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Abstract

Finite transitive permutation groups of large degree possess socle section isomorphic to a particular given
primitive groups. It was observed that groups of large degree had minimum base. Further indication showed
that such groups are the symmetric and the alternating groups, except for the two Mathieu groups which are 5-
transitive. The concept of socle form the basis in the determination of the degree of homogeneity of these
groups.
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. Introduction

Basically primitive group of large degree possess proper subgroups of relatively minimal bases. These
groups with minimum base tend to show section isomorphism with other groups. The schreier conjecture was
first investigated from the work of [15] which further paved way for some notable results as carried out in [1]
and [9]. In order to determine the degree of homogeneity of transitive groups of relatively large degree, we
require the theorem due to [14]. The emphasis on socle will give us avenue to avoid the geometrical approach of
partitioning as was used in [12], and later extended by [10]. The t-orbit homogeneity from [5], also followed the
same approach . The sets were partitioned in the form a tabloids where the orbit was used to determine the
degree of homogeneity.
Preliminary results
In this aspect we give basic result which is useful in the attainment of the later results.

1.1 Definition

A block is a subset 8 of Q such that for every g € G, either

gB =Bor gsnp=0.

1.2 Definition

Let G < sym(Q). Asubset A € Q is abase for G if Gpy=1

1.3 Definition let G be a primitive permutation group. We define the minima degree for G to be the
[supp(a)|foralla € Gand a = 1

With these definitions given in [1], [2], and [9] we state a useful result which will proffer ways on how we can
determine the degree and order of a permutation group G acting on the set Q. We state the next theorem without
proof that in a case G has a minimal degree, the base size is large

1.3Theorem
Let G be a proper primitive group of finite degree n. then G has a base size of at most % and so |G |<
n(n—1) ........(n—12—1+1).

It follows from the next result that primitive groups of relatively large degree has the alternating groups as its
subgroups.

1.4 Theorem
Let G be a group acting primitively on a finite set Q of size n and suppose that G has a Jordan complement of
size m where m > 72—1 then G is 3-transitive. Moreover if m > %thenG > Alt(Q).
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Proof

We proceed by induction onn toshow that G is 3-transitive. The result is easily verified. If n <
4.Suppose that n > 4, let @ = Agc Ajc -+ € Ay ... (1) be a j- flag for G with |Ay| = m then k = 1. Therefore
with this we can say that G, 3 N G, acts transtively on A, \A; which force [A,\A;| > 1 and so (1) above is
also a j-fag for Gy, acting on A, , with [A,| > ¢ implying G is t- transitive. So conditions given shows that G
is (m+1) — transitive. Thus we conclude that G,,; is 3-transitive on A,.. Hence G is 3-transitive.

Now suppose that m > ”/2 and assume that for m > 5. An induction similar to the one above shows
that we may conclude that H = G, restricted to A, and it contains Alt(Ay,. Thus the derived group H' restricted
to A, is equal to the simple group Alt(A,) and H restricted to Q\,Ak has no homomorphic image isomorphic to
Alt(Ay) because m > n — m hence the kernel of the action of H on Q\A, induces Alt(A;) on A,. Hence it
shows that G contains a 3-cycle. Since G is primitive, then G > Alt(Q) as asserted.

This shows that sym(A) = S, with kernel G,y and the factor group G/G ) is isomorphic to a subgroup of
S, . Nextis a result due to [13]

1.5 Lemma

G is sharply n-homogeneous on (, for some n > 1.

Proof:

First observe that G cannot be k-homogeneous for all,k € N, since otherwise there would be an infinite
descending chain. G, G,,, Gy,«,, - Of subgroup (i.e. subgroup group with using the concept of socle. Thus to
prove that H is homogeneous, it suffices to show that if for some k the group G is k-homogeneous but not
sharply k-homogeneous on Q, then G is (k+1)-homogeneous. We prove this by induction on k.

We now suppose that G is k-homogeneous but not sharply k-homogeneous. We claim that (G,, ') is not sharply
(k-1)-homogeneous. Suppose otherwise and pick x; <, .. <x,_sin T. Then G, .1 fixes{2:y <z}, so
Gyxyr o Xg—1 < Gyy, - Xp—1 SINCE these groups are conjugate, this contradicts the descending chain condition
on the subgroup. It follows by induction that (G, I") is k-homogeneous and hence (G, Q) is (k+1)-homogeneous
as required.

Il.  Main Results
2.1 Theorem 1
Let G be a k-transitive permutation group. For k> 5 and any subset Q' of Q with
|| =k, and let H=G' be the setwise stabilizer of G such that H=soc(G) and invariant in G .Then G acts
homogeneously on ().

Proof

Since G is k-transitive for k= 5 , then the only 5-transitive groups are the symmetric, alternating groups,Mj, and
M, groups, and so G is one of them. Therefore by Theorem 3, it impliesG’ is k-1 —transitive on Q'\a for Q.
Hence G is k-transitive or has a chain of Jordan complements of size k.

Also, if soc(G)=Gy it follows H is k-homogeneous which also k-1-homogeneity.Finally it shows that Q acts
k-transitively on Q.

2.2 Theorem

Let H be a permutation group and G a transitive extension of H, then G is k-homogeneous.

Proof

Let H < G be a subgroup of ( that is k-transitive on Q = Q' U (¥} such thatQ’ # Q, suppose that H = soc(G)
and H = G,. We see that the stabilizer of H is equal to G,. Thus H < sym(Q) and H is k-transitive by Lemma
1.5. If G is homogeneous, then for any y € Gthe double coset of G = G,y,G, U ... G,y,_1G, has rank r with r
orbits. Hence for any x € sym(Q") which does not fix a point in ¥, we have thatG =< H,x > implying that it
is k-homogeneous.

I11.  Conclusion
The idea of socle helped a lot in determining the degree a level of homogeneity of groups which degree of
primitivity is large. These groups showed section isomorphism with other groups.

DOI: 10.9790/5728-1804035759 www.iosrjournals.org 58 | Page



Degree Of Homogeneityof Finite Primitive Permutation Groups With Relatively Large Degrees Via ..

References
Audu,M. S., & Momoh, S.U (1990): On transitive Permutation groups. Abacus,19,( 2). 17-23.
Cameron,P.J. (1981). Finite permutation groups and finite simple groups; London Math. Soc: DOI 101112.
Cameron, P.J. (1999). Permutation groups. Math .Soc, Cambridge University Press.
Cameron,P.J. (2000). Aspect of infinite permutation groups: School of Mathematical Sciences, Queen Mary, University of London.
Cameron, P.J. (2000). t-orbit homogenous permutations. London Math Soc. Subject Classification 20B10.
Cameron,P.J. (2004). The encyclopaedia of design theory on primitive permutation groups.www.maths.gmul.ac.uk. Retrieved on
12/07/2015.
Cameron,P.J (2012). Permutation groups and regular semi groups. London Math Subject classification.1273-1285
Cameron, P.J. (2013) Permutation group and transformation semi-group, Novi sad
Algebraic Conference. University of St. Andrews
Dixion, J., & Mortimer, B (1996). Permutation groups Graduate texts in mathematics. Springer New York".
Kantor, W. M. (1972). k-Homogeneous permutation groups. Math Z, 124, 261-265 .Springer Verlag.
Kantor, W.M.(1985). Some consequences of the classification of finite simple groups. Amer. Math. Soc 159-173.
Livingstone, D., & Wagner, A. (1965). Transitivity of finite permutation groups on unordered sets. Math Z. 90 393-403.
Martin, W.J., & Segan, B (2000). New notion of transitivity for groups and set of permutations. Journal of Math Soc. Math Subject
Classification 20B20.
O'Nan ,M.E., & Scott, L (1979). Finite groups. Santa Cruz conference. London Math Soc (2)32.
Wielandt, H. (1969). Permutation groups through the invariant relation and invariant functions. Columbus.399514.

Danbaba Adamu. "Degree of Homogeneityof Finite Primitive Permutation Groups with
Relatively Large Degrees VIA the Socle of the Groups.” I0SR Journal of Mathematics (IOSR-
JM), 18(4), (2022): pp. 57-59.

DOI: 10.9790/5728-1804035759 www.iosrjournals.org 59 | Page



