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Abstract-In this paper, we have analysed an inventory model for deteriorating items with time dependent
quadratic demand rate and time dependent holding cost. Two parameter Weibull distribution is considered for
time to deterioration and shortages are not allowed to occur.The objective is to minimize the average total
inventory cost.The solution of the discussed model is illustrated by a numerical example and sensitivity analysis
is carried out to understand the effect of change of the significant parameters. The aim of this paper is to derive
optimum results to help the retailer to take inventory management decisions for an economic order quantity
model.
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I.  Introduction

Inventory management is becoming more and more crucial in today’s time with rapid growing
technology and ever-rising competition across industries, especially with 2 categories of goods- perishable
products like food items such as eggs, milk, green vegetables and seasonal products such as woolen apparels,
new technological devices etc. A lot of research was done in late 1990s to develop inventory models to figure
out the optimum inventory level in order to fulfil customer’s demand on time but that assumed constant demand
function. In real scenario, important factors like time and price hugely affect the demand and so any model with
a constant demand rate is less real. Hence, many researchers then discussed models with time-varying demand
rate. Linear demand rate implies steady positive or negative trend in demand of the product which is very rare in
the market. In contrast, other spiking items like latest mobile phones, computer chips, software etc. show rapid
change in demand with time. While some researchers modeled this kind of demand with exponential rate, others
suggested that exponential demand is extra-ordinarily high and all variations in demand may not be drastically
growing or dropping. The best way to represent such demand is by means of a quadratic demand rate. Inventory
management system is also largely affected by deterioration of physical goods; specially in case of perishable
goods like bread, fish, food grains etc. Decay or spoilage of such items cannot be overlooked as these incur a lot
of inventory holding costs. Hence, it makes sense to consider time-varying holding cost in the model to bring it
bearer to real-world situations.

A partial backlogging inventory model with time-dependent demand as well as holding cost is
proposed in [3]. An EOQ model with parabolic time changeable holding cost and quadratic time-sensitive
demand rate with salvage value is established in [15]. An economic lot size inventory model with non-linear
cumulative holding cost dependent on both quantity and time, stock level dependent demand rate and without
any shortages is modeled in [11].

The payment terms affect the buying behavior of distributors and retailers. [5] dealt with the inventory
problem for exponentially deteriorating items when supplier allowed delay in payments under constant demand
rate. An EOQ model is discussed in [7] with quadratic time dependent demand rate with permissible delay in
payment.

Sometimes, excess demand causes shortages in the inventory system which incurs lost sale cost and
affects the total profit. An EOQ model with trapezoidal type, time dependent demand rate with shortages is
developed in [10]. An inventory model with demand rate as a function of selling price with time dependent
holding cost is suggested in [16]. An inventory model for stock-dependent demand and time varying holding
cost under different trade credits is studied in [14]. Another order-level inventory model with demand rate
represented as a continuous, quadratic function of time is presented in [6]. A deterministic inventory model with
quadratic demand rate and holding cost as a linear function of time is presented in [12], here time to
deterioration follows exponential distribution.
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An investigation of multi-warehouse inventory problem with different deterioration effects under
inflation has been done in [1] A multi-item inventory problem and multi-objective optimization problem was
proposed in [2]. Similarly, a multi-criteria decision making approach for a multi-item inventory model over
infinite horizon with price dependent demand rate and without shortages is discussed in [9].

Many researchers developed inventory models with time dependent holding cost with or without
shortages. An economic order quantity model with deterioration considered as Pareto distribution with linear
demand and shortages is presented in [13]. A deterministic inventory model with time dependent demand and
time dependent holding cost where shortages are allowed and partially backlogged is developed in [4]. An EPQ
Model under constant amelioration with exponential demand rate and completely backlogged shortages is
suggested in [8].

I1. Notations
We consider the following notations for the mathematical model used:
I(t) : On-hand inventory level at timet (0 <t<T)
R(t) :Quadratic demand rate varying over time

a(t) :Rate of deterioration per unit per unit time
A : Ordering cost per order that is known and constant.
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G, : Purchasing cost per unit

Cy : Deterioration cost per unit per unit time
T : Fixed length of each cycle

0 : Deterioration rate (6>0)

TC : Total cost per unit time

Il. Assumptions
Following is the list of assumptions we have taken to develop the inventory model:

1. The inventory system deals with single item.
2. The annual demand rate is a quadratic function of time and it is R(t) = a + bt + ct? (a,b,c > 0)
3. 0(t) = aftPlis the two parameter Weibull deterioration rate in the time interval [0, T]; where « is

scale parameter (0 <a<< 1) and f is shape parameter.

4, Holding cost is linear function of time given by h + rt (h, r > 0)

5. Replenishment rate is infinite and instantaneous.

6. The lead time is zero.

7. Shortages are not allowed.

8. Time horizon is infinite.

9. No repair or replacement of the deteriorated items takes place during a given cycle.
10. Total inventory cost is a real, continuous function and is convex to the origin.

V. Mathematical model formulation and solution
With these assumptions, consider this inventory cycle as shown in the figure below that starts with its
on-hand and maximum inventory level I(t) at time t = 0. This inventory then starts depleting partially due to
demand and partially due to two-parameter Weibull distribution detrioration rate in the time period [0, T]. The
inventory level drops down to zero at time t= T. At this point, inventory is replenished in the cycle since
shortages are not allowed. This inventory cycle keeps repeating. The objective of this inventory problem is to
find out the optimal order quantity such that the average total cost is minimum.
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Fig. 1 Graphical Representation of the inventory level & time relationship

The differential equation governing the level of inventory over the inventory cycle due to demand rate as well
as deterioration rate is given by

dI(t)

7+a,8t”7'11(t) = —(a + bt + ct?); 0<t<T (1)
Using the boundary condition 1(0) = Q, the solution of equation (1) is

_ I ﬂ ﬁ_ atB+l  peB+2 ctBH3NT.
1) = Q(1 — atf) — [at + 2= +5 (B+1 T 3(B+3))], 0<t<T )

Substituting I(T)=0 in equation (2), we get order quantity

B+l rf+2  pp+3
B+1 ' 2(B+2) “3(B+3)

(1—aTF)

2 3
aT +b %+c%—a/§ <a

Q= ) @)

Based on the assumptions and description of the model, the total cost comprises of the following components:

1. Ordering Cost: Ordering cost OC = A (4)
2. Purchasing Cost: Purchase cost per cycle PC is given by:
PC=C,Q
_ G bT? | T3 arB+1  prB+2 - TBH3
PC =1 [aT tot5 b ( g+1 | 2(8+2) 3(B+3))] ®)

3. Deterioration Cost: Deterioration cost per cycle DC is given by:

DC = Cyf, aBtF"1(t)dt
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of b12 13 " <arﬁ+1 brh+2Z cTﬁ+3) 5 5 5 5
_ '2 73 B+1 28+ 73(8+3)) | (T arhf*l — prhrz b3
DC =apCy 1al? (?) COBHL 2(8+2)  3(B+3) ©)
4. Holding Cost: Holding cost per cycle IHC is given by
IHC = [] (h + rO)I(t)dt
 bT2 T3 arP+l prB+2 TEH3
drg e ( B+ '2(ﬁ+2)'3(ﬁ+3)> Th+1 ar? _ b13  cr*
T-a(to))-S- -2 -
i 1—aTh B+1 2 6 12
IHC = h| |
TB+2 TB+3 TB+4
\ tap (a ((ﬁ+1)(ﬁ+2)) +b (2(ﬁ+2)(ﬁ+3)) te (3(ﬁ+3)(ﬁ+4))) /
,bT2 13 arB+l prh+2 7B+3
a+ 43 ( BT '2(B+2)'3(ﬁ+3)> T2 arB2\ a3 b7t oS
1-aTB (7_ p+z)_T_T_15
+r (7
TB+3 TB+4 TB+5
tap (a ((/z+1)(/3+3)) +b (2(p+2)(p+4)) te (3(/;+3)(/3+5)))
Total Cost
Thus, the total average cost TC per cycle is given by
TC =(0C + DC + PC + IHC)
pT? (T3 arB*t  pTB+Z TBH3
A+ aBC ol +=+ 5~ “’8( g1 ' 2(8+2) 3(ﬁ+3)) TP\ aTP*t  pTF*2 TP
d 1—aTh B) B+1 2(8+2) 3(B+3)
b7 T3 arf+l  pTB+Z  cTBH3
iC al + =+ == - ﬁ( p+1 | 28+2) 3([;+3))
P 1—aTk
[ bT? T3 aTf+l  pTB+Z  cTBH3 1
1 aT+T+T_“ﬁ(ﬁ+1 2(+2) 3(ﬁ+3)) N A N D2 S
== 1—aT? B+1 2 6 12
+h
TB+2 TB+3 TB+4
—a al———|+bh|———— |+ | ———
| d <(b’ D@+ 2)) <2(ﬁ DG+ 3)) <3(ﬁ G+ 4)> _
bT? | T3 arh+t | prB+2  c7BH3
[ aT+T+T_aB(ﬁ+1 2(8+2) 3(ﬁ+3)) T?  alf*? _aT3_ﬁ_c_T5]
1—aTf 2 p+2 3 8 15
+r
| Tﬁ+3 Tﬁ+4 Tﬁ+5 |
S Y Y (S A PO ) B
[ <(B +D(B+ 3)) 26+2)(B+4) 3(B+3)(B+5)

(®)

The objective is to compute the optimum value of T such that the cost function TC is minimized. An

appropriate software is used to find the optimum value of T which is the solution of the equation%c

e .. d2TC
Osatisfying the condition T 0 9)
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To numerically illustrate the developed model, consider the input parameter values in appropriate units:

V. Numerical example

«=0.0001, 8 =21,h=3,r=09,a=40,b=12,¢c=0.01, A=180,C4=0.9and C,=2.1

On solving equation (8)and satisfying the condition stated in equation (9), we obtain the values of optimum
order quantity (Q) as 123.4850120 and optimal total cost (TC) as392.8168086.

VI.

Sensitivity analysis

Partial sensitivity analysis is carried out to understand the effect of change in the values of the system
parameters on the optimal solution of the model. In order to do this, we change the value of each parameter in
the range of -20% to +20% keeping the values of other parameters unchanged and repeating the process for
each parameter. The table below represents the result:

Table 1: Partial Sensitivity Analysis

INPUT DATA OUTPUT DATA
Parameter | Change in parameter | Parameter Value T TC Q

20 0.72 2951336146 | 392.8143931 |123.4850120

. 10 0.81 2951336146 | 392.8156010 |123.4850120

Ca=09 +10 0.99 2951336146 | 392.8180162 |123.4850120

+20 1.08 2951336146 | 392.8192238 |123.4850120

20 1.68 2951336146 | 375.2438510 |123.4850120

cm21 10 1.89 2951336146 | 384.0303296 | 123.4850120

+10 231 2951336146 | 401.6032876 | 123.4850120

+20 252 2951336146 | 410.3897662 |123.4850120

20 144 2951336146 | 380.6189436 |123.4850120

A= 150 10 162 2951336146 | 386.7178761 |123.4850120

+10 198 2951336146 | 398.9157411 |123.4850120

+20 216 2951336146 | 405.0146736 |123.4850120

20 2.4 2951336146 | 355.2114643 |123.4850120

. 10 2.7 2951336146 | 374.0141364 |123.4850120

h=3 +10 33 2951336146 | 411.6194808 |123.4850120

+20 36 2951336146 | 430.4221526 | 123.4850120

20 0.72 2951336146 | 381.6320288 |123.4850120

) 10 0.81 2951336146 | 387.2244185 |123.4850120

r=09 +10 0.99 2951336146 | 398.4091984 | 123.4850120

+20 1.08 2951336146 | 404.0015881 |123.4850120

20 0.00008 2951336146 | 392.7124759 | 123.4610645

10 0.00009 2951336146 | 392.7646380 |123.4730371

a =0.0001 +10 0.00011 2951336146 | 392.8689877 | 123.4969892

\20 0.00012 2951330148 | 397 9211756 | 1235089687

20 1.68 2951336146 | 392.6114077 |123.4412484

10 1.89 2951336146 | 392.7022632 | 123.4606480

p=21 +10 231 2951336146 | 392.9612496 |123.5156119

+20 2.52 2951336146 | 393.1433980 | 123.5540471
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-20 32 2.951336146 | 330.0480641 | 99.8513841
A= 40 -10 36 2.951336146 | 361.4324364 |111.6681981
+10 44 2.951336146 | 424.2011804 |135.3018259
+20 48 2.951336146 | 4555855533 |147.1186399
-20 0.96 2.951336146 | 389.2843228 |122.4387503
b=12 -10 1.08 2.951336146 | 391.0505652 |[122.9618811
+10 1.32 2.951336146 | 394.5830510 |124.0081428
+20 1.44 2.951336146 | 396.3492944 |124.5312737
-20 0.008 2.951336146 | 392.7523300 |[123.4678571
=001 -10 0.009 2.951336146 | 392.7845690 |123.4764345
' +10 0.11 2.951336146 | 392.8490476 |123.4935894
+20 0.12 2951336146 | 392.8812865 |123.5021668
VII.  Graphical representation of sensitivity analysis
Figures (2) and (3) represent the above sensitivity analysis graphically.
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VIIl. Observations & conclusion
From the sensitivity analysis table and graphical representation figures, we observe that:
1. Effect due to change in the demand constants (a) and (b): Any increase in the demand constants

increases the average total cost (TC) as well as the optimal order quantity Q

2. Effect due to change in Holding cost parameter (h) and (r) : Any increase in the value of holding cost
parameters leads to increase in the average total cost TC

3. Effect due to change in Purchasing cost parameter (C,): A slight increase in the value of the purchase
cost parameter leads to an increase in the average total cost TC

4. Effect due to change in the Ordering Cost (A): An increase in the value of the ordering cost lease to a
slight increase in the average total cost TC
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Based on the above observations, it can be concluded that:

The impact of the variation in the demand constants is most significant on the inventory model. Additionally,
the holding cost parameters, purchasing cost and ordering cost also significantly affect the behaviour of the
inventory system. This proposed model can be used in industries that deal with seasonal products like
perishable goods considering the nature of demand rate and holding cost function. The study can be extended to
analyse effects of profit function and salvage function.
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