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A graph G is called a pendant edge extension graph of a graph H
if G is obtained from A by adjoining a new pendant edge with each vertex
of Hand denote pendant edge extension graph of a graph H
by H O K.

In this paper. I have proved

1. Every cycle with parallel chords is even graceful for all n > 6.

2. Every cycle with parallel chords of pendant edge extension is
even graceful for all n = 6.
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I.  Introduction
A function £ is called a graceful labeling of a graph G with m edges if fis
aninjection from the vertex set of G to the set { 0, 1, 2, . . . m } such that, when
each edge xv is assigned the label | fx-f | the resulting edge labels are
distinct.

A function f is called an even graceful labeling of a graph G with m
edges if /'is an injection from the vertices of Gtotheset {0, 1,2, ... 2m }
such that when each edge uv is assigned the label | f)-f(v) | . the resulting
edge labels are distinct even numbers that ranges from 2 to 2m.

A graph G with m edges to be odd graceful if there is an injection from
ffomV(G)to {0, 1,2 ...2m-1} such that when each edge uv is assigned
the label |f(u) - f(v) | the resulting edge labels are { 1,3,5,...,2m-1 }.

A line of work on graceful graphs has concentrated on graphs related to
the cycles stemming from Rosa’s result that a cycle C, is graceful iff n =0
or 3 (mod 4). A chord of a cycle is an edge joining two non-adjacent vertices
of the cycle. Bodendiek. Schumacher and Wegner conjectured in that every
cycle with a chord is graceful.

The validity of this conjecture has been proved by Delorme. Mahev et al
n [2].

A natural extension of the structure of a cycle with a chord is that of a
cycle with a Pr-chord. A cycle with a Pi-chord (4>2) is a graph obtained
by joining a pair of non-adjacent vertices of a cycle of order # (n = 4) by a
path of order %

Koh and Yap [6] have shown that cycles with P3-chords are graceful and
conjectured that all cycle with Pz-chords are graceful. This was proved for
k = 4 by Punnim and Prabhapote [7]. For an excellent survey on graceful
labeling see [5].
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A graph G i1s called cycle with parallel chords if G is obtained trom a
cyclecn : vovi...ve-1vo (n = 6) by adding the chords viva-1, vava—2, ...,
VaVvp. O = EI —land B = l;—lj +2.if n is odd or g = B’J + 1. if » is even [3].

A cycle with pendant edges extension is a graph obtained by attaching
edges if non adjacent chords of a cycle of order » [1, §].

In this direction I have proved the following results. every cycle with
parallel chords is even graceful for all » = 6 and every cycle with parallel
chords of pendant edges is even graceful for all n = 6.

Il.  Even Gracefulness of a Cycle with Parallel Chords and Parallel Chords of
Pendant Edge Extension of Graphs

In this section I have proved that certain pendent edge extension of cycle
related graphs.

Theorem 2.1. For n = 6, every cyvcle with parallel chords is an even graceful.
Proof. Let G be a cycle C, with parallel chords for 7 = 6.

Let vo, v1,..., vs-1 be the vertices of a cycle C, of G. Observe that by
definition, G has » vertices and M = 3”—2_2 edges, if p = 3. if n is odd or
p=2.ifnis even.

I give labels to the vertices of cycle C, in the following four cases:

Case 1: When n is even (ie., C, =Cur k=1,2,...)

Define
Sf(0) =0
FOn-@i-1)) =M —6(Gi— 1), for 1 <i< n—4
JS(n-2) = 61, for 1 =i=< nz2
S(v2i-1) = 6i =4, for1<i< 2
f(va) =M —6i+ 4, for 1 <i<22
S =6k-2. for k=2
f(’“§+1) = 6k + 2, for k=2

Case 2: When n is even (i.e.. Chn = Cap=2: k=1,2,...)

Define
S(0o) =0
JOn—i-n) =M —6(G — 1), for1<i< n-2
J(vn-20) = 61, for 1 <i< £
S(vau-1) =6i—4, for 1 <i< n22
f(va) =M —6i+ 4. for 1=i< n22
()= 6k-2. for k=2
FCr) = 6k + 2. for k=2

2
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Case 3: When »n is odd (ie.. Chn=Car1: k=1,2,...)

Detine
Jf(0) =0
SOn-@i-n) =M —6( — 1), for 1 <i< ”——41
JS(vn—2) = 6i. for 1 <i=25}
S(v2im1) = 61 —4. for 1 <i< 2!
f(v) =M —6i+4. for 1 i<}l

Case 4: When 2 is odd (i.e., Chn = Cys3: k=1,2,...)

Define
S(v0) =0
Jn-i-n) =M —6(— 1), forl1=i= %
JS(vn—2i) = 6i. for 1 =i=23
Fva-1) = 6i —4, for 1 <j <L
f(v) =M —6i+ 4, for 1 <i <23

It is clear that £ is injective and the edge values are distinct and range
from 1 to M . Thus f is even graceful labeling. Hence the graph G is even
graceful. O

Theorem 2.2. For n =6, every cvcle with parallel chords of pendant edge
extension is an even graceful.

Proof. Let G denote a cycle C, with parallel chords of pendant edge extension
with 7 = 6. By definition of &, G is obtained from the cycle C, of order
n Ve, Vi, ..., Vu-1v0 (7 = 6) by attaching the pendent edge extension of
non-adjacent chords of cycle with parallel chords of vertices of order » that
is the vertices are w1, 1> & w3 respectively.

Observe that G has n + p vertices where p = 2. if n is even or p = 3, if »
is odd and M 23“7_*’ edges. where p =2, if # 1s even or p = 3. if » is odd.

I give labels to the vertices vovi ... vmw-1 and w1, w2 & w3 in the following
four cases

Case 1: When »n is even (i.e., C, =Cau: k=1,2,...)

Define
J(o) =0
F(Vn—i-1) = M —6(i — 1), forl=i=< n=4
JS(vn-2:) = 61, for 1 <i< 22
J(v2i-1) = 61— 4, for 1 <i< 54
f(var) =M —6i + 4. for 1 <j=<22
S = 6k + 4. fork=2
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and pendant vertices
S(u1) =10, f(u2) = 6k + 10, for k =2

Case 2: When n is even (i.e., Ch = Car. k=1,2,...)

Define
JS(0) =0
JOn—i-n) =M —6(i — 1), forl<i=< ”—_:
J(Vn—2i) = 6. for | <i<2=?
J(vai-1) = 6i — 4, for 1 <i=< 2
f(va) =M —6i+ 4, for 1 <i<22
SC2)=6k+38. for k=1

and pendant vertices
S(u1) = 10, f(u2) =6k + 2, for k =2

Case 3: When n is odd (ie., G, = Car1: k=1,2,...)

Define
J(o)=0
JOn-@i-p) =M —6G-1).  forl=iz=
J(vn—21) = 61. for 1 =j<2t
S(vai—1) = 6i — 4, for1 <i< ”__41
FfG2:) =M —6i + 4, for | =j<2}

and pendant vertices
S =4, fluz) =6k +6.for k=1, f(us) =6k+2, for k=1

Case 4: When » is odd (i.e., Ch = Cais3: k=1,2,...)

Detine
S(o) =0
Jn—@i-n) =M —6(i—1), for1 <7< ?1'__41
¢ 1 ] - < ;e nzl
J(vn-2:) = 6i. forl<i< "
JS(v2-1) = 6i — 4, forl<i< ”;41

and pendant vertices
f) =4, f(uz) =6k +8. for k= 1. f(us) =6k+4, for k=1

It is clear that f is injective and the edge values are distinct and range
from 1 to M . Thus f is even graceful labeling. Hence the graph G is even
graceful. O
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Hlustrative examples
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Figure 1: Even graceful labeled Ci4 with parallel chords
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Figure 2: Even graceful labeled Ci7 with parallel chords of pendant edge
extension
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