) (ieee [1 = Come TR ] — ietet[1— -pme /] )
3 4 2 4- 4
Ay =403 (A=A
C 3( 4 2 b S 3 4 2
R ) e
20, A5 (A — A (A, — Azz)
— jeifat [l—(—l)mt’i”\z/c})

] y

(ieme 1~ (~1yme 2/

2 ‘A2
Cosplalbint haly [‘"‘3“‘21 J”m} v
ot(A + A ) D:CA +A) ( Anat []_ _(—1)me _AEI/C]
205, Ay (MG, + AN +AY)
+ E:“Az]f[ _ (_l.)me 21/C]) (6]_2)
. A op — oty ™ ot il ™ Lip iAs o qym, L —i
oy = 2ia N5 ( Ny *I‘EI) (em ‘ [1 (=1)7e 5/‘-"] ethst [l
e iam iAs o[ A, —ADY] As(Ag — A5) Ag(A, — A3)
(—1)™me /c])+sm [79:“(1\1—[\2) v, cos Q’or(Al ) aot(Al—Az) v
(o= cme 7] o el
sin [A 2(Ay — Az(Ay — AD)

7] v cos [———57] ¥, .
age(Ny — A e (A — A7) . iAgt —iA
- iethst |1 — (—1)"e 4/,
205 Ay (A2 — Ay) ( [ )

— (et [1— (—1yme T2/ ] ) — (et [1 - (—1yme M2/ ]) (61.4)

Fy (x,y,t) =

- - Az(Ay —AD) . As(Ay — AD) . A , m ., —L\ . _iA m o LA
Fs (x,v,t) = cos [m] v sin [m] Ve ( jethat [1 —(—1)™e 4/(-] — jg et [1 —(—1)™e 4/(7])
4 cos [Aa(m — AR y sin [A (A — A I,
oAy —A3) 7 T e (A, — A2 _
x (ie®2t [1 = (—1yme T2/ | — iemtat [1 - (—ymeA2/c]) (61.5)

e*nf[1 — e 1]e"* (a7, + a) (a7, +29)

fe(x,y,x) = : : : .
(a1 = A7) (A1 — agg) (Agy — Ag0) (A — Aaz0) (], — Ab)\"f("\ll — 8320 (A1 — 813 (A1 — Aga)
eh2f[1 — e~®2]ek2¥ [(aZ, + ay) (a2, + Ag)
(a2 = A7) (Ag2 — A1) (Mg — Agg) (g — Agg) (AT, — AE)V'I{(ALZ — A1 )(A1n — A13)(Ag5 — Agg)
N emat[1— e~®s]eks* [(a2, + a) (a2, + ng)
(aya — 2370 (13 — ny) (Aga — a30)(A35 — Azl (aT; — As)\ff(ﬁu — 231 (g5 — 2430 (813 — Ayy)
et [1 — e~™]e* [ (af, + ay) (af, +29) (61.6)
(s — 270 (g — 81p) (Ags — Ag9) (Ags — Azp) (A7, — AG)VI(AIA- — 811 )(A1s — A13) (Ars — Aq3)
fHxy0)
E,Allt[l o e—al]eklx
28350A1; — Ag7) (Ag — 830 (Arn — 8300 (A1 — A20) (AT, — A1) (Arx — 4520 (An — A33)(Ag; — Ags)
etzt[] — e—@z]ek2¥
28550 — ag7) (A — Age) (ags — Agg) (ags — az0)(af, — "\1)\;"i (agz — a11) (g — 8530 (ags — 8g4)
enlgt[l _ e—aglekgx
+ s
2805(A13 — 8170 (813 — 2100 (Aga — 8390 (Ags — Ago)(afs — ag) (Ars — 422D (s — 2320 (g — A34)
€A14t[1 _ €_a‘1‘]€k4‘x
(61.7)

- - 7 -
2815 (A1a — A17)(Ara — 8100 (Aza — 8100 (Ars — A20)(ATs — 430+ (Ars — 422D (As — A32) (Aga — A33)

The combination of the results (61.1 — 61.7) substituted into (58) yields the desired leading order solution of (27) which
represents the uniformly valid solution of the entire domain of definition of the given plate.
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First order correction
Solution for W{(x,y,t)

The next corrections in outer solution are obtained by setting v = 1 in equation (20). The governing equation for W7 (x, v, 1) is
given as

R A ,07W, 5 NERA 2w
Vg ) —rE 5 (1) + STy s) — aes? | (0, 9) + 5 ()
) aw; . %, .
+ T8 = ¥o) [S2 ML (x,,8) + 2us—=(x,3,5) + P === (x,,8)| = 0 (62)
X X

Now one attempts the solution of W, (x, v, s) by introducing the finite Fourier sine transform of (33) in equation (62) with respect
fo X produces

Wy

o 2w,
dy? (mm)*W;(m, y, s) +F(m,}-’,s)
+ T8y — yp)[s? — (mmu)? Wy (m,v,5) =0 (63)

—yE(mm)2Wy (m,y,s) — y2 (m,y,s) + s2 W,(m,v,8) + aps?

Re-arranging (63) gives

Wy 5y (M, ¥, 5) + 7°Wy (m, ,5) = 0 (64)

where

[s2 + m2m2ag,s? — m2n 2y + I 6(y — v )(s2 — (mmu)?)]

2
}? =
e
The homogeneous solution of (64) gives
W,(m,y,s) = B, cosnyy — B, sinny (65)

Similarly, if equation (62) is subjected to finite Fourier sine transform (35) with respect to v, one obtains

u?T,] 2w, (x,n,s) Ny, 2 niy 2 T,
—VE — ages® + 5 ] ox? [( B ) +s%— %:(?) s+ FSZWI(.’CJN.S) =0 (66)

‘Which when rewritten produces

d 2 Wl{x, n,s)

250D 4 g3, (x,m,5) = 0 (67)

where

The solution of which is
W, (x,n,s) = B; cosn,x — By siny, x (68)

The finite Fourier sine inversion of equation (65) together with equation (68) gives

- 2% nmy
Wy(x,y,s)=2 [B, cosny — B,sinny] sinmmx + EZ [B; cos n,x — B, sinn, x] sin b-

m=1 n=1

(69)

where B,, B,, B; and B, are unknown constants to be determined by matching.
FIRST ORDER CORRECTION (INNER PROBLEM)

The first order correction is obtained by setting v = 1 in the differential equations (27) and (29). Doing this and neglecting
terms with negative subscripts yields
ayyi a1y
Wiy _ 2T Witys) _ 70)
dxt T axt

where

@f = [y? + @oes® — uPT6(y — )]
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Subject to the boundary conditions

) Wi
Wi, y,8) = 0 = —=22% 71
Following usual arguments in equations (48) and (52), the first order correction of the inner problem can be written as
- 1 1
b, (v) [x +—e 1Y — —l nearx =0
Py Py
P 1 1
by(v) [x +—e P — — nearx=1
i ey P @1 .
W].(IJ :}',S_) ). 1 1 (72)
fi(x) [w +—e P2V —— neary =0
* P ()
frofys Leer b
xX)|v+—e - neary =
! P2 P2

Here exponentially growing terms have been neglected as unmatchable. The function b, (y), b, (¥), f,(x) and f,(x) will be
determined by matching. By matching one term outer solution with two terms inner solution expansion written in outer variable,

produces the following.

Mygmme2[1 — (—1)me=s/<|sing, v,

b(y) =2
() m?r{ (BE — @pes? + Gp) (82 + e2m2m?2)

[cosg,y — cote, b sing, y]

+ 13“1@1}’0 [cotg, b sing,y — cosgp,y] (73)
©,
by(y) = —2(~1)m Mogmne'[L= COme ] to,b sing,y)
V) =-2(-1)"mn . —sing, y,(cos@,v — co sing,y
11 (B2 — ttgys? + Go) (52 + cZm2m?) P15 P4 Py @4
T T
+ —lsimﬂﬂ'u(wwlb sing,y — cos@1y) — 2_135”@1."’593@31 }'o} (74)
L2 P1
. Mygmmc?[1 — (—1)™e™>/¢|¢,
X)=24{1; —= - sing, ypcote, bsinmmx 75’
[0 { 1 (B? — ttgys® + Gy) (52 + c2m?n2) P31 YoCOTP, (75)
o0 =2 Mogmme?[1 — (~1)me™/c] o b si b 76
xX)= SiN@,VoSing, b SINMTX — T,008Q, VoC0S
(X)) P1 (B7 — ages? + Gg) (52 + c2mn?) ©1VoSINPy 1C05@; YpCOSP,y (76)
One seeks an asymptotic outer solution of the form
: ) ‘ 2 . _nmy .
Wi (x,v,s5) = 2[B, cos ny — Bysinpylsinmmx + E[BS €0s 1, X — By sinn, x] sin—-= (77)

By matching two terms oufer solution with two terms inner solution (2-2 matching) of equation (72) as £ — 0, one obtains

T T
B, =b [Em'rr (I—:sin )rﬂ) cosny — 2mm (?0 cscnpb[sin(b — y,) — siny, cos r;b]) sinny

Ty .
+?nm sin(y — yo)] (78)
T . . : Ty . . L
B, =2 ?sm(__vo) (=)™ (mm)+ 2 (?cscnb[sm(b — Vo) — smj-'ocasnb])smr;y(_—l)m“(mr{)
To . 2 o onmy 2 _nmy
+T—°sm(_1.= — yo)(—1)m*t +E3199131 8111T+38283262 sin—
2 [e_(%wl) - 1] . nmy 2 [9 _(iwz) - 1] . hry
,Emmegl sin——6, 757?4?(54.9) 2928, sin bl (79)
(. 1 2_) u 1 ( 2 1) u 2
Mogmrrc'z[l - (—'l)’“e‘sfrc}f,a1 )
By = H 17 (B2 — ages? + Gy) (52 + c?m?n?) sing; yocote, by [/6, (80)

B (leogmncz['l - (—'l)’"e‘sfc]qplsfngalyo T,C08@ Vocosgy b Tyc08@0. b
2 0,(B% — ay,s2+ Gy) (s2+ c2m?m?) 8,sing,bsinmmx  6,sing, b

Mygmme?[1 — (—1)"e /<], cos?@, bsing, v, a1
0, (87 — aoes® + Go) (82 + c2m2n?)sing, b &1
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In view of equations (78) — (81) equation (77 ) becomes

O(x, v,5) = {2 HTI _ Mggmrrcz[l - (.—1)"13—;;.:]@1
’ 0, (B — @geS? + Gy) (82 + c2m?m?)
5 {(pl Mygmmc? [l - (:—1)”‘9‘5"5](,0131'}1@1 Yo  T,C05Q,Yoc0S¢, b T,c059, b
6, (BE — @oes? + Gy) (82 + ¢2m?n?) B,sing, bsinmnx  8,sing,b
Mygmme?[1 — (—1)™e~*/¢]8, cos?p, bsing, v,
0, (B — @ges% + Gy) (82 + c2mPm?)sing, b
2 (—D)™mm Mygmmc?[1— (—1)me~</¢]

bg, (er: - eMsin% (B2 — ;52 + Gy) (52 + c2m?12)

}simplyocarqolblfﬂz * COSP, YV

} an(pl_}'} sinmmx

sing, vo(cosg, v — cote, b sing, v)

T 2T
+ —lsinqolyn (cotg, b sing, v + cosp,v) — = COSP,VpSing,y ret?
$1 P1

. nmy a2
sin 5 (82)

With

Mygmac?[1 — (—1)™e==/<]
- (B2 + @gps? + Gy) (82 + c2m?mw?)

Ty

o = [BEm2m2 — 52 4+ c2m2 w2y, 82 — ko + 226G, — [,6 (v — y5) (82 + c2m2m?)]
. BE+ ags?+ G,

A B+ G

1
ot

A, = c*m?r?

24+ G
A, = (Bla o)
ot
A [s? +4,]

m*r?[BY + Gy — c*L6(y — ¥o)] — ko
m2n2ag, — 1 — T8 (y — )

A, =

Mogmmc?[1 — (—1)me=/]
- @o:[s% +A4]

1

Ag[s? + A,]

o agels® + A]

bGy + bB? — Tyc?
° bag,

nimlag — bl — b2
7= b2
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nim2BZ + n?nG, — b3k,
o=
n?m?ay, — bI, — b2

bGy + b2 — Tyc?

o =
hetg,

mzﬂ.z(ﬁlz + @ + Gg — T8 (y — }’0)) — kg
1-To6(y —¥o)

Ao = nPrlay, — b, — b2
2l sc

2
b (B2 + tars? + Go —F“TC)

P2 =

T,c?
BY + agss? + Gy _OT = Qo [$% + Ag]

. NIy,
Moge""”sm%

e (52 + Ag)

Further simplification and rearrangement of equation (82) gives

Mggmmec=|1 1)™Me—5/¢]
Wo(x,y,s) — [og -1 ]
62 aot(s?+A1)
Mogmre[i-C 0™/ AglsEena]] L Moltendl | As(stens) o slsten]
Sin Vo CO 8 !
agt(s®—Ng0)(s?+4Az)  age(s?+Aq) ap(s2+a) " age(si+Aq) age(sE+y)
Ag[sZJrAq,]Mugmrcm[lf(fl)me_sff’:] . AglsP+As] . Mngmncz[lf{fllme_sﬂ']c Ag[sZ+4,4) , Az[s2+Ag] 1
wor(s2+A1)82a0t(s2~A10)(s2+0)  aorls?HAy) " O B2ot(s2+A1) aot(s®+A1) " 0 age(sP+Aq) ' sinmmx

e I v e v

Ag[sZ+Ag l
2 3
Baapgt(s +A1)sm[a°t Sy

2[Na[s?+ag]], [ As[sPrag]]

Mpgmme 2[].—(— 1)™Me —sfc] cos’

b sin
g (=2+Aq)] loge(2+0 )10 | . [ Ag[s2+a .
ol A1)52+A4 oA | iy [a 3[(52+A4])] v ¢ sinmmx +
Brapt(s?—Ag0)(s? +A2)sin[4%—]ja '; A ]b ot 1
o—S/€ A3 5S4y ]
_ammerir oo i ER | ey ] [t
b y(e¥1- e}’z]smTy —agt(s?~A10)(s? +42) agp(s?+44) y= agp(s?+Aq) ] Lage(s2+)

2 £ Az
Mpgmme2[1-(~1)Me /%] aps(s2+44 sﬂ'[ 52+A1:Tl ( [ As[s? +A4]] v cot [A3(52+A4]]b + cos [A3[52+A4} V) _

apt(s2+A1)Az(s%+44) ot(sZ+44) apt(s2+A1) ap(s®+aq)1"

o2
m, —s/c +Ay l
5 Mggmmc []. (-1) ](m[—(s +A1) cas[—%—]jaot T+, Yo sm[—%—]jaot Z+a, ¥

agt(s®+A1)A3(s7+Ag)
2 (-1)Mmme¥1¥ ]Mogmnc a-(-)Me™S/ ] sin Grotész”“:lj Yo ( [A3[5‘2+A4] . . [As[sz +A4] 1+ t [A3(52+A4)i| b) +
bay(e¥1- eyl)slnmr} —ape(s2—Nqy)Az (s +05) s ' co

agp(s2+0,) ¥ lage(s2+a,] Lagt(s>+41)
Mogmme2[1-(-1)Me /€] (5% +A4) 5‘”[%51(552:—11]] Yo ( [ As[s*+44] ]

[A3(52+A4)] [ Az[s*+A4] ] )_
N3P +AD(+0y) aot@z‘*‘ﬂl)JV Ot [ege+apl 2 ¥ €05 [apgangl”
Mggmﬂcz[lf(fl)me_sfc} [A3[32+A4.]} e [A3[52+A.|] ; s my
Az(s2+A4)(s2+Az) laoesran) 70 S ageszvan] V[ (s (83)
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The Laplace inversion of (83) is given by

2
Mygmitc
- {2

(B, (o, 0) + B (o y, ) + Es(x, v, 1) + Eg(x,v,0) + Es(x,y, 0) + Eg (x, y, t)]}sin mmx
ot

—my E;(x,y, 1) — E5(x, v, ) + Mogmmc? [Es(x, v, £) + Eyo(x, 3, 1)]
b8, sin 7 ot

. {2(—1)"’mrt{ Mygmmc?

— 2Mygmmc?Ey, (x,y,t)

2(—1)™mn { M, gmmc?

. mmy
b, sin——

Epp(x,y,1) — Eya(x,¥,1) + Mygmmce?[Epa(x, y, 1) + Ey5(x, y, t)]}
b

ot

2M,gmmc? )
e e MR r)‘ 84
3

where

1 pavie 2a,e%t[1 — (—1)me ¢ Ay(s?+ A
et = [ 221 = (~)"e ) ; ( i 4))%
- b

. . n
. — 2 fA(sT+HA 24 A
aie fg .(s2+ A;)Zsin (76(;((32 A‘i)) @t (s 1)

Ay (s +A,) Ay (s + Ay)
Xcos(m b cos m i ds (851)

1 2a,e5t[1 — (—1)me eJA,(s% + A
AN 2L = (—Dme A, (57 + 4,

a+ico
ZTH'L.-W - T A(sP+AY
J@or(52 = Agg)(s2+ A)(s2+ A,)Zsin (m)b

Ag(s?+ Ay Ay(s?+A As(s2+ A
% sin (M) y, cos (M) b cos (M)}. (85.2)

@t (s2+A) @ (ST + Ay) @y (2 +Ay)

1 a+ico 2AI2+A 1_ _]_m—%
Es(x,y,t) =5— est (87 + AL — (=)™ e]

L W [ XL Py
(s2+ A)(s A1) (s? + Ay)sin o (82 +4Ay) b

[ A(sP+AY [ A(sT+ AL Ag(s? + A
X — |V — | b —— = \yd 853
st (aot(sz +Ay) Vo ST @oe(82 4+ 0y) cos Ao (S2+Ay) yas ( )

Ei(x,y,1)

s o2 :
1 patie [1 — (Fl)’“e“E] cos (M) Vo
- _J‘ 2es5t
2mi a—ico

@y (82 4+ Ay)

} . (AS(s2+AY)
2 3 4

(82 + Ay)sin (701“(32 A

2 2
05(1\3(5 +A4))bsin(A3(S +A4))J-’ds (85.4)

— -
)bsinnmr @oe(s? +Ay) (52 +Ay)

=5 2 2
] pariee™ {l - (—l)me_E] cos (—3—‘*—A (s 2+ Ay )b sin (7A3 (s 2+ As) ) yds
Elxvt) = a,.(s2+A)) (52 +A)) 55
s, y,t) =5— 3 (85.5)
2mi a—iwm (52 + A ')sm (M) b
* o, ($7 + 4y)
5 o2
1 patie [1 — (= 1_)”37] 6, cos? (1\3(927"‘1\;))
Eo(x,v,t) = 7] est QK*(SZ * Al)
LV, t 5 e ) TA-
Tt Ja—ie (52 — Nyo)(s2+ Ay)sin (%)b
. Ag(s?2+A,) . Ag(82 + Ay)
X sin (m) Vo 51N (m 3 ds (85.6)

ester=[1 — (—1yme—2] si (A (152+A41J) : (Aa<52+Aa>) ,

E.( t) avie €7ET [1 (=bme C]Sml @, (82 +Ay) Yo COS (52 +Ny) yds
f ) —

7LV 2w e (err — e¥2)(s?2 £)(s2 + A3)

(85.7)

a+ieo estayix [1 _ (:—'l)"’e’%]

. . (A (sT+ A )
a—ico — yz 2 2 3. = a4
(et — e»2)(s A)(s2+ Aj)sin (aot(.sz A

A3(52 + Ay) Aj (.52 +Ay) A3(52 + Ay) .
* 81 — |y, _si ——— |vc ————|d 85.8
s (aot(.sE +40) " M a2 ap )Y O\ rray) P G5

1
Eg(x,y,t) = St

1 a+ico g5t []_ — (71)"‘6_%]
By =amil, w A7+ A

Ay (sZ+ A Ag(sZ+ A, Ay(sZ+ A
X sin M ¥, sin u Vcos M ds (85.9)
o (8% + Ay) @oe(S?+ Ay) Qop(S7+ Ap)
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1 [er=e|l—(=1)"ee Ay(s?+ A Ay(s2+ A
Ep(x,y,t)=5= [ ] Xsin( als 4)) / os( (8 4)) rd

Py AP e W) 2o+ A) 7 s+ A (#510)
| peret[L— (~1yme e Ay(s2+A Ay(s? + Ay
Eu(x,y,t)=—,f [ ] XCOS( 3(_5 +) v, sin M)yds (85.11)
27l ) g sen Ay(s%+ Ay) @oe(52 +Ay) @ (s +A;)
) 5
a+ie osto¥ax [1 — (_l_)mg—z}
E t -
12(6y,0) = 2w aciee €2 — e¥1)(s2 — Aj)(s24+ Ay)
A(s2+ A A (s2+ A,
Xsin( a( _ “))yocos( s - “'_))_vds (85.12)
o (52 + Ay) @or(s?+4y)
) 5
1 atie e’*e*’lel—(—l_)me_E]
E t)=—
1206y, 1) pe

i . A2+ Ay
(g}"z - Eh)(Sz— Alo)(_SZ—F AZ)S!TI (m)b

Ay(s?+ A As(s?+ A, Ag(s2+A
X sin M ¥, sin M ycos M ds (85.13)
or(s%+Ay) Ao (5% + 1) Uop (524 Ay)

a+ice est []_ — (—1)”‘9_%]
E14(\11-t)
2]‘([ a—ico .- . (A3(SZ+A4))
As(s? + Ay)sin 2, (STFA,) b

A(s7+A,) (A5 +A) N As(s2+Ay) _
( (s2+ A )) Sm(aot(sz"'Al.) yeos Aop(s2+A)) ds (85.14)

a+ic g 1—( l)mec A 24 A Aa(sZ4+ AL
E.(xy, t)__f [ } Xsin(M)_' (M)d

N YV Cos -
Ay(s?+Ay) ag (st +4A)) @, (s?+Ay)

(85.15)

1 [oriee™ [l - (ﬁ—l)”‘e?‘?] Ay (s2+AY) A (s2+A,)
Eo(x,y, ¢ _ _ 1 xcos[ 2% )y sin[ 2% )yq 85.16
1600y, 0 =50 N CEYBICEYS ws(aot(suz\l)) “(aot(_suz\l))-‘ s (8516

Now employing the Cauchy’s residue theorem. one proceeds to the evaluation of integrals (85.1) — (85.16) to obtain the sum of
the residues of E, (x,v,t) — E;¢(x,y,t) as

E(xy,1)

o ta] AL (A, — AD) Ag(Ay —AD A, — N3
1—(—1)yme e ]sm( 4 )1 cos( 44 )bc (M)
[ D oty — ) o (Ay — ) oty — Ai)
V2iAD3Ay — M) (i0y + ) ey,
iy Ay (A2 + A As(A3+ A Ag(A2 + Ay
-‘Alt[lf l)"‘ea]sm( 3y 4)\, cns( aldy 4)3} ( alAg 4)
- ae (0] —Ay)) @, (AT —4Ay) ao(A] — Ay)
N V (:ZiAl):(Azz +i0y) (A — iA12) s
) ZH221 AL (AS, +AY) A(AS, + A,) A (A5, +AY)
jifazt |1 _ (_1yme sz] (3.22 4),_ (3._22 4)5 (M)-‘
e [1- e sin 2o (82, + 8/ O Na, 2, +2,)) e, (B2, )
2050y (A3, + Ay)?
i o B2zl rAL(AZ, + AY) A (N2, +Ay) A (A3, + Ay
e ‘Azzt{lf —1)™me e ]sm( 222 e )Vocos( 222 4 )bcos(M) v
=1 @ (02, + A/ a, (A2, + 1) @ (A2, +4Ay)/ 86.1)
20553/ (03, + 0,2

= 2a et

+

+
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—A
2a2eﬁwr[1 — (=D “} As(Agp + AL
E(x,y,0) = _
Z\faAlo(Aio + A NG, + ADZ(AT, + Agr)
X Sln (A3 (Alﬁ + All-) ) Vv b cos (A3(All- - A?l) ) ' cos (A3(A10 + A4) ) (A3 (All] + All-) )
@y (Mg +41,))°° A. o (A — A7) ° @oe(Dyg + A7) . @ (Nyo +4p)
e o [1 - (‘Dme% N3(Dgo +4y)
Ba— 3
2\.';5{0:1\10(1\10 +4;) (Aiu + Al)E(Aiu —A;)
RS2 ) SRR ST P (Agmm + An)
(Mo +4y))7° . e (Ao + Ay) @pr(Nyo +4y)
ey eihe [1 S (-Dme e 2] Ay(A, — A2)
+
R 3
2\.."(1'“}\10(1\%0 + A1) (A — Azz)E(Azz +Agz)
X sin (Aa(A4 —Aﬁ)) v cos (Ag(Ao, +43) ) b cos (A3(A4- +A§))
ey —A3))7° \ Toe(Ay +A3) N @Ay +A3)
20,67 [1 —(—1)me < | As(Ay — A3)
— 3 ]
2ia, \.'flaorAw(Aio + A (A — Aé)E(Ag + Ay)
x sin (Aa(A4 *Azz)) » cos (Aa(f\a, —A3) ) b cos (A3(A4 *A%))
(A —A3))7° B Toe(hy — A3) e (A — 1)
2a,eiit [1 —(—D)me™e 1]A3(A4 —A%)
+
3
2icy \fage (A] + A0)iho (Mg — ADZ(A] + Agy)
% sin (As(A4 —AD ) b cos (Aa(}h —AD ) b cos (Aa(ﬁfh —AD) ) v
@, (A —AD))° " @ (A —A) @, (A — A7)
2a,eidat [1 - (—-1)m971] Ay(A, — A2)
- 3
2icyfage (A + Ago) (Ay — ADZ(A] + Ayy)
(MM — AT Az (Mg — AY) A(Ay—AY)
X sin| ————=—|y,cos| —————|bcos| ———— |¥
(N — A7) A Ao (A — A7) Qo (A — A7)
20,622t [1 - (—1)*“9—52]1\3(1\22 +A)
+
— i i 2
2A22\."Ia0t(.A%z = A) (A3, +A5) (A5, +A))?
o si (As(Azzz +Ay) ) (1\3(1\222 + A, ) b (As(Azzz +Ay) )
sin| ——— |v,c08| ———— | bcos | ————— | v
@oe (A3, + A1) N @or (A3, + A1) @t (A3, + A1)
2o —Aaat [1 - (—1)*“.9%] As(AZ+ A
3
2065 [ @or (A2, = Ayo) (AL, + A;) (A%, +A,)2 |
- (A;(Aaz +A,) ) , (Agmaz - A4)) (Agméz +A) ) L e
@oe(A3, +A1))° o (A5, + Ay) . @or(A5, + 0] o
2ethatp (A, — AD) [1 - (—1)’“9%\1}
Es (o, 0) = i (

i
2N (A, — A2) [1 — (—1)meT‘]
207 (A + Ayo) (A, — AD)

—Mio
Ayt 2 — (=1 Yma"— . .
|2ttt = a9 [1 - come™] (Agmio + Au) \ sin (Agmio ),
205N + A (AT + A5) A (N +0y)) 77 o (N + Ay)
2eMOEA L (AZy + AL) [1 - (—'1)"‘9%]
- e > - sin(
200 o (A + A (AT, + AS)

Aa (AAL + Ai) ' it A3 (A4 - Ai) .
ln"ot(‘“‘l + Ai) Yo Y

1
Crot(‘ixl - Ai)

+

sin (A3(A4 + A7) ) v sin (A3('A4 —AD) ) v
@ (A, +43))7° A, (A —AD) )

A (AT +4Ay) ) , sin (AQ(AE(! + Ay ) ,
aot(:AiO +A)/)° aot(:AiO + A7) )

_mz
265t 00y —AD[1 = CO™TE] oy m ) Aae— D)
— — P sin s | Vosin| ————|¥
205 (A — AS)(AS + Ayo) N ANy — AZ) @or(Ng — AT)
2e 2t N (A, — A3) [1 - ('—1)%?2]
2i0,(A, —AD(AZ + Ay (

A (A, — AD) _A(Ay— AD) .
s —————— v (863
oAy — A3) oS @oe(Ay — AZ) VoL )
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E,(x,y,t) = —2e™1f

ity
[1- comee] » (A3(A4 7A§))bCOS(A3(A4fA§))v . (Ag(m —Ai))v
200 (A +45) " Qpe(Ay —A]) o\, (A -/ @op(Ay —AD) )
o
i ome Ay, —23) As(Ay — AD) As(Ag — AD)
— 2etf — > X cos —~ | bcos oo | VoCOS | —————¥
200 (A3 + Ap) frgt(Al - A7) e (Mg — AD) oAy — A3)
2(s — Ayy)e®t [1 (- 1_)%7]
+ lim -
sohzz (82 4+ A)(s — Ny (s +Ay,)

Azz
—A m,—

A3(s?+4,) As(s?+A,) Ay(s2+n,) 2 [1 — (e ]
X oS - b cos — | ¥, cos r— - -

Ao (5% + Ay) (s +A7))" (oe(s? +A,) 20,5 (A%; +Ay)

AB(A4 - Ai) A3(_A4 - Ai) A3(A4. - Ai)
X cos - >~ | bcos : oo | Yocos | —————

(A —AT) e (A — A7) @or(Ny — A7)

)y (86.4)
Substitution of integrals E, (x,y,t) — E ¢ (x, ¥y, t) into equation (84) produces the complete inversion of W, (x, y,t).

From equation (19). the perturbation scheme of a uniformly valid solution in the entire domain of definition of the plate problem
is given as

W(x,y,0) =W (x,,0)+ €W (x..7) (87)

where 7, (x, y.r) and Wy (x, v, t) are respectively the leading order solution and the first order correction . These are given as

(58) and (84) in that order. In view of equations (58) and (84) equation (87) becomes the required uniformly valid approximate
analytical solution of the plate dynamical problem

HIGHLY PRESTRESSED ORTHOTROPIC RECTANGULAR PLATE TRAVERSED BY MOVING FORCE

By setting ry = 0 in equation (16) an approximate model of the differential equation describing the response of a highly
prestressed orthotropic rectangular plate resting on a pasternak foundation and traversed by a moving force is obtained.

Thus setting Ty = 0. equation (16) reduces to

W, (x,7.5) . 3*W,(x,y.5) | EW(xy) W |
i dx2 2 ay2 — S (x,3,8) + @, S Tax2 ady? — K W(xy,s)
W (x,y) 9*W(x,v.s) S, .
Th|T e T gy | T T Megdmyoe (88)

as the classical case of moving force problem associated with our system. This is an approximate model which assumes the
inertial effect of the moving mass as negligible

Equation (88) can be rewritten as

BW, (x,y.5 97W, (x,y.
B2+, s? + G T Y- o2 524 Gy MY )
dx? ay?
= —Mogs(y — yole & (89)

Now, one attempts equation (89) for the solution of wy (x, v, s) by introducing the finite Fourier sine transform defined in
equation (33)-(36). Thus the transform of (89) with respect to x is

2

552 Wolm,y.s) + @IW(m,y.s) = 536(y —¥,) (90)

where

[(1—m?m2a, )5 — m?a2BE + m*m2Gy + kol 91
€S2+ B2 + Gy O

p; =

mre? |1l —(=1)™e "¢

(BZ+ @:57 + Go)(S2 + m2m2c?)

T3 = M,g (92)
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Using the method of variation of parameters. one obtains the complementary and particular solutions of the differential equation
(90) respectively as

W, .(m,y.s) = A jcosqg,y + A,sing,y (93)
and
W,,(m, y.s) = fi [— sin g3y, COS @3y — COS @3V, sin@; v] (94)
The combination of (93) and (94) produces the general solution of (90) as
W,(m,v.s) = A, cos ;v + A, sin@yy — % [sing; vy €OS @3V — €OS @3V, Sin @, V] (95)
3
Equation (95) is rewritten as

W,(m,y.s) = A, cos @3 + A, sin sy — fsinqos =¥ (96)
3

Similarly. the finite Fourier transformation of (89) with respect to v is

a2W,(x,n.s)

5
Py + @IW, (x,n.5) =148 & (97)
where

2 _ (B + @, S+ Gy)
f T DABE H ST+ Gy)

(98)

Vo

M,g sinZ

= 99
B+ a,:S2+ Gy ©9)

Ta

The process of obtaining the general solution of the differential equation (97) is analogous to that of (90). Hence. the general
solution of (97) is

W,(x,n.s) = Az cos @ux + A, sing@yx

Ty | [es(1 + cos@,) — c? @, sing,le esing@,x

@4 (52 +c293)
s s
[CSE_; sing, — c2@.e ccosg, + C2(p4] COS @a%
+ (100)
(s7 —c?e)

Consequently. the inversion of the finite Fourier sine transformation in (96) and (100) gives the general solution of the equation
(92) as

T. 2
WP (x,v,s) =2 [Al cos @3V + A; singsy — —asin(_\r — 3'0)] sinmmx + > Az cos@ax + Aysing,x
P3

Ty | [es(1 + cos @,) — c? @, sing,le csing,x

@y (s2 + c2p2
= . _=
[c’se csing, — cZ@.e ccos@, + 2 (pq] COS PuX v
+ in—- 101)
(s2— e2¢2) (
where A;. A,, A; and A, are arbituary constants yet to be determined by matching.
where A;. A,, A; and A, are arbituary constants yet to be determined by matching.
LEADING ORDER SOLUTION (INNNER PROBLEM)
The differential equation governing the inner solution (near x = 0, 1) in equation (16) where one equates r, to zero produces
the leading order problem as :
2wlieys) o 82Wixys) _ N
ax* @1 ax2 =0 (102)
Subject to :
Wi (x, v, s)
Wiix,v,s)=0—=——2""1"""2 103
0y, ) o (103)
where
wi = Bf + a5 + G, (104)

Now the solution of W' (x, v, 5) is sought. Solving equation (102) together with (103). and neglecting exponentially growing
terms ( i.e. when rectangular plate is treated. terms cannot grow exponentially since the plate dimensions are finite) so that the
solution does not become unbounded. produces a solution
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) & (v) [X +Wie_wi"' —WL] near x =0
Wy (x,y,s) = ' ' (105)

&) [X +2e™x 2| pearx=1
Wi

Wy

Similarly, the differential equation governing the inner solution (near y = 0, b) in (29). when r, = 0 and one neglects the term
with negative subscript in the leading order problem, is

atwl . _ 2 87w} . _
oyt () S) —wr SRy, $) =0 (106)
Subject to
N . i
Wi(x,y,8)=0= a;;"(x..\ns} (107)

Where

2 2
2 _ Bi+agt5™+Gy

2 (108)

o3
Equations (106) and (107) are in complete agreement with equations (102) - (103). As a result the inner solution is adopted as:

E,(x) [_v + L emway —i}. neary =0

Wy (x,y, ) =14 — "z " (109)

K,(x) [y +—eW2¥ — —] ,neary =b
wa wz

In (105) and (109). exponentially growing terms have been discarded as unmatchable while the functions &,(v). E’f, () K,(x)
and K,(x) will be determined by matching inner and outer solutions. As such the Van Dyke's matching principle is applied as
earlier spelt out. Thus. matching one term outer expansion (101) rewritten in inner variable and expanded for small
perturbation parameter £ with one term inner expansion (105) rewritten in outer variable and expanded for small £ (1-1
matching) results in

CN=C=K,=K()=0 (110)
Ta

Ay =——mF— -2 —le _ /e g — 2 s
2 @4(52702@%)(0 Pq€ cse sing, — @.C )

5 - - -
1,0%e /e cos [N T.08(1 — cos @,)e fe

Ay=— 111
: (s2—c2¢}) sing, Pa(s? — c2p}) (o
A — &Sill Ve, A — 73 [sin(b—yg)—sinyg cos @3b] 112
1 @3 20 2 @3 sin gab ( )
In view of equations (111) and (112). equation (101) becomes
Ty . N Ty sin(b —y,) —sing, vy Tysinyy cos @b
—siny, cos @z v +— - — - singg v
We(x,y,s)=2 P2 Pa sings b s singsb sin mmx
a T
——sin(y — y,)
Pz
s s 1
T,c2e ccos @, x _Tcse e sing, cos @, x 3 T,c2C0s @, X
(s* —c*d) @a(s® —c*¢l) (s*—c*pd)
5 5 5
i E _ T,0%e cCos @, x sin@, X _ T,05(l —cos@y)e esing, x T,c8(l—cosg,)sing,xe ¢ Nsin nmy
bl (s2—c2¢2)sing, @.(s? = c29}) @i(s? +c2pd) b
i L3 5
T,cl@e csing,sing,x  cse osing,cos@,x  cl@,e cCoS@,CoS@yX Q. CoS @, X
P4(s2+ c2¢3) 52— clp3 e s?—cp; |
(113)
where
) s
mmc? |1 — (_—1)’”97]
;=M - - 114
3 od (B3 + @,e82 + Go)(s2 + m?m2c?) 119
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v ’

m2n2p2 —m2n2G, — K, — (1 — m?mia,)s?
%_‘]( 6 o Ko ( Da) s

0,82+ BE+ G,

(116)

. My,
My g sin—=2

Tg=—""7-7——o0o——
4 BE+ a,s?+ G,

nw |fE+ a,s2+G
PR A (117)
b [Bf+a,s?+ G,

B34 @pes® + Gy = e[+ 11] (118)
2
n=" (119)

Equation (113) is rewritten as

’(m mla, — 1)(s? — \2)

Wy (x, v,5)
. (m2m2a,, — 1)(s? —x;)
siny, cos - y in(h — v.) si
Yo J PN ) sin(b — vg) sm\] PR CETS)
—_——— —_————
R (s24+x2)/(s2 4+ x,)(s2 —x,) (824 x2)/(s2 +x,)(s2 —x,) (52 £x5)
mmc? [l—(—l_)’"e_?] (2 DG : {( DG )
= . minla,, —1)(s2—x . m2mla,, — 1)(s? —x i
2 T sinyg cos = Dt(sz T 2!y ‘ . _sin ot(Sz e 2 sinmmx
v ot B ot 1 \'faot(.gz + xl.) dor 1
[ a2 . ~r a - . r 5 7 a2 a2 .~
(s2+x2)J(s2 +a)(s2 —x)(s2 £ x5)  J(s2+1x,) J(m?mla,, — 1)
sin(y — yo)
[(52 +x2)/ (52 + x)(s2— .\‘2)]
nm |s? +x :,onm |st+yx nm (s®+x (st +x |
el 1 - iy % 1 e 1 2 2 kel 1
c’e ccos B \Jls v (s?+x,) csecsin 7 \JS:"'X.;COS 2 |S:+1’4”JS + x4 ¢* cos > IS I
(st x)stx)(s+x.) ‘l—ﬁ(sixg)(s +xa ) (s? + ) (5% 4 xy) (stxy)stxy)(s+x,)
|2 s 2

cle ccosﬂ sy g 'rmy ||Sz+ —bcs 1—(:0511Tr |S T4, csin?})—Tr ||s‘+x1 xs53+x,

|s + ¥ \JSZ"‘X NS T NERRr 2

(s x)lstxa) (st x12) na(s £y )(s £ o )y/s* + 1,
| e [
nmw (5% + ¥ . nmw |5+ x = — - , ez

bes| 1—cos™ T || _ +Xl sin7 (° +x1 xe (52 + 1) 2 csmrz_n |Is +x S.nng} |2 +x
niry N A 4 \JS + X .\Is + X

2 | Myg sin— + = - -

5 b nmys? + x5+ xi0) (s £ 30, ) (sExodlstx.,)

Xop [—
: mr [s2+x niw |sz+,1f_1

cse e sin—— |S +I OST_‘JS:JFXA

+
(s x)stx)
e

2
nw (s*+ ¥

nme®\s? + y e t't:osmr ||S_+x:LosT [T+ 1.
N
b\.'S:"'JCA(St.l's. (SiXQ)

sz +
nmc® \,s +x cosrz—ﬂ\lﬁx
4

bys*+ xA(S iXQ}{S + Xg)

(120)
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where
n = (121.1)
ot
mimGy + kg — m*mwp?
= 121.2
Xz m?nia, —1 ( )
X3 = tmmc (121.3)
2+ G
Xe= et (121.4)
Hot
ys = yimlagy, +b° (T.nznza'ot -1 (1215)
b2(m?mla,, — 1) — y2nla,,
b%y, — c?n?m?
Yo=—" (12L6)
cinimy,
== (121.7)

Xo=—X¢— |XF+4x; (121.9)

XYe=—Xet |xs® +4x (121.8)

b2x, + c*nim?

Y10 = b2 (121.10)
— +.y. 2 —4
Yix =W (121.11)
X12
7(?('10 + X102 —4X7)
= 5 (121.12)
r2b2x, —nix
X, = ot (121.13)

n 2 _ ¥ 2 b 2
Using the Cauchy residual theorem, the Laplace inversion of W, (x, v, s) is obtained as

Wo (o, w, 1) = 2{Pa,[H, (x,,0) + Hy(x,y,t) — Hy(x,y,t) — Hy(x,y, O}
2 (pa Ho(x,y,t) —Hg(x,y,t) — Hy(x,y,t) — Hy(x,y,t) — Hy(x, y,t)
+ i : +Hyo(x, v, t) — Hy (4,3, ) (122)
+Hy (2, y,6) — Hig (6,3, 8) + Hyy (x, v, )

where

2mme? sin mmx
Vminla, — Da,,

2Myg sin%
Pay=——7-—— (123.2)

ba,,

DOI: 10.9790/5728-18030268116 www.iosrjournals.org 90 | Page



Comparative Analysis of the Effects of Moving Loads Travelling On Highly Prestressed ..

1 (82 + %)
H (x,y,t)=— ————— ds (124.1)
2mi (sz+x§)\-“('sz+_\'1)('327_\'2)

a—ico

" 292 _ o2 5
a+ie €SI Y, cos\/('m mag — D(s "2)_1.'[1 - (_l)me‘_r.]

1 @, (82— x;)
Hy(x,y,t) = 5— f — ds (124.2)
27 (s +xD)(s2 £ x5)y/ (82 + x)(s2 —x3)

2.2 — 2 _y 5
- sin(:b—_\rﬁjsin\](m Loy —1)(s JL2)}.-'[1— (—l)’"e'F]

a—ico

st J(mzfrzaot = D)(s2 = xp) [ m -i] o mPnla,, — 1)(s? — x;)
€% Siny, cos - bll1—=(=1)"e sin y
a+ice v Tot Yo \] aot(sz T, (-1 € aot(sz T 1’1) ¥

Hy(x,y, ) = 5— S ds
2mi e (s2+x2)(s? £ x5)(s2 — x,)ymPmla,, — 1
(124.3)
$ioo g
1 P estsiny — y) [1- (—D)mee
H,(x,y,t) = PP — —-ds (124.4)
mt ) (V) - x))
nn (52 —x,)
. arimecle ccos—\||((s +x1}y
Hs(x,y,t) = 5— f - ds (124.5)
s 2ma_mD (s +x,)(s +x,)
5 2 z
st hee—asin |1 |2 =X | ﬂH [(s2 —x)
) asim B DCE csm[ |(S +x]| |(5 Tx,)
H,(xy,6) =— f ds (124.6)
2mi ) ni(s + x) (s x5)/ (52 + x,) (5% — x,)
a—io
ﬁ
eTe? cos = [ —x) —x)
atios |(s +x4}
H(x,v,t) = —— 124.7°
+(6,y.2) 2mi (st xg)(s+x5)(52—x, ) ( )
a—ioo
estce cos |( e x )smmE ||(Sz—_%1—]|
= cos L nmw
1 atice |(52+x4) q(s +x,)
H(x,v,t) = — d 124.8
2oy, t) 2mi J- (s*x)(sEtx)(stx,3) y ( )
a—ioz
| g2 [s2
" nw (sf+x | E . nm |sf4x 3
. asim Sbf‘S(l-COS 7 JS:""‘A. e e sin—- |52+x ENERE A
Hy(x,y,t) = ds (124.9)
2m 2
i nu(s £ x)(s £ x5)/5% + x,
+x + :
erie e bcs l—cosﬂ'r:rr |:2 e X sin— ||s2 +x1 x4/ (52 + x,)%e7c
N
H, (x,yv,t)=— j ds (124.10)
: 2nt J nmys? +x,(5s x5+ x,,)
[ .. .
SeinT (24X o mmy ST X
1 atime™CE b \| 24+ x, b \|s:+x4
H LVt = —— - d 124.11
11(%3,£) 2mi j (s+xx,,)(sxx,,) s ( )
a-—iee
|
atie €°TCS5ETE csm— lli—:xfcos%dlzz%: x
H.(x,yt) I J- CETAICETS) ds (124.12)
a—iee
ni [s + x ni |52+I
atis= N C3 52 + x, 07 ccos— ||s2 +x1 cos 5~ |52+xlx
1 N 4
Hy,(xy,t) = ds (124.13)
= 2m b5+ x (s £ x.)(s £ x5)
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_ SN pcarapn O (1S s o 91
a+ie NTET C™4/5° + X, COS 2 \ls: +X$X

1
Ho(oy,t) = —— ds (124.14)
14 2mi byfs? +x,(s £ x) (s % xy)

a—ism

After the application of the Cauchy Residue theorem the mntegrals (124) are evaluated to give

f
. mim iy, — 1(x3 + x,
iy, cos (T — DU + x)
@, (x, — x3)

) . ixg
v [etxstl — (—1_}”:87]

N : L s
H (x,v,t) = —e'”sr[l— —1)"e™¢
(e t) 2ixg(x, — x2)(x2 + x,) (-1
. G
+ 2% (e@f. [1 - (—1j}”=e_cl]
245z Gy + x2) 3 (e + %)
=
_ e [1 - (_1)mgT!]) (125.1)
( 1)(x2 + ) '
. 22 — 24 % ] ixg
ezt sin(b — y,) sin Il LU _ Xz T X2 ¥ [1 —(—1)me~ :]
\ g (x2 +x,)
H,(x,3,t) =

211’3({',\‘:; * XS)\I' (x; + x:)(x_l - x;;:}f
) [(tmema.. — 1)(x2 + x. ix
e~z sin(b — y,) sin I(m %o — )(x? x‘)y [1 - (—l)’“eTs]
\l aur(x:z + x,)

2ixg(—ixg +x5)iy (xf + x,)(x, — x7)

P \ro2 .
oM — DG —xa) 1y S
)sm\l a,.(xF +x,) ¥ [1 (1) ]

2og(x2 + x2) (2 +x ) (2 — x2)

—xzt of —
e sin(b — v,

lm2rza,, — 1)(x, + x,) T
e it gin(bh — y,) sin | i 4 < f[l —(-1 ’“e__r'"]
( ¥o) ) I e (x, + x,) ¥ b
+ 2 — —
(Xs_ - x;_)(f\fl’xl + xg)i (\."x_l + v"x_1)(x1 + x2)
AT e fh oy ein | MR Ry — 1) (xy + x5) L (qym R
e sin(b )u)smul PN y[l (—1)™me ]
(e — 2, )iy, £ x) iy (Vg + x ) (x, + x2)
I —
JEat i v sin TR — D) (x, — x;) ]y
e sin(bh — y,) sin | 7 s = ) y[l (—1)me ]
+
Cz + 22 (Vs £ 2 )V (VD + VT (VA — o)
_  [manay, — 10— 22 =
&=Vt sin(b — y,) sin ‘J:(’” Pl = D= Ta) y [1- (—1yme'e]
- (125.2)

(2 + 23) (—Fz + x:)V (VI + VED (VR + VA2)

g (xf + x,)

2ixg(ix; +x:)(xs + x.)/ (mPm2a,, — 1)

ltm2m2a,, — 1)(x2 + x.) Lxg
e~ ¥t [ _siny, cos | ot 2 = p [l —(—1)™e"c
o Yo N I5"91‘(35:5 +x,)

. |r 22 —1 24 x., ix
et [a . siny, cos I(m T %o )(xg + x,) b [l —(—1)™me cs] . -
A . || (m*rla,, — Dix; + x3)y

sin

Hy(x,y,t) =
: o (25 + x,)

sin ||(m:7'r:aur — 1)(x + x.)y

+
2ix,(—ix, £ x.)(x, + x,)/(mem2a,, — 1) N aoe(xz + x,)

T
tn2a,, — 1)(xZ — xa L xs

Jo: estsin v, cos ||(m T %ot S EF x‘)b[l —(—1)"e c] ;

N aor(x.i —x,) . l(m:ﬂ::aor — 1)(:5; —x;)y

+ sin |

(x2 + x3)(xZ — x50/ (mPr2a,, — 1)
[memr2ag, = D = x)y

Xzt gin A 22 _ _ ;
J@or e sin y, cos/(mEinZa,, — 1)(x, S\Sg)slllwﬁl T (%, — %)
20, + x2) (Y £ x ) x(m2rla,, — 1)
I
Ja,, e~V =tsiny, cos./(m?ria,, — 1)(x, — x,) sin ||(m_ndg°:(; 12(;::.}_ x,)y
o 2 E
- . N (125.3)
Q(x:+xg)(—v’ZiX5) xz(mPria, — 1)

@y (x3 — x,)

+
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et¥=t sin(y —y,) [1 - (—L}“e‘“?’] e™=* sin(y — v) [1 - (—1)%“7‘*]

H(x,y,t) =— — + — ,
2ixg/(x, — x3)(x3 + x,) 2ix,(x, — x3)(x% +x.)
5 E _[."rx_‘- i E
e 1 sin(y — v, [1 —(-Dme e ] e~ 1T sin(y — yy) [1 —(—1)me"= ]
—— +
21\{_(35; —X )\,' (x_'l — X 2f‘v'l'x__1(xa x.‘l)‘.‘ (x_'l xz
g2t sin(y — v,) [1—{ 1)™e ] eV “‘sm(v—}u [l—( 1}”3 c ]
_ (125.4)
243, (2, + x5 (2 + x,) 24fx,(x, + x3)y (2, + x,)
o
etstoig—o f:c:sE [xs +x, e-xstelg e cog L |x“ Rk exsteg o t:osE xet
\Jx + x, b \| 22+, \J|x +x,
H:(x,y,t) = - + .
2xg(xg £ x5) 2x4(xy + x5) 2x4(%g T ;)
|
e *cle cus?}:,‘—Tr %5+ x
\|x9 +x,
(125.5)

2x,(x0 £ x5)

nm Xz +x *2  |nm [xZ4x nr |xZ+x
cos |=2 e~e'heec sin |— | 2 L cos|— ||%
|x +x, b NS + x, b NS + x,

+

nr |x;+x,

X,
—B
e*sfhce ¢ sin

Twlx'g: =+ Xy
H&(xr}’J t) =
2x nm(x, +x9) (x2+ x (2 +x,) 2xgnml(xg — x5) (x] + x,) (x] + x,)
R
e***hce~ csin ﬂ AR nm |xs ¥ %, e=*>hce ¢ sin | X 5 LY S mr Xg Xy
u|x9+x4 b\lx§+x6 b |x§+x4 xg+x4
+ — — = +
2xgnmixg — xg)(x3 + x, ) (x5 + x,) 2xgnmlxg + xg) (x5 + xl)(x.; +x,)
' T P P nm |x; —x3 nm X, — X7 x
e'i'bce” e sin = =L —Llcos 5 [ Y ‘”’l‘bfe < sin [Pt il cos [BF |22
-\|x4_x1 \lxd._x:[ |xd-_x
2ix1(ix1 + xs_)(ixl + xg)(x - xf)(xa. _xf) _ zml(lxl. - XQ)(Lxl - xg)(xj_ - xf)(xd. - xf}
AR
' _lxy nm |x, —x° nmw |x, —x?
e sThce "¢ sin > |L—L2 cos |5~ ||1—Lﬂ
,de. - Xy \Jxa. - X
2ix,(ix, + xs;}(ixs + x5) (x, _xf)(xd- —x7)
g nw o |x — x nmw |x, —xf
~a'hee e sin |L—; cos |+ |;
|x4 — xZ b NED —Jz1
125.6
2ix,(ix, — x, }(1x —x }(x —x] )(x - x7) ( )
e*stcieps [— ||x§ +x e—%etolegs [N ||x§ +x1x e¥stolcos | L lxs+xlx
b NES +x, b _\|x§+x4 b \]|x§+x4
H,(x,y,t) = - - = +
2xg(xg + xo) (xF + x,) 2xg(xg + xo) (23 + x,) 2x(xg + xg) (22 + x,)
. x:+x s x, —x3 : x, — x5
g%t c2eos % ||—g; Ly| e™stelcos nb—ﬁ ||—1 x| e ™fgicos nm ||—1 tx
Vx9+x4_ Yx_t—x_‘ \JX"‘_X"‘
- +— - - - - - (125.7)
xo(xe £ x5)(x2 + x ixs (ix, £ xg)(ix, £ x ix,(—ix, + x)(—ix, + xo
29 9+9 92+4- 2 4( 4,+ 9)( 4+ g) 2 4( 4,+ 9)( 4+ 9}
ot nm |x +x,| , |nm |xl4+x; e X nmw |X§+X1 . |nm |x + x,
e*sfeg” rcos—l sin (5= |3 X e~ cec cos |5 (T3 smbl
\‘x9+x+ \|x§+x4 \Ix 2+,
Hy(x,yt) = - -
¢ ' 2x5 (x5 + %5) (205 £ x5) 235 (—x5 + x5)(—x5 £+ x,3)

nm |x2+ x|, |nm |x2

S il =
NE + \|xg

+ - .

2xg(x £ 25) (x5 £ Xialt 2x5(xg £ x50 (x5 £ x,5)

_%a
g*fce ¢ cos

nm (X + X,
b Jx;a +x,
+ _

2235005 + xp) (x5 £

¥ig
e*1sfce™ ¢ cos sin [—

*iz nmr (x3 +x .
e~mstce e cos |- |—2——1i|sin 5 =
|x13 + x4 RSt +x,

- - 125.8
2x,5(x,5 £ x) (x5 +x ) ( )

niT |x: + x,
nmoXavh
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ni
e*sThexg | 1 — cos 5 |

Hg(xr}';t) =
2nmxg(xg + 2 )yx] +x,
N [x2
_ nmw [x; +x = Inm |[x; t+x =
e~*thexg [ 1— cos |5 [22——2| |eesin |G- |?.—1x x4+ x,
b xi+x, b |xZ+x,
+ N N
2nmxg(—x, X x )22 + x,
xatp, 1 nw x§+x,_ ¥ nm |,-‘:‘.;,“+}t'_l ‘fﬂ—
e®Thexg| 1 —cos|— |=2=——| |e esin|— |=—x|yxZ+x,
b\|x5+x4 b\|x5+x_,, ?
+ L
) 2nmxg(xg + xg)y/ 27 + x4
2 2
nmw |x5 +x *g nr |x; +x
—xgt _ nw o |[Xg 1 | A 1 2
e bexg| 1—cos e csin = x|+/x5 +x,
b 1'1|J.;§+J.;d_ b Mlx.;+3r,t
. L |
2nmxg(—x; £ x,)3/ x5 +x)
| - ix -
. nw (X, — X e oAnmo Jx —x S
ie™1'hex, | 1 — cos B et | G 5 2Lyl fx,— %
N NEAES
. : - _ L
2inmx, (ix, + x5)(ix, + x5)
R ni Ix, — oo Inm o jx —x —
ie~#ithey, | 1— cos|—— |—=| |ec sin |- || L Ll x,—
I)_\I:r_,—x; b\lx_,—xl‘
+ : . — (125.9)
Zinmx, (—ix, + x.)(—ix, + x)
2 2
: nm |x, —x L nm [xy—xf | _ixy
ie™*fhex, [ 1 —cos [~ ||1—L: sin| 5~ ||1—L:x iy (xf+x,)% ¢
NEZE NEARES
Holx,y,t) =
nmyx, — xf(ix, £ x,)(ix, £x,,)
L
) lx, — x? L, —x2 - ixy
ie~™'bex, | 1 — cos HTH [—=~——=] | sin % —“—x|i(xf +x,)%
¥ T X N¥a T X
nmyx, —xf (—ixy & x,0) (—ixy £ x,,)
-
nw (X, +x nm [xf, +x 5 X1
e* 0% hex, | 1 — cos 5 |% sin |5~ ||%x Jxi +x. )%«
\lxlﬂ +x4 \Jxl.ﬂ + xA
+ ]
2RTx o X + X, (X0 * x4,)
-
. Inm |x, +x *10
e~*10thex, | 1— sin|—- ||—lﬂ° La|yf(x3 +x,)%e e
NEREN
+ = -
2nmxyg i, +x (—xp £ xpy)
A tx S LT
e¥uthex,, | 1 —cos ‘HTTE |7 =2 | si x| (x3 +x,)%e ¢
\lxl‘l +x¢
+ o
Znmx, o xZ +x (xg, +x,)
-
. |nm |xp +x X1
e~ 21thex,, | 1— sin|—- ||‘:1—1x V(x +x,)zee
NEVREN
+ (125.10)

2nmxy,Jxd +x (—x +x,)
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e oo “Fa nmo [xf x| ﬂ,j'i,' |xm + x; e o F0 . Inm |xm+x1 . |nm |xfo +x,
e*ofce ™ sin [ [ZEE——H|sin |5 | ——tx|  emMwofctee sin| oo [ sin| 5= [
wxm+x‘, |:r::“j + x, _\Jx;0+x4 \lxm+x4
Hy, (x,y,t) = -
zxiu(xlo ixu..} 2x10(_xm ix.u)
, X am o |x] +x m'.rx+x
e*ufcie ¢ sin| 5= lé‘—l sin [Faa~ %,
MR Ixu+x4
+
2xy,(x, F 2y,
2 |0z
®11 nm |xi, +x . |nw (x5, +x
et ¢ sin 5 l% sin| 4= |2+
wx“ + x, \lx“ + x,
- (125.11)
2xy, (—xy, £255)
g nmw (x5 +x nw lx2 + x Xz nmw |-A‘::+A‘: ni |-xz+x
*stege” ¢ sin -2 1 [ —* e~*sfcse ¢ sin |r |—£ 1 cos|2E |22 L
x9+x4 x +x, b\|X§+X4 b\|x§+x4
H.(x,vy,t)= - -
L 2xg(xg £+ 2x(—x, £ x,)
-
xs  nm (x4 x nw |x; +x
*fcse e sin |5~ |2—L cos |5~ |2—L
ng + x, NES + x,
+
2xg(xg £ x5)
x +x x3 +x
e~*stcse asin | T ﬂ = __lcos ﬂ [To T4y
xg +x, |Xg +x,
125.12)
2x9(—x9 + xg) ¢ ’
. = _¥s nw |xZ+x nmw %3 +x
xgt 2 2 2 1 ] 1
nwe*s'c? [xl + x,e e cos|— [ ——|cos | |=—=x
g b ‘ng + x, b _\Jlx,; +x,
H,(x,v,t) =0+ -
2xgbyxZ + x,(xg £ xg)
N ¥z mr |x:+x1
nmwe ~*sfci [x2 + x, e cos —2 " lcos
|x +x4
ZXQbeQ + x,‘( Xg + x5)
- _%a niw |x: +x z
nwe*fcxi + xie ecos |5 [S——*|cos| 5 [ S
_\Jx,;+x4 "J:»cl;+x‘t
+ L ] L
2hxgyxg +x,(xg £xg) i
2 ¥a nmw (X3 +x nw |xE+x
nme~*Tc? [x2 + x,eccos | |Z2 1| cos [BE |21y
g 1 b |xZ+x, b ‘.Jl:x.;+:x‘t
- - Ca— - (125.13)
bxgxd + x,(—x, £ x5)
-
|x + x, nw (X3 +x
nwe*sfe?(x2 + x, cos|5— [2—x| nme¥sicixi+ x, cos|o— el AP
2 ! |x + x, : b \|x§+x_,,
H,, (xrj"l t) =0+ —
2xgbyxi+x,(xg 2xbyxf + x,(—xg £ x;)
. 3 nmw
nwe*s e /xF + x, cos Tl e
+
2xbx3 +x,(x, £ x,)
|x +x,
nmwe ¢ \/x3 + x, cos ﬂ |—x
x; +x,
- (125.14)

2xgbyx + x,(—x, £ x,)

Substitution of equations (125) into equation (122) produces the inversion of equation (120) and the general solution of
equation (102).

FIRST ORDER CORERECTION
The governing equation for the first order correction when considering the moving force problem (Ie ry, = 0) 1s

L,*Wi(x,y,5)  _@*Wilxy,s) [2°Wilx,y.5)  B*Wi(xy,s)
— ¥ Py — ¥ Py + 57 W, (x,v,5) — ages® [ PP + 3y =0 (126)

Now one attempt the solution of W, (x, v, 5). The procedure of obtaining this solution is analogous to that of leading order.
Following the procedures for obtaining the leading order solution one obtains the first-order correction to the uniformly valid
analytical solution in the entire domain of the plate-structure as
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W, (x,y,t) = B {Q,(x,y,8) + Q2 (x,y, ) + Q3 (x, 3, )} + P._{Qu(x,3, £) + Qs (x,, ) + Qe (x, ¥, £)}

+ B {Q,(xyt) + Qulx, 3, t) + Qo v, 1) + Quo(x, 3 )} + B {Q,, (x, 3, 1) + Qo (x, 0, 8) + Q5 (x, v, £)}
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Thus. the composite solution which 1s vniformly valid in the entire domain of the highly prestressed orthotropic rectangular
plate acted upon by moving force 1s

Wix, v,t) = W,(x,y,t) + W, (x,y,t) (129)

Remarks on theory

Equations (58) and (84) are the leading order and the first order (transformed) solutions of the moving mass problem while (122)
and (127) respectively are for the mowing force problem The leading order and the first order solutions are combined mn equations
(87) and (129) to form the composite solution which 1s uniformly valid in the entire domain of the highly prestressed orthotropic
rectangular plate.

It 15 observed from the leading order and first order solutions that fully clamped highly prestressed orthotropic plate traversed by
moving concentrated masses and resting on Pasternak foundation reached the resonant state whenever

J(mﬂﬁ}s(ﬁf +6Go) — K,

() = \ (mr)Prsly —y,) (301
cgz(m,:rj}=a‘t @ (130-2)
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where
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Sinularly, the system under moving force operates at a frequency which equals the natural frequency to display an enhanced

oscillation at the following critical speeds
’S:z + G, .
Cpy = ey (131—-1)
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C 131-2
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From (130} and (131}, it is observed that the resonance conditions of the plate are dependent on anisotropic prestress, mass ratio,
rotatory inertia correction factor, shear and foundation meduli.

At this jumeture, the cnfical speeds for the system of a highly prestressed crthotropic rectangular plate under the action of
travelling masses or moving force are sought. The critical speeds that exist in the dynanscal system are as given above.

Numerical simmlation
In order to illustrate the analytical results, for instance, the orthotropic rectangular plate is taken to be of length 1.0 m and width

0.9 m Other values used for the malysisare b=063m, g=98l.n = %, ¥ =02 ¢c= &lzﬂ%ﬂmmlues of the prestress

in the x-direction range between 0 and 30 000 . The critical velocities are plotted against prestress for vancus values of other
parameters. The process is repeated for mass ratio, shear and foundation moduli in tum.

9

g

Ll e I . ]
[
[

o /1F

=

o mm @
(%]
1

0 T T T T T
0 05 1 15 2 25 3 35 4 4.5

ROTATORY INERTIA

Figure 1: Comparison of crtical speed of moving force and moving mass cases for highly prestressed rectangular plate with
VATying rotatory inertia comection factor.
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Conclusion

This study concerns the problem of the dynamic response of a highly prestressed orthotropic rectangular plate resting on elastic
foundation and traversed by either concentrated moving mass or moving force. The problem is governed by a fourth order non-
homogeneous partial differential equation. For the purpose of solution, the equation of motion of the plate problem 1s presented
in a non-dimensional form It is observed that a small parameter mmltiplied the highest derivatives in the goveming differential
equation. In accordance with the principle that the behaviour of solutions 1s governed by the highest order term. the cheice of a
suitable method of solution 1s made. Thus, this type of dynamical problem 1s usually amenable to singular perturbation technique.
In particular the Method of Matched Asymptotic Expansions (MMAE) 1s used. This technique constructs outer (core) and inner
(boundary layer) solutions that are valid in partly disjoint domains. These solutions are then matched using the Van Dyke
matching process. Consequently. an approximate uniformly valid solution in the entire domain of definition of the rectangular
plate 1s obtamned with the rigorous use of Laplace transformation. finite Fourter sine transform and the Cauchy residue theorem
This solution is analysed and some resonance conditions are obtained for the dynamical system

A numerical simulation 1s carned out and the study reveals the following results:

(a) the leading order solution and the first order correction are affected by the mass ratio, anisotropic prestress. shear and
foundation modulus. However, the effects of rotatory inertia comrection factor 1s not appreciably pronounced.

(b) As the prestress or shear modulus increases | the critical speed of the orthotropic rectangular plate traversed by moving
concentrated mass also mcreases. Also. as the rotatory inertia or mass ratio mcreases. the critical speed decreases.

{c) there may be more than one resonance condition in a dynamucal system such as this which involves plate  flexure
under moving concentrated masses or moving forces.

(d) the smaller the mass ratio the better the improvement in critical speed.

(e) The influence of prestress, mass ratio, shear and foundation moduli on the response of the highly prestressed orthotropic

rectangular plate has been indicated by this study.

Finally. this work has showcased the use of a valuable method for the solution of this class of dynamical problems.
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