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Abstract

This work deals with the application of asymptotic iteration method in solving Black-Scholes equation. The
assumptions are first relaxed followed by the derivation of the closed-form solutions of the general Black-
Scholes equation under option pricing for constant interest rate, the case where the interest rate is a linear
function and where the interest rate is a reciprocal function.
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I.  Introduction

Asymptotic iteration method is atechnique used in solving analytically and approximately the linear
second-order differential equation. This method is very useful in quantum mechanics especially in the area of
eigenvalue problems.The Black-Scholes (B-S) model is a popular method for pricing options [1].Some of the
assumptions of B-S equation do not hold in the real market, hence, Merton extended the model by removing
some of the assumptions using stochastic calculus [2]. In general, closed form solution of Black-Scholes
equation is very rare. Based on that, many numerical ways of pricing option based on the B-S model have been
investigated. Han and Wu [3], Ehrhardt and Mickens [4], and Jeong et al. [5] used finite difference method on
American option pricing governed by the B-S equation. The finite difference method for a generalized Black-
Scholes equation was extended by Cen and Le [6]. Perelloa et al. [7] applied the Stratonovich calculus to derive
the B-S equation. Wang [8] introduced fitted finite volume spatial discretization and an implicit time stepping
method for B-S governing option pricing. Jodar et al. [9] applied Mellin transform to the solution of B-
Sequation. Berkowitz [10] used ad hoc B-S approach to outperform the B-S formula out-of-sample. Li and Lee
[11] developed a new successive over-relaxation method to calculate the B-S implied volatility. Yousuf et al.
[12] used a new second-order exponential time differencing method for pricing American option with
transaction cost. Lesmana and Wang [13] used an upwind finite difference method to the solution of nonlinear
B-S equation under transaction costs. Tagliani and Milev [14] applied it in discrete monitored barrier options.
Burkovska et al. [15] introduced a reduced basis method for pricing options based on B-S and Heston models.
Chen et al. [16] presented a new operator splitting method for solving fractional B-S under American options. In
the area of integrated methods, Allahviranloo and Behzadi [17] innovated the Adomian’s decomposition
method, modified Adomian’s decomposition method, variational iteration method, modified variational iteration
method, ho-motopy perturbation method, modified homotopy perturbation method and homotopy analysis
method. Jena and Chakraverty [15] solved fractional B-S option pricing using an iterative method.

Il.  Asymptotic Iteration Method (AIM)
Consider the second order linear differential equation
Y =Py(x)y + Qu(x)y, Y
where Py (x) and Q,(x) are C* functions. Under further differentiation, the invariant of Py(x)y + Qy(x)y in
equation 91) is the main idea for AIM. Differentiating equation (1) gives
Y =Py +Py(x)y" +Qo(x)y + Qo(x)y . ()
Substituting equation (1) in equation (2) gives
Y =Py + P[Py (x)y" + Qo ()y] + Qo(x)y + Qo(x)y’
= [Py (x) + Qo (x) + P§()]y + [Qo (%) + Qo (x) Py ()] @)

Py(x) = Py(x) + Qo(x) + PZ(x) (4)

With

and
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Q1(x) = Qo (x) + Qo(x) Py (), (5)

equation (3) becomes

y' =Py +Q(x)y. (6)
Comparing equations (1) and (6), the nth derivatives of equation (1) becomes
y* = By +Q.()y, n=12- @)

where
Po(x) = Py (1) + Qn_q(x) + Py (x) P, 1 (x) and Q, (x) = Q1 (x) + Qo (x)P,_1(x). (8)
Let Py(x) and Q,(x) be C* (a, b) functions. From equation (7)
ytD = P ()Y + Quor (1), ©)
y®™+D = P,y + Q. (x)y. (10)
Divide equation (10) by equation (9) to have
yOB Py +0a )y
y @D T Py )y +Qn—1(X)y

PGy +E252y)

= 11
P (v 2Ly ) ()
We then introduce the asymptotic condltlon If for some n
Qn (x) Qn 1(x) _
Pp(x)  Pp_1(x) =B, (12)
Then
(n+2)
y _ Py (x)
(n+2) y @D Py () (13)
n+2
Since y(n+1) = —ln(y(”“)) equation (11) can be written thus

(n+1) _ x Py(r)
y® —klexp(f p,(r)dr)

= kyexp ([ 215 Pz Bdr+ [*p(@) dr+ [ Py ()dr) (14)
=kiP4 eXp(f (ﬁ(t) + Py(1)) dt),

smcef Pama®) 1(T) dr =InP,_;(r) and e Pn-1( = p__ (7). Substituting equation (14) in equation (9) gives
Pp— Qn— k1P
lyl 2ol = ;n_lle xp(J* (B + Py)dt).

Pp_1 Pp_1

Hence,
Y + By = kyexp([* (B + Py) dt). (15)
We then solve equation (15) which is a first order homogeneous differential equation. Considering the
homogeneous part y, + B(x)y, = 0, we have fx De — [ B(x) dx. Which gives
v = exp(J —pdt). (16)

The general solution can be assumed to be

y = g0 exp(J* —pdt), (17)
where g(x) is an unknown function to be determined by direct substitution in equation (15). From equation (17)
we have

y' =g @exp(J* —Bdt) + g(x)(=p) exp(f* —pd). (18)
Substituting equations (17) and (18) in equation (15) gives

g () exp < j —Bdt>—g(x)ﬁe><p ( j —ﬁdt)+ﬁg(x) exp( j —ﬁdt>

= ky exp(J*(B + Py) dt). That is
g ) exp([* —p()dt) = ky exp(S* (B(®) + Py(1)) dt),

or
g () = kyexp(f* (2B () + Po(1)) dt). (19)
Direct integration of equation (19) gives
9 = Iy + ey [“exp (* 2B(@) + Po(x)) d) dt, (20)

where k; and k, are constants of integration. Substituting equation (20) in equation (17) gives
y = kyexp(= [* B(t) dt) + ky exp(— [* (&) dt) [* exp (' 2B () + Po(D)) dz) dt, (21)
with y; (x) = exp(— [~ B(t) dt)and
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v, (x) = exp <—f B(t) dt)f exp <f 2B(1) + Py(1)) d‘r) dt
= y1(0) [* exp (J' @B (x) + Po(v)) dr) dt.

I1l.  Application
The partial differential equation of Black-Scholes is written as [19, 20]
IF(ts) |, 1 o252 32F(t,s) AF (t.5)

o +2 552 +7rs o —rF(t,s) =0, (22)

where s is the stock price with random movement, o is the positive constant volatility, r stands for short-term
interest rate, F is the option price and t denotes time which is variable. In solving equation (22), we first
transform it into an ordinary differential equation by proposing the following solution

F(t,s) = F(s)g(0), (23)
where F(s) depends only on s and g(t) depends ont € [0, T], where 0 stands for present and T stands for
expiry. Hence, differentiating equation (23) with respect to t gives

JF (t, dg(t
2= F(s) 2. (24)
Similarly, differentiating equation (23) with respect to s gives
BFa(z,s) dF(s) (t) and 92 F(t s) _ ddIZgS)g(t)- (25)

Substituting equatlons (23), (24) and (25) in equation (22) gives

dg ( d? F() dF (s)
F()22 +26252g(1) S50 + rsg () =2 — rg(DF (s) = 0. (26)
Divide equatlon (26) by g()F(s) to have
1.dg@®) _ 1 5 ZLdZF(s)_ 1 dF(s) 27
g(t) dt 2 F(s) ds? F(s) ds ( )

The left-hand side of equation (27) is a function of t while the right-hand side of the same equation is a function
of s. Hence, by separation of variables, we have

1.dg@®) _ 1 5 ZLdZF(s) o1 dF(s) _

g(t) dt 2 F(s) ds? rs F(s) ds r=p
wherep is the separation constant. From equation (28), we have two ordinary differential equations

2O = pg(®) (29)

(28)

and

2
%az 2 %;s) +7 dF(S) + (p—1)F(s) = 0. (30)
Equation (29) is a first-order Iinear equatlon Its solution is

g@) = e, (1)

where t € [0,T] and p > 0.

3.1 Constant interest rate, r
Let r be a constant rate, from equation (30) we have

2

PO+ 5801 2 (p—)F(s) = 0. (32)
Equation (32) can be called Euler-type ordinary differential equation. We then solve equation (32). Let the
solution of equation (32) be F(s) = s*, then the first derivative becomes

F'(s) = As*~'and the second derivative reads F" (s) = A(1 — 1)s*~2. Substituting in equation (32) gives

(2a-D+51+ 5 -n)s* =0, (33)
But s > 0 for all 4, hence
AA-1D+ZA+5(p—1) =0, (34)
. 2r 2
that is, A2 —A+5A+5(p-r)=00r
2+(E-1)a+50-n=0. (35)

Equation (35) is quadratic in A, solving it yields A = ZTW(ZHZ;)ZZ +Bpo” 8o
Therefore, the solutions of equation (35) becomes

1 = 02—2r—\/(2r+02)2 +8pc2—8rg? dl o —2r+\/(2r+02)2 +8pc2—8rg?
1= =

(36)

a2 202

For two distinct real solutions, (2r + 02)2 + 8pa? — 8ra? >0, or (Zr +0%)? + 8po? > 8ra?. The general
solution is the linear combination F(s) = kys*1 + k,s*2. That is,

2 2
62-2r— (2r+172) +8paZ—8ra?2 o2-2r+ (2T+02) +8paZ—8rg2

F(s) = k;s 202 + kys 202 where k; and k, are constants.
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3.2 Interest rate, r is a linear function
Let the interest rate be a linear function, that is, r = m — c¢s, where ¢ > 0 and m > 0. Equation (32) becomes
252F" (5) + (—2cs? + 2ms)F (s) + (2¢cs + 2(p —m))F(s) = 0. (37

For p # 0, equation (37) has two singular points, s = 0 is a regular singular point with the indicial equation
2
ntn -1+ 2+ =0, (38)
and the point s = oo is an irregular smgular point. Let n;, i = 1,2,--- be the exponents at the singularity for the

regular singular point, s = 0 where s; — s, is not integer or zero. Hence, from the method of Frobenius, there
exist two linearly independent solutions

Fi(s) =sM ¥ as’,  Fy(s) =s" %% 55/, (39)
where a; and g; are coefficients to be determined. To determine the coefficients, let the general solution be

F(s) = s" %% fis/

=X fis". (40)
Hence,

F'(s) =320 i+ Nfis" ! (41)
and

F' () =X+ )N +j— 1)fs"H 72, (42)

Substituting equations (40), (41), and (42) in equation (37) gives
o?s? B+ N+ — Dfjs"™ 72+ (=2¢s? +2ms) T (n+ )fis"Y T+
(2¢cs +2(p —m)) Yo fis" = 0. (43)
Simplifying equation (43) gives

Yoot + DM+ = Dfis"™ = X202 (n + ) fjs"HH

+302m (n +)fis" + Ei 261”5’”’+1 +X7%02(p —m)fis"™ =0.  (44)
By shifting the indices for the power of s to be unified in equation (44), we have

200l + )N+ = Dfis"™ =X 2c ()= 1)fj4s"

+X02m (m+ Nfis" + X 28" + X502 (p —m)f;s" = 0.
Isolating the first terms starting from zero gives
{on( — 1) +2mn + 2(p —m)}fos" + L7 {o* + N +j = Df; —2c (p+j = Dfi_s +2m (n + )f; +
2cf7—1+2 (p—m)f)sy+7=0. (45)
Collecting like terms in equation (45), we have

{o’n(m — 1) + 2mn + 2(p — m)}fps”

£ ) Mo+ )1+ = 1)+ 2m0n + ) + 200 = )},
j=1
+(2c=2ctn+j— D)fi1ls" = 0. (46)
The coefficient of the lowest power s” of equation (46) is the indicial equation. That is{o?n(n — 1) + 2mn +
2(p—m)f0=00r yy—1+2mo2y+2p—mo2=0, which is the same as equation (38). The remaining terms
produce the following two-term recurrence relation:
—2c(j+n—-1)+2c

fi = = g m—samGemea-m I-1fo # 0 (47)
The solution of equation (47) can be found recursively as:

f f H 2¢c(i+n)—2c
0

o2 (i+14n)(i+n)+2m(i+14n)+2(p—m)’

(48)
where

_ 02—2m+\/(2m+02)2+8p02 Bmfr2

(49)
2
Equation (48) can be expressed in terms of the Pochhammer symbol defined interms of the gamma function

(B = BB+ 1) (B +n—1) = T, with f, = Las
fi =

R j=
,] =
<3+2,] .m J(Zm+02)2+8p02—8m02> <3+277 m I\/(2m+¢rz)2+8paz—8maz>
j—1 j—1

1,2, (50)

2 o2 202 2 o2 202

The general series solution F(s) = s (1 + 270 ]j-sf) can be written in terms of the generalized hypergeometric
function 2IF, as
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2c(n — 1)s 3 2m +02)2 +8pc2 —8mo?2 m
-1 oL +n+——\/( )2 +8p m
2p+2mn +n(n + 1)o? 20?2 o2

3 \/(2m+02)2+8p02—8m02 2¢
+n 42+ — ;=25 (51)

Let n; = n = n,, then from equations (39), (49) and (51), the two linearly independent solutions of equation
(51) are

F(s) =s"{1+

2
02—2m+\/(2m+52) +8pa2—8ma?

2)2 2 2
_ - \/(2m+o )4+8pa“—8ma _ﬂ_l-
Fi(s) =s 20 F1( 752 71
(2m+02)248pc2—8ma? 2c
+3 bl ;=5), and
o

2 2 2 2
4 72m7\/ 2m+o +8po<—8moa
( ) i J(2m+52)2+8p02—8m52 m 1

Fy(s) =s 207 1F1 (= 702 -yl
75).

\/(2m+02)2+8p02 8ma2 2c
2
o

3.3 Interest rate, r is a reciprocal function
We consider the third case of the interest rate, . Let r = 8s~* where 8 and « are real positive constants. From
equation (30),

F'(s) =2 F (s) - 252 F(s)
=ﬁw(yf@”ﬂ) (522)

Since r = Bs™%, equation (52a) becomes
F'(s) = ﬂp'( ) — wp(s)

2(ps
sa+1 F ( ) (pZ a+2 F(S) (52)
We then solve equation (52) using the asymptotlc |terat|on method. Comparing equations (1) and (52) gives
—ZB
Py(s) = a
—2(2ps +—1ﬁ) (53)
Q) =~

From equation (8), with P_; = 1 and Q_; = 0, if @ = 1, we have
Pi(s) =Py + P§ + Qo

_ 4B 4B® 2p 28 (54a)
o253 gtst  g252 ' g2s3

_ —2p4:r2s2+6[?025+4ﬁ2

- atst '

Similarly,

Q1(s) = Qo + QP
4p 6p 4B (ps—pB)

= 0'25‘3 - 0'25‘4 + 0'45‘5 (54b)
_ 4po?s?+2(2p—30%)Bs 452
- ats

From equation (12), for n = 1, the terminating condition implies that

6i(s) = Py (S)Qo (S) Py(s)Q1(5)

—8pcr s B+4—p o253

5657 (55)
_ —4p(2ﬁ—p5)
- 0'4S5 ’
If p =0, §;(s) = 0 in equation (55). From equation (16), we have
_ _ (S @@ _ _
y1(s) = exp( | e dt) = exp(Ins) = s. (56)

Further, « = 1 gives

Py(s) = Py(s) + PL(S)Py(5) + Q1 (5)
4p 188  168% 2B(-2pa?si+6Bo?s+4B?) 4p6252+2(2p—302)ﬁs—4[32

- o253 o254 PELE) o656 o4sd
—804s3p+24o432ﬁ+80 sﬁz—pﬁ(r s +3ﬁzozs+ﬁ3
5656 (57a)
8(0 s+ﬁ)(—pozsz+3ﬁo s+ﬁ2)
G050
Q2(5) = Q1(5) + Qo ()P1(5) ,
_ 4p0232+2(2p—302)ﬁs—4ﬁ2 —2(ps—B)\ (—2pc2s*+6Ba2s+4p2
_( ots5 ) +( as3 )( otst ) (57b)
_ 4p02(p 302)3 —802(4;) 302)/?5 —8[32([) 462)s+8ﬁ3
- a0s7
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The terminating condition for n = 2 implies that
8,(s) = Pz(S)Q1(5) - Pl(S)Qz(S)
SPZO'SS —24p ﬁa s —24/3pa s +8p 35658

g0s7

= 8p(pa’s — 3pB — 3Ba? + p’s) (58)
= —8p(a? + p)(3B — ps).
Therefore, 5,(s) = 0if p=0o0rp = —c%. Forp = —o?
_ _sa® _ _ (s —20%t-p
Ya(s) = exp( f Pi(t) dt) - exp( f (a2t+B)t dt)
— eln(02t2+ﬁt)|s (59)
= (6%s + f)s.
Continuing the process for @ = 1, the terminating condition

8u1(s) = o (p + %5 70%) =0, n =012, (60)

leads to the necessary condition
n(n+1) -

pPEpy=———0°n= 0,1,2, (61)
for the existence of polynomial solutions of equation (52) for « = 1. That is

02s3F" (s) + 2BsF (s) + 2(ps — B)F(s) = 0. (62)
Therefore, we have the first polynomial solutions below
( n=0 p=0 y(s)=s5,

n=1  p=-0%  y(s)=s(a’s+p),
n=2 p = —30?, y53(s) = s(3c*s? + 3B0%s + B?),
3 n=3, p=-60% y,(s)=s5(150%3+15B0%s% + 65%c?%s + %),
n=4, p=-100% ys(s) =s(1050%s* + 105[30653 +458%0%*s? + 10B30%s + B4),

n=>5,p=—150% y(s) = 5(9450'10 5 "+ 945Ba * +4208%0°%s3 + 105830*s% + 158%c%s + 8°),

(63)

The above polynomial solution are generated using confluent hypergeometric function below up to a

multiplication constant

y,(s) = b 1sntlg20+) R ( —n; —2n; ) n=0,1.2,- (64)
For a = 2, we apply the asymptotic iteration process agaln From equation (53), we have
_Zﬁ
Py(s) =

(65)

Q(s) = —‘2(‘” -
Therefore, from equation (8), we have
Pi(s) =Py ‘2|'P0P0 ;" Qo
8p 4B 2ps
=at e o4 (66a)

_ —2pazs4+850252+4ﬁz

agtsb

Similarly,
Q1(s) = Qo + Qoo
—2ps? 2B —2ps? 2B -2B
= (G + o) + G+ 20 (59) (66b)
4pa2s4+4-[?(p 202)3 —4B2
0'457
The first iteration using equations (66a) and (66b) implies
51(5) = P1(S)Qo(5) — Py(s)Q:1(s)
4-p os —IZchr 254
T
_ —4p(3ﬁ—psz)
0'456 ’
Hence, 6;(s) = 0 if p = 0. We then have
s s 2
y1(s) = exp (—f IQJL’—((:))dt) = exp (—f Tﬁ;dt)
= exp(fs%dt) =s.
The second iteration gives
82(s) = P,(s)Q1(s) — P1(s)Q2(s)

_ 8p(pazs4+pzs4—6ﬁazsz—6ﬁp sz+3B2)
- 56510 !
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which is not zero unless p = 0, and adds nothing new to the first iteration result. Therefore, the iteration process
yields

83(s)~p(3a* + p),

85(s)~p(3a* + p)(100° + p),

8;(s)~p(3° + p)(100° + p)(210° + p),

8o(s)~p(3a? + p)(100? + p) (2102 + p) (3602 + p),
2¢(2¢+1) 0_2

> ) n = 0,1,2,---. From equation (52), for « = 2, we have

In general, we have 85,1 (s)~ 1= (p +

02s*F" (s) + 2BsF (s) + 2(ps? — B)F(s) = 0. (67)
The necessary condition of the polynomial solutions of equation (67) is
_ —2n(2n+1)c?
P =P, = f,n = 0,1,2,"'.
The first polynomial solutions then become
( n=0,p=0y(s)=s,
| n=1,p=—30%y;(s) = s(3a%s% + 2),
{ n=2,p=-100%y:(s) = s(350*s* + 20B0%s? + 42),
n=3,p=-210%y,(s) = s(6930°s® + 378B0*s* + 84p%a%s? + 8B3),
|kn =4,p = —3602,y4(s) = s(193050%s® + 10296805°5° + 2376B%c*s> + 288830252 + 164),

(68)
The polynomial solutions in equations (68) are again generated up to a multiplication constant by the confluent
hypergeometric function given below:

y,(s) = B—%(2n+1)52n+10.2n+1 \F, (—n;% _on; szﬁ%)m =012, (69)
Similarly, for « = 3, equation (52) becomes

02s5F" (s) + 2BsF (s) + 2(ps® — B)F(s) = 0. (70)
The necessary condition for the polynomial solutions of equation (70) is
p=p, = M,n = 0,1,2, --- with its polynomial solutions given by

v, (s) = 3—§(3n+1)s3n+102(3n+1)/3 JF, (_n;g_ 2n; %);n =012, (71)
Therefore, the general polynomial solutions of equation (52) for @ = 1,2,3, --- are generated by the function
¥, (S) — ﬂ—é(anﬂ)san +1o.2(an+1)/a lIF1 (_n; “a;l —2n; %} in=20,12,-- (72)
subject to the necessary condition

p=p, = M,n =012,,a=123, (73)

IV.  Conclusion

The asymptotic iteration method was introduced to solve analytically and/or approximately the
second-order linear homogenous differential equation. Considering the method to determine the complete
solution, it is sufficient to calculate y; (x), since y,(x) can be obtained by knowing y, (x). We considered the
three cases of the interest rate in the option pricing namely: constant rate, linear function and the reciprocal
function. In the case of a constant rate, Black-Scholes equation resembles the Euler-type ordinary differential
equation. When the interest rate is a reciprocal function, we rely on the asymptotic iteration method to
investigate the analytic solution. Considering the case where the interest rate is a linear function, as the interest
rate rises, the opportunity cost of holding money instead of investing in securities like stocks increases. This will
in turn drop the stock prices. On the other hand, the opportunity cost of holding money rather than investing in
securities like stocks decreases as the interest rate drops.
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