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Abstract 
The present paper deals numerical analysis of heat transfer of  nanofluid flow over a flat stretching sheet. Two 

set of boundary conditions, a constant and a linear stream wise variation of nano particle volume fraction and 

wall temperature were analyzed. The governing equations were reduced to a set of nonlinear ordinary 

differential equations, ODE’s,. The dependencies of solutions on Prandtl number Pr, Lewis number Le, 

Brownian motion number Nb and thermophoresis number Nt were studied in detail. The results showed that the 

reduced Nusselt number and the reduced Sherwood number increased for the of compared to. The increase of 

the Nb, Nt and Le numbers caused decrease of the reduced Nusselt number; while the reduced Sherwood number 

increased with increase of the Nb and Le numbers. For low Prandtl numbers, increase of the Nt number caused 

to decrease the reduced Sherwood number; while it increased for high Prandtl numbers. 
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I. Introduction 
The stretching sheets moving in nanofluid flows found useful applications in a wide range of 

manufacturing processes such as hot rolling, glass fiber production, melt-pinning, extrusion, manufacture of 

rubbers and plastics, cooling of large metallic plates in bathes, etc. Crane [1] investigated the boundary layer 

flow over an elastic flat sheet. He achieved a precise solutionfor the 2D Navier Stokes equations.  

 

II. Review of literature 
 Choi et al. [8] showed the thermal conductivity of conventional liquids increases by adding the nano-

particles of metals 

 Khan and Pop [9] studied the heat transfer phenomena in the steady boundary layer nanofluid flow of a 

stretching sheet as the surface temperature was constant.  

 Bachok et al [10].Steady flow of a nanofluid developed over a flat stretching sheet while it was moving 

in the uniform free stream Khan and Pop's [9]   

 Hassani et al. [11] studied analytically the boundary layer of flow over a long flat stretching sheet by 

applying the Homotopy method.  

 Makinde and Aziz [12] analyzed the problem subjected to a convective boundary condition instead of 

an isothermal condition.  

 , Oztop and Nada [13], industries such as extrusion, melt-spring, the hot rolling,  
 Kuznetsov and Nield [14] have examined the influence of wire drawing, glass-fiber production, 
manufacture of nano particles on natural convection boundary- layer flow plastic and rubber sheets, polymer 
sheet and filaments are past a vertical plate.  
 Hamad et al. [18] used the a viscelastic fluid. studied the application of a one-parameter group to 
present similarity stretching problem of an incompressible fluid over a reductions for problems of magnetic 
field effects on freepermeable wall. 
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  Vajravelu [6] studied flow and heat convection flow of a nanofluid past a semi-infinite vertical 
transfer in a viscous fluid over a nonlinear stretching flat plate following a nanofluid model proposed by sheet 
without viscous dissipation. 
  Buongiorno [19]. The same nanofluid model has been Nanotechnology has been widely used in 
industry  
 

III. Mathematical Method 
2D boundary layer flow of a nanofluid past a flat stretching sheet investigated numerically. The 

stretching sheet velocity equaled uw(x) =ax, where a has a constant value and x is the coordinate surface. Two 

Boundary conditions were assumed for this problem. One includes a constant temperature and a constant 

nanoparticle volume fraction, called as and the other includes the variable temperature and nanoparticle volume 

fraction on the stretching surface, called as 

The continuity and transport equations of momentum, thermal energy and 

nanoparticle volume fraction of nanofluids: 
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Ar y=o  u → 0 , 𝑇 → 𝑇∞  𝑥  , C= 𝐶∞  𝑥 as y → ∞ 

 

The boundary conditions for the first case were considered as: 

 𝜂 = 𝑦 𝑐(𝑛 + 1)/2𝑣𝑓                                                                                      (6) 

 U= c𝑥𝑛F(𝜂) 

V=−  
(𝑛+1)𝑐𝑣𝑓)

2
  𝑥

𝑛−1

2
[ F 𝜂 +𝜂𝐹′(𝜂)

𝑛−1

𝑛+1    

while, for the second case the boundary conditions were as follows: 

 𝜃(𝜂) =
 𝑇−𝑇∞ 

 𝑇𝑤−𝑇∞ 
    𝜙(𝜂) =

 𝐶−𝐶∞ 

 𝐶𝑤−𝐶∞ 
  (7) 

𝑓 ′′′ +  𝐹𝐹" − 
2𝑛

𝑛+1
𝑓 ′2 = 0   (8) 

1

𝑃𝑟
𝜃′′ +  𝐹𝜃′ − 

4𝑛

𝑛+1
𝐹′𝜃 + 𝑁𝑏𝜃′𝜙′ + 𝑁𝑡𝜃′2 + 𝐸𝑐𝐹"2 = 0   (8) 

𝜃′′ +  𝐿𝑒 𝐹𝜃′ +
𝑁𝑡

𝑁𝑏
𝜃′′  = 0  (9) 

F=0,F’=1 𝜃 = 1, 𝜙 = 1    𝑎𝑡     𝜂 = 0 

F’→ 0 , 𝜃 → 0, ∅ = 0𝑎𝑠𝜂 → ∞, Pr  =  
𝑣

𝑘
 , Le= 

𝑣

𝐷𝐵
,  Nb = 𝜏𝐷𝐵   

 𝐶−𝐶∞ 

v
  , NT= 𝜏𝐷𝜏   

 𝑇𝑤−T 

vT
  :𝐸𝑐 =  

𝑢𝑤
2

𝐶𝑝 ( 𝑇𝑤−𝑇∞ 
 

N𝑢𝑥= 
−𝑥

 𝑇𝑤−𝑇∞ 
 (
𝜕𝑇

𝜕𝑦
 )𝑦=0 (

𝜕𝑇

𝜕𝑦
 )𝑦 = 𝑜 

Sℎ𝑥= 
𝑥

 𝐶𝑤−𝐶∞ 
 (
𝜕𝑇

𝜕𝑦
 )𝑦=0 (

𝜕𝑐

𝜕𝑦
 )𝑦 = 𝑜 

Re𝑥1/2 𝑁𝑢   =  −(
𝑛+1

2
)1/2 𝜃′ 0   

Re𝑥1/2 𝑆ℎ   =  (
𝑛+1

2
)1/2  𝜃′ 0   

Where R𝑒𝑥  = x𝑢𝑥/𝑣𝑓  

For simplifying the mathematical complexity of the problem, similar to the procedure thatused for transforming 

the basic governing equations of fluid flow and heat transfer to a set of coupled non-linear ordinary differential 

equations, a similarity solution of Eqs. (1) - (5) subjected to the above boundary conditions 

can be defined in the following form: (8) where the stream function ψ is defined as u=∂ψ/∂y and v=-∂ψ/∂x. For 

extracting the similarity solution, it was considered that in the outer flow (inviscid), the pressure was P = 𝑃0 

(constant). By substituting the variables defined as Eq. (8) by Eqs. (2)-(5) and taking into account two different 

boundary conditions, the following ordinary differential equations were observed for both cases: The equations 

considering the first boundary conditions (6) were: while the equations considering the second case of boundary 

conditions (7) were:Both sets of these equations were subjected to the following forms of boundary conditions: 

So, using Eq. (8), two different types of equations with the same boundary condition mentioned above were 

derived. In the Eq. (15), primes denoted a differentiation respect to η.So the fluid flow parameters were defined 

by: 
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Based on the above quantities, the Sherwood number and Nusselt number were defined as: where qw and qm are 

the heat and mass fluxes of the wall, respectively. Using variables defined in Eq. (8), the reduced Sherwood 

number and Nusselt number equations were obtained as: 

 

IV. Methodology And Solution Of The Problem: 
 We have applied free parameter method to solve governing ODE equations to find similarity solution. 

The free parameter method is the way of finding “Similarity Solution” of ODE by assuming that the dependent 

variables in the equations are to express in terms “similarity parameters” known as similarity variables, finally a 

single variable. Similarity variables must be constructed in such way that the number of independent variables 

that occur in the equations reduced by one (at least) from the total number of the independent variables. The 

governing boundary layer equations (2) - (3) subject to boundary conditions (4) and (5) are solved numerically 

by using shooting method. First of all higher order non-linear differential equations (2) -(3) are converted into 

simultaneous linear differential equations of first order and they are further transformed into initial value 

problem. The corresponding velocity and temperature profiles 

IV. Result And Discussion 

 In order to get a physical insight into the problem, a representative set of numerical results is shown graphically 

in Figs., to illustrate the influence of physical parameters viz., magnetic parameterMp , Prandtl number Pr 

Eckert number Ec ,Unsteadiness parameter and variation (exponent) τ on the velocity f ′ and temperature θ. The 

profiles for velocity and temperature are shown in fig. 

 Effect for velocity profile:  

4.1 Effect of the Prandtl number: From the fig.1 it is observed that the velocity f ′ (0) decreases as the power-

law index of the surface temperature variation (exponent) τ and the magnetic parameter(Mp ) increases with 

Prandtl number Pr = 0.05  

4.2 Effect of the viscosity Parameter:. It is that the velocity decreases as the power-law index of the surface 

temperature variation τ and the magnetic parameter (Mp ) increases with the variable viscosity parameter θ = 3.0  

4.3 Effect of the Eckert number:, it is observed that the velocity profiles are almost identical for different 

values of temperature variation τ and the magnetic parameter (Mp ) with Eckert number Ec = 0.0 andEc = 0.1  

4.4 Effect of the Magnetic Parameter: Iit is observed that the velocity decreases as magnetic parameter (Mp ) 

increases. Effect for temperature profile: 

 4.5 Effect of variation (exponent): it is observed that as variation (exponent) τ increases the temperature 

decreases for fixed value of magnetic parameter (Mp ). 

 4.6 Effect of the Magnetic Parameter: that the temperature decreases as magnetic parameter Mp increases.  

4.7 Effect of the Prandtl and Eckert number: it is observed that the temperature decreases as the magnetic 

parameter increases with Pr=6.8, τ = 0.3 and Ec = 0.1 

4.8 Effect of Heat transfer: that as Mp increases the heat transfer rate - θ ′ (0), decreases but as τ increases the 

heat transfer rate increases.That is why, the parameters τ and Mp have considerable influence on the heat 

transfer rate - θ ′ (0).  

4.9 Effect of the Unsteadiness Parameter: it is observed that the velocity profiles are approximately symmetrical 

for different values of unsteadiness parameter𝐴1 , temperature variation τ and the magnetic parameter (Mp ) 

with Pr = 6.8, Eckert number Ec = 0.1,𝐴1 = 0.5. 𝐴1 = 0.5 and θ = 3.0 
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Fig 1 :Effect of Ntand Nb on Temperature Distribution forvirous n=0.0.0.5.1.3.0.10.20 
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V. Conclusions 
1. In this work the heat transfer of boundary layer nanofluid flow developed over a continuous flat 

stretching sheet moving in a quiescent flow has been investigated numerically.  

2. The governing equations were transformed to a boundary value problem in similarity variables and 

then the new set of equations was solved numerically.  



Heat Transfer Of Nanofluid Flow Over A Stretching Sheet Of Nanoparticle Volume Fraction  

DOI: 10.9790/5728-1804040915                                www.iosrjournals.org                                             14 | Page 

3. Two different cases were investigated which included stretching sheet with constant temperature and 

nanoparticle volume fraction and variable temperature and nanoparticle volume fraction.  

4. The novelty of this work is to use a linear variation of surface temperature and nanoparticle volume 

fraction in respect to previous works.  

5. The reduced Sherwood number and the reduced Nusselt number depended on the Prandtl number Pr, 

Lewis number Le, Brownian motion number Nb and thermophoresis number Nt. 

6.  Thickness of thermal boundary layer was an increasing function of Nb and Nt; however, it was a 

decreasing function for Pr number. The thickness of boundary layer of the nanoparticle volume fraction was a 

decreased as the Nb or Le increased. 

7. Both boundary layer thicknesses of thermal and volume fraction were lower as temperature and 

nanoparticle volume fraction varied at the stretching sheet compared . So, higher values were caused for the 

reduced Nusselt and Sherwood numbers. 

8. Reduced Nusselt number was decreased as the Nb, Nt and Le numbers increased. However, there were 

three distinct regions as Pr number increased based on the amount of Nb. For Nb=0.1, reduced Nusselt number 

increased with the increase of Pr number. But, for Nb=0.5, reduced Nusselt number increased at first and then 

decreased. In contrast, for Nb=1, reduced Nusselt number decreased with the increase of Pr number. 

9. Reduced Sherwood number increased with the increase of Nb. However, for Nb=0.1, reduced 

Sherwood number decreased as Nt increased. But, for Nt>0.1, as Nt increased, reduced Sherwood number was 

constant. 

10. Reduced Sherwood number increased with the increase of Pr number. For Pr=1, reduced Sherwood 

number decreased as Nt increased and, for Pr >1, it increased with the increase of Nt. 

11.  Reduced Sherwood number increased as Le number increased. When Le number was constant, 

reduced Sherwood number was constant with the increase of Nt. 

 

Nomenclature 

C volume fraction of nanoparticles      Tw temperature of the stretching sheet 

C∞ volume fraction of nanoparticles at 

ambient fluid                                          T∞ temperature of the ambient fluid 

Cw volume fraction of nanoparticles at the 

stretching surface                                  u, v velocity components along x- and yaxes 

DB Brownian diffusion coefficient                   uw stretching sheet velocity 

DT Thermophoresis diffusion coefficient                 x, y Cartesian coordinate 

f(η) dimensionless stream function                           

 

Greek Symbols 

k thermal conductivity                                           α thermal diffusivity 

Le Lewis number (η) rescaled nanoparticle volume 

fraction 

Nb Brownian motion number                            η similarity variable 

Nt thermophoresis number                          θ(η) dimensionless temperature 

Nu Nusselt number                                        υ fluid kinematic viscosity 

T local temperature                                                ρf density of base fluid 

P local pressure                                             ρp mass density of nanoparticles 

Pr Prandtl number                                           (ρC)f heat capacity of base fluid 

qm mass flux of the wall                                  (ρC)p heat capacity of nanoparticles 

qw heat flux of the wall ψ stream function 

Rex Reynolds number, locally                       τ ratio between the heat capacity of 

the nanoparticles and heat 

capacity of the base fluid 

Shx Sherwood number, locally 

Re𝑥1/2 𝑁𝑢   =  − 𝜃′ 0  Reduced Nusselt number 

Re𝑥1/2 𝑆ℎ   =  − 𝜃′ 0  Reduced Sherwood 
number 
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